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Abstract
In this thesis we study Lie algebroids under actions of Lie groups and Lie
groupoids, we require that the actions respect the Lie algebroid structure

in the appropriate sense. In the case of Lie groups acting on Lie algebroids
by Lie algebroid automorphisms, we present some known results on

non-singular actions as well as new results on singular actions concerning
the behaviour of the Lie algebroid regarding the fixed point set of the
action and the orbit type bundles in the quotient space. Similarly, we

study actions of Lie groups on Lie bialgebroids by Lie bialgebroid
morphisms, and present similar results to those found in the case of actions
of Lie groups on Lie algebroids. We apply our results on Lie algebroids and

Lie bialgebroids to recover reduction results in Poisson and Dirac
geometries, and we study a reduction process on mechanical systems on
Lie algebroids. In the case of Lie groupoids acting on Lie algebroids, we

first consider the particular case of algebroids over orbifolds, which allows
us to generalize the definition of a Lie algebroid to some singular spaces
modelled by groupoids with a special type of foliation. In particular, the

notion of a Lie algebroid over a singular space modelled by a Lie groupoid
should be invariant under Morita equivalence.

Keywords: Lie algebroid, Lie groupoid, Morita equivalence, étale
groupoid, orbifold, Lie group action, Lie bialgebroid, Poisson structure,

isotropy type manifold, Dirac structure.
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Resumo
Nesta tese estudamos algebróides de Lie sob acções de grupos de Lie e de
grupóides de Lie que respeitem a estrutura algebróide de Lie no sentido
apropriado. No caso de grupos de Lie a atuar em algebróides de Lie por

automorfismos de algebróides de Lie, apresentamos alguns resultados
conhecidos sobre ações não singulares, bem como novos resultados sobre

ações singulares em relação ao comportamento do algebróide de Lie sobre o
conjunto dos pontos fixos da acção e dos fibrados de tipo de órbita no

espaço quociente. Da mesma forma, estudamos as ações de grupos de Lie
em bialgebróides de Lie por morfismos de bialgebróides de Lie, e

apresentamos resultados semelhantes aos encontrados no caso de ações de
grupos de Lie em algebróides de Lie. Aplicamos também nossos resultados

sobre algebróides de Lie e bialgebróides de Lie para recuperar alguns
resultados sobre redução de estructuras de Poisson e estructuras de Dirac,

assim como a um processo de redução de sistemas mecânicos em
algebróides de Lie. No caso de grupóides de Lie a atuar em algebróides de
Lie, primeiro consideramos o caso particular de algebróides sobre orbifolds,

o que nos permite generalizar a definição de um algebróide de Lie para
certos espaços singulares modelados por grupóides, munidos de uma
foliação com caracteristicas especiais. Em particular, a noção de um

algebróide de Lie sobre um espaço singular modelado por um grupóide de
Lie deve ser invariante sob equivalência de Morita.

Palavras-chave: Algebróide de Lie, grupóide de Lie, equivalência de
Morita, grupóide étale, orbifold, ação por um grupo de Lie, bialgebróide de

Lie, estructura de Poisson, Variedade de tipo de isotropia, estructura de
Dirac.
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Introduction

Lie algebroids appear in different contexts in geometry, ranging from equiv-
alence problems to foliation theory. One of the most important and basic
applications of Lie algebroids is to classical mechanics and Poisson geom-
etry. In fact, to any Poisson manifold there is associated a Lie algebroid
structure on its cotangent bundle. This connection played an important
role in recent developments of Lie algebroid theory. Conversely, Lie alge-
broid (and groupoid) theory has contributed to a deeper understanding of
Poisson geometry.

It is well known that symmetries are an important tool to understand
classical mechanics. Similarly, symmetries play an important role in Lie
algebroid theory. For a proper and free action of a Lie group G on a Lie
algebroid A, by Lie algebroid automorphisms, the quotient A/G inherits a
Lie algebroid structure, this kind of reduction has been studied by several
authors ([16],[3], [19], [15]). In this thesis, we look at proper, but non-free
actions. As one could expect, the orbit type stratification plays here a key
role.

Eventually our aim is to study Lie algebroids over singular spaces. The
simplest situation occurs when the base space is an orbifold. But, more
generally, we are interested on orbispaces, i.e., singular spaces which are
orbit spaces of proper group actions or even proper Lie groupoids.

This thesis is organized as follows. In Chapter 1 we introduce the basic
concepts to be used in this thesis. We begin with Lie groupoids and Lie
algebroids and state their intrinsic relation. An introduction to Cartan cal-
culus on Lie algebroids is presented, as well as examples of Lie groupoids
and Lie algebroids that will be relevant in the subsequent chapters. Then
we introduce background material on Poisson geometry that will be relevant
later as it will inspire many of the of the results. To end the chapter we
present a classical description of orbifolds that will be the base for under-
standing a generalization of Lie algebroids over orbifolds and more general
singular spaces.

Chapter 2 presents the relevant concepts to understand the category of
orbifolds in terms of an appropriate category of Lie groupoids. We first
introduce the different notions of equivalence of groupoids, starting with
essential equivalence and reaching Morita equivalence, realizing in this way
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orbifolds as Morita equivalence classes of proper étale lie groupoids. To
finalize the chapter we present the different notions of maps between Lie
groupoids that enlarge the usual definition of groupoid morphism, these
are generalized maps and Hilsum-Skandalis maps. We will see there is an
equivalence of categories for groupoids with these classes of maps, we present
both definitions as depending on the context is useful to see a map one way
or the other.

Chapter 3 is dedicated to Lie algebroids over quotient and singular
spaces. We present reduction results for Lie group actions on Lie alge-
broids and Lie bialgebroids by appropriate morphisms, first addressing the
non-singular case and then concentrating on the isotropy submanifolds of
the action. Later in the chapter we generalize the notion of Lie algebroid
to cover Lie algebroids over orbifolds and then, using the description of
orbifolds as groupoids, to more general singular spaces (orbispaces).

The last chapter, Chapter 4 deals with applications of the singular re-
duction results obtained in Chapter 3. We present known reduction results
in Poisson and Dirac geometries and describe their relation to singular Lie
algebroid reduction. To conclude, we present an application of singular re-
duction to mechanical systems on Lie algebroids.
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Chapter 1

Basic Concepts

In this first chapter we recall some of the basic facts about Lie groupoids and
Lie algebroids, as well as the definition of orbifold, that will be important
for us later.

1.1 Groupoids

In this section we introduce the notion of Lie groupoid, we follow the works
of Moerdijk [20] and Crainic and Fernandes [7].

Definition 1.1.1. A groupoid G is a small category in which every arrow
is invertible.

To clarify concepts and to fix notation, a groupoid G over M , denoted
G ⇒M , consists of a set of arrows G and a set of objects M , together with
five structure maps

G ×M G m // G
s //
t
//M

u // G i // G

The maps s and t are called source and target. An element g ∈ G with
s(g) = x and t(g) = y is an arrow from x to y and will be denoted by

g : x −→ y or x
g−→ y

The set
G ×M G = {(h, g) ∈ G × G|s(h) = t(g)}

consist of composable arrows, and m is called the composition or multiplica-
tion map. For a pair (h, g) of composable arrows, the composition is denoted
m(g, h) = hg.

The map u is called the unit map and we write u(x) = 1x, and the map
i is called the inversion map and we write i(g) = g−1

The names of the maps become clear as they must satisfy the following
conditions

3



(i) s(hg) = s(g), t(hg) = t(h)

(ii) k(hg) = (kh)g

(iii) 1t(g)g = g = g1s(g)

(iv) s(g−1) = t(g), t(g−1) = s(g), g−1g = 1s(g), gg
−1 = 1t(g)

for any k, h, g ∈ G with s(k) = t(h) and s(h) = t(g).

If there is no chance for confusion we will denote the groupoid G ⇒ M
simply by G.

A groupoid G is called a Lie (topological) groupoid if G, M are smooth
(topological) manifolds, the maps s, t, m u, i are smooth (continuous) and
s, t are submersions (open maps).

The fact that s, t are submersions implies that G ×M G is a manifold,
and the smoothness of m should be taken with respect to this manifold
structure.

We take manifolds to be Hausdorff, second countable spaces, one possible
exception to this will be the total space of a groupoid G that can be taken
to be non-Hausdorff. Although in the case of interest in this work G will be
a Hausdorff space.

Remark 1.1.2. We will be working almost exclusively in the smooth cate-
gory, so by a manifold we mean a smooth manifold unless otherwise stated.
The same apply to maps between manifolds.

We will be using the following notation for a groupoid G ⇒M : if x ∈M ,
then the sets s−1(x), t−1(x) are called the s-fiber at x, and the t-fiber at
x, respectively. The inverse map induces a natural bijection between these
two sets:

i : s−1(x) −→ t−1(x).

Given g : x −→ y, the right multiplication by g is only defined on the
s-fiber at y, and induces a bijection

Rg : s−1(y) −→ s−1(x).

Similarly, the left multiplication by g induces a map from the t-fiber at
x to the t-fiber at y. The intersection of the s and t-fiber at x ∈M ,

Gx = s−1(x) ∩ t−1(x)

together with the restriction of the groupoid multiplication, is a group called
the isotropy group at x.

The set Ox = t(s−1(x)) ⊂ M is called the orbit of x. The orbits of G
define an equivalence relation on M
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x ∼ y ⇐⇒ y ∈ Ox
and the quotient space for this relation is called the orbit space of G and
denoted M/G or |G|.

From the definition of Lie groupoid we can deduce that the unit map u
is an embedding. Also, the fact that the source and target maps are sub-
mersions have several implications in the smoothness of the objects defined
above, among them, the s, t-fibers and the isotropy groups Gx are smooth
manifolds. However, note that the quotient space M/G can be singular.

The orbits of a Lie groupoid G are immersed submanifolds of M , they
form a partition of M , as the dimensions of the orbits may vary they do not
form a foliation, rather they form a singular foliation of M .

A few basic examples that will be playing a role in the rest of this work,

Example 1.1.3. Unit groupoid. Let M be a manifold. Consider the
groupoid G ⇒M with G = M . This is a Lie groupoid whose arrows are all
units, called the unit groupoid. The orbit space M/G is again the manifold
M .

Example 1.1.4. Pair groupoid. Let M be a manifold. Consider the
groupoid G ⇒ M with G = M ×M . This is a Lie groupoid with exactly
one arrow from any object x to any object y, called the pair groupoid. The
orbit space M/G has only one point.

Example 1.1.5. Group. Let G be a Lie group. Let • be the set with one
point. Consider the groupoid G ⇒ M with M = • and G = G. In this way
the concept of Lie groupoid extends the concept of Lie group.

Example 1.1.6. Action groupoid. Let K be a Lie group acting (on the left)
on a manifold M . Consider the groupoid G ⇒ M with G = K ×M . This
is a Lie groupoid with arrows (k, x) : x −→ kx called the action groupoid
and denoted K nM . The orbit space M/G is the orbit space of the action
M/K.

Example 1.1.7. Groupoid associated to a principal bundle. Let G be a
Lie group and P −→ M a principal K-bundle. The quotient of the pair
groupoid P × P by the diagonal action of G, denoted P ⊗G P , gives rise to
a groupoid P ⊗G P ⇒M with the obvious structure maps.

Example 1.1.8. Fundamental groupoid of a manifold. Let M be a con-
nected manifold. Consider the Lie groupoid Π1(M) ⇒M . Where

Π1(M) = {[γ] : γ : [0, 1]→M} .
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the set of homotopy classes of paths in M . For an arrow [γ] ∈ Π1(F) its
source and target are given by

s([γ]) = γ(0), t([γ]) = γ(1),

while the composition of two arrows is just concatenation of paths

[γ1][γ2] = [γ1 · γ2].

When M is simply-connected, Π1(M) is isomorphic to the pair groupoid
M ×M .

Related to the last example we have

Example 1.1.9. Fundamental groupoid of a foliation.Let F be a foliation
of a connected manifold M . Consider the Lie groupoid Π1(F) ⇒M . Where

Π1(M) = {[γ] : γ : [0, 1]→M} a path lying in a leaf.

the set of homotopy classes of paths in M lying inside leaves of F . The
structure maps of Π1(F) are defined as before. The set of orbits of Π1(F)
coincide with the leaves of F .

As the definition of groupoid can be put in categorical terms it is natural
to define morphisms between groupoids in the following way

Definition 1.1.10. A homomorphism between groupoids H⇒ N and G ⇒
M is a functor φ : H −→ G

The functor φ is given by a map N −→ M on objects and a map
H −→ G on arrows, both denoted by φ, which together preserve the groupoid
structure, i.e. φ(s(h)) = s(φ(h)), φ(t(h)) = t(φ(h)), φ(1x) = 1φ(x) and
φ(hk) = φ(h)φ(k) (this implies that also φ(h−1) = φ(h)−1), for any h,
k ∈ H with s(h) = t(k) and any x ∈ N .

Remark 1.1.11. Groupoids and their morphisms form a category. In the
subsequent sections we will define other interesting categories which we will
use to define our main object of interest in Section 3.

There are some interesting classes of Lie groupoids which we shall now
recall. Let G ⇒ M be a Lie groupoid, G is called source simply connected,
or s-simply connected, if the s fibers are simply connected. These groupoids
are very important as they play the role of simply connected Lie groups in
Lie theory. Another interesting class inspired by Lie group theory, is

Definition 1.1.12. A Lie groupoid G ⇒M is called proper if G is Hausdorff
and the map (s, t) : G →M ×M is a proper map.
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Some of the special properties of proper groupoids are parallel to the
properties of proper group actions, reflected on the properties of the action
groupoid GnM for a Lie group G acting on a manifold M . The following
proposition can be found as an exercise in [7].

Proposition 1.1.13. Let G ⇒M be a proper Lie groupoid. Then

(i) All isotropy groups of G are compact.

(ii) All orbits of G are closed submanifolds.

(iii) The orbit space M/G := |G| is Hausdorff.

Along with proper groupoids another special kind of groupoids that will
be used in subsequent sections are

Definition 1.1.14. A Lie groupoid G is called étale if its source map s is a
local diffeomorphism.

The relations between the structure maps of G imply that if G is étale
then all the structure maps are local diffeomorphisms. In particular we see
that all the s-fibers and t-fibers must be discrete. The most basic example
of étale groupoid is the action groupoid GnM for G a discrete Lie group.

1.2 Lie algebroids

Intimately related to Lie groupoids are Lie algebroids, these play a similar
role in Lie groupoid theory as Lie algebras play in Lie group theory. We
follow the exposition in Crainic and Fernandes [7].

Definition 1.2.1. A Lie algebroid over a manifold M consists of a vector
bundle A together with a bundle map ρ : A −→ TM and a Lie bracket [ , ]
on the space of sections Γ(A), satisfying the Leibniz identity

[α, fβ] = f [α, β] + Lρ(α)(f)β

for all α, β ∈ Γ(A) and all f ∈ C∞(M).

When there is no chance of confusion we will denote the Lie derivative
simply as ρ(α)f . The bundle map ρ is called the anchor map of A

Using the Jacobi and Leibniz identities we can see that

ρ : Γ(A) −→ X(M)

is a Lie algebra homomorphism.
For each Lie groupoid G ⇒M there is an associated Lie algebroid A over

M , that has as fibers Ax = T1xs−1(x). The bracket on Γ(A) is inherited
from the Lie bracket on the right invariant vector fields in G (which are
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necessarily tangent to the s-fibers), denoted by XR(G) ⊂ X(G), from the
bijective correspondence

Γ(A) −→ XR(G)

α 7−→ α̃

where α̃g = dt(g)Rg(αt(g)). Here Rg : s−1(y) −→ s−1(x) denotes the right
multiplication by g : x −→ y in G. The anchor map is defined by ρ = dt|u(M),
the restriction of the differential of the target map t of G.

Remark 1.2.2. It is important to remark a that Lie’s first and second
theorem are valid for Lie groupoids and Lie algebroids (replacing the simply
connectedness of the group by the the simply connectedness of the s-fibers).
Lie’s third theorem is not. There are Lie algebroids A for which there is no
Lie groupoid G that has A as its associated Lie algebroid. If such a G exists
then A is called integrable.

We seldom use this construction in this work, it is presented for comple-
tion and [7] has a more detailed construction of the correspondence as well
as a complete characterization of integrable Lie algebroids.

Similarly to Lie groupoids, one has the notion of isotropy and orbits for
Lie algebroids, which are defined as follows.

There is a well defined Lie algebra structure on the set gx(A) = Ker ρx
(or simply gx), for x ∈ M . Indeed, if α, β ∈ Γ(A) with αx, βx ∈ gx,
the Leibniz identity implies that [α, fβ]x = f(x)[α, β]x. The value of [α, β]
depends only of αx and βx there is a well defined bracket on gx such that

[α, β]x = [αx, βx].

The Lie algebra gx is called the isotropy Lie algebra at x. If A is the Lie
algebroid associated to a Lie groupoid G, gx is the Lie algebra of the isotropy
group Gx of x in G.

Associated with a Lie algebroid A we have a distribution Im (ρ) on M .
The fact that ρ : Γ(A) −→ X(M) is a Lie algebra homomorphism makes this
distribution involutive. The integrability of Im (ρ) is not straight forward
because the dimension of Im (ρ)x may vary and the distribution may be
singular, but it is guaranteed by a theorem of Sussmann [31]. The hypothesis
of the theorem are met as Im (ρ) is locally finitely generated by the images of
a basis of sections of A and ρ as a map of sections is a Lie algebra morphism.

Is important to remark that the dimension of gx may also vary with x,
in fact it is related to the dimension of Im (ρ)x in the obvious way.

The leaves of the foliation O defined by Im (ρ) are called the orbits of
the Lie algebroid A. For x ∈ O ⊂M , the orbit through x we have

TxO = Im (ρ)x.
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If A is the Lie algebroid associated to a source connected Lie groupoid
G, the orbits in M of both objects coincide.

Now we define morphisms between Lie algebroids

Definition 1.2.3. Let A −→ M and B −→ N be Lie algebroids. A mor-
phism of Lie algebroids is a vector bundle map

A
Φ //

��

B

��
M

φ
// N

which is compatible with the anchors and the brackets.

If there is no risk of confusion we will write Φ : A −→ B, or simply Φ,
to denote a Lie algebroid morphism.

By the compatibility with the anchors of Φ we mean the commutativity
of the following diagram

A
Φ //

ρA
��

B

ρB
��

TM
dφ
// TN

By compatibility with the bracket we would like to have an identity
resembling

Φ[α, β] = [Φα,Φβ] (1.2.1)

where α, β ∈ Γ(A). In general this is not possible as sections of A cannot
be pushed forward to sections of B. Instead we have to work at the level of
the pull-back bundle φ∗B.

First note that from sections α of A or β of B, we can produce new
sections Φ(α) and φ∗(β) of φ∗B by

Φ(α) = Φ ◦ α, φ∗(β) = β ◦ φ.

Now, given any section α ∈ Γ(A), we can express its image under Φ as
a (non-unique) finite combination

Φ(α) =
∑
i

aiφ
∗(αi),

where ai ∈ C∞(M) and αi ∈ Γ(B). By compatibility with the brackets we
mean that, if α, β ∈ Γ(A) are sections such that their images are expressed
as finite combinations as above, then their bracket is a section whose image
can be expressed as:
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Φ([α, β]A) =
∑
i,j

aibjφ
∗[αi, βj ]B+

+
∑
j

Lρ(α)(bj)φ
∗(βj)−

∑
i

Lρ(β)(ai)φ
∗(αi). (1.2.2)

Notice that, in the case where the sections α, β ∈ Γ(A) can be pushed
forward to sections α′, β′ ∈ Γ(B), so that Φ(α) = α′ ◦ φ and Φ(β) = β′ ◦ φ,
we have

Φ[α, β] = [α′, β′] ◦ φ.

Defining the push forward of a section α by

Φ∗α = Φ(α) ◦ φ−1

the compatibility condition takes the form Φ∗[α, β] = [Φ∗α,Φ∗β] which is
close to (1.2.1).

Remark 1.2.4. Lie algebroids and their morphisms form a category.

Lets look at a few examples of Lie algebroids related to the examples of
Lie groupoids in the last section

Example 1.2.5. Tangent bundles. Let M be a manifold. Consider the Lie
algebroid structure over TM given by the Lie bracket of vector fields and
the identity map as an anchor. A Lie groupoid integrating this Lie algebroid
is the pair groupoid M ×M . The fundamental groupoid Π(M) integrates
TM since it is locally diffeomorphic to M ×M .

Example 1.2.6. Lie algebras. Let g be a Lie algebra. Considered as a
vector bundle over a point it is a Lie algebroid. The simply connected Lie
group G integrating g can be viewed as a Lie groupoid integrating the Lie
algebra.

Example 1.2.7. Action Lie algebroids. Let ρ : g→ X(M) be an infinitesi-
mal action of a Lie algebra g on a manifold M , i.e., a Lie algebra homomor-
phism. Consider the Lie algebroid g nM , called the action Lie algebroid,
as follows. As a vector bundle, it is the trivial vector bundle M × g over
M , the anchor is given by the infinitesimal action, while the Lie bracket is
uniquely determined by the Leibniz identity and the condition that

[cv, cw] = c[v,w],

for all v, w ∈ g, where cv denotes the constant section of g. If the infinitesimal
action is integrable, i.e., it comes from an action from G, the connected Lie
group integrating g. The action Lie algebroid g nM is the Lie algebroid
associated to the action groupoid GnM .
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Example 1.2.8. Atiyah algebroid. Let G be a Lie group and P a principal
G-bundle over M , there is an associated Lie algebroid over M , denoted
A(P ), and defined as follows. A(P ) := TP/G −→ M as a vector bundle.
The anchor is induced by the differential of the projection from P toM .
Also, since the sections of A(P ) correspond to G-invariant vector fields on
P , we see that there is a canonical Lie bracket on ΓA(P ), with these A(P )
becomes Lie algebroid and it is the Lie algebroid of P ⊗G P , the groupoid
associated with the principal G-bundle P .

Example 1.2.9. Foliations. Let F be a foliation of a connected manifold
M given by an involutive distribution A. Then A has the structure of a Lie
algebroid with the Lie bracket of vector fields restricted to the sections of A
and the inclusion map as anchor. The orbits of A coincide with the leaves
of F .

Let us give an example which a priori is not connected to a Lie groupoid,
and that gives intuition for some constructions given later.

Example 1.2.10. Poisson manifolds. Let (M,π) be a Poisson manifold (see
Section 1.3 for definitions). The cotangent bundle T ∗M has the structure
of a Lie algebroid defined as follows, the anchor map π] : T ∗M −→ TM
is defined by β(π](α)) = π(α, β), for α, β ∈ Ω1(M), and the Lie bracket is
defined by

[α, β] = Lπ](α)(β)− Lπ](β)(α)− d(π(α, β)).

This Lie algebroid is called the cotangent Lie algebroid of the Poisson man-
ifold (M,π).

Cartan calculus can be generalized to Lie algebroids in the following
manner (for details we refer to [2]). For a Lie algebroid A −→ M with
anchor ρ and bracket [ , ] the exterior differential of A is a map

dA : Γ(∧•A∗) −→ Γ(∧•+1A∗)

which is defined by the usual Koszul formula

(dAθ)(v1, . . . , vk+1) =
∑
i

(−1)i+1ρ(vi)θ(v1, . . . , v̂i, . . . , vk+1)

+
∑
i<j

(−1)i+jθ([vi, vj ], v1, . . . , v̂i, . . . , v̂j , . . . , vk+1) (1.2.3)

for vi ∈ Γ(A), i = 1, . . . , k.
We will denote dA simply by d when there is no chance of confusion.

The exterior derivative d on A has the following usual properties

• d is C∞(M)-multilinear,
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• d2 = 0 and

• d is a graded derivation of degree 1, i.e.,

d(θ ∧ η) = dθ ∧ η + (−1)|θ|θ ∧ dη

where | | denotes the degree of the grading in Γ(∧•A∗). (Γ(∧•A∗),∧,d)
forms a differential graded algebra. Conversely,given such a structure, the
Lie algebroid structure on A can be recovered by defining the anchor to be

ρ(v)f = df(v) for v ∈ Γ(A) and f ∈ C∞(M)

and by defining the Lie bracket by setting,

i[α,β]θ = ρ(α)θ(β)− ρ(β)θ(α)− dθ(α, β)

= iαd(iβθ)− iβd(iαθ)− i(α∧β)dθ

for α, β ∈ Γ(A) and θ ∈ Γ(A∗). This establishes a correspondence between
Lie algebroid structures and exterior differential operators on A.

The A-Lie derivative of an element of ∧•A∗ is defined in the usual way
by

Lαθ = diαθ + iαdθ

for α ∈ Γ(A), θ ∈ Γ(∧•A∗)
In analogy to the de Rham cohomology of a manifold, the cohomology

groups of the complex (Γ(∧•A∗), d) is defined and is called the Lie algebroid
cohomology of A.

The following proposition, due to Vaintrob [33], characterizes morphisms
of Lie algebroids in terms of the exterior differential

Proposition 1.2.11. Let Φ : A −→ B be a bundle map between Lie alge-
broids A and B. Φ is a Lie algebroid morphism if and only if

dAΦ∗β = Φ∗dBβ for β ∈ Γ(B∗)

Here the map Φ corresponds to diagram

A
Φ //

��

B

��
M

φ
// N

and the pull-back Φ∗ is defined by

(Φ∗β)x(v) = βφ(x)(Φv).
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The Lie algebroid structure on A gives rise to another construction that
will be useful later. Just like the Schouten bracket on multivector fields
extends the Lie bracket of vector fields, there is an extension of the bracket
from Γ(A) to Γ(∧•A). This extension is called the Gerstenhaber bracket and
is the unique C∞(M) bilinear operation on Γ(∧•A) satisfying the following
conditions

• [ , ] has degree −1,

[ , ] : Γ(∧kA)× Γ(∧lA) −→ Γ(∧k+l−1A)

• [ , ] is graded commutative,

[α, β] = −(−1)(|α|−1)(|β|−1)[β, α]

• [ , ] satisfies the graded Jacobi identity,

[α, [β, γ]] + (−1)(|γ|−1)(|α|+|β|)[γ, [α, β]]

+ (−1)(|α|−1)(|β|+|γ|)[β, [γ, α]] = 0

• [ , ] satisfies the graded Leibniz identity,

[α, β ∧ γ] = [α, β] ∧ γ + (−1)(|α|−1)|β|β ∧ [α, γ]

where | | denotes the degree of Γ(∧•A).
The Gerstenhaber bracket allow us to define the A-Lie derivative of

sections of ∧•A by the formula

Lαη = [α, γ]

for α ∈ Γ(A), γ ∈ Γ(∧•A). For homogeneous elements of Γ(∧•A) the bracket
can be directly defined by

i[α,β]θ = (−1)(|α|−1)(|β|−1)iαd(iβθ)− iβd(iαθ)

− (−1)(|α|−1)i(α∧β)dθ

for α, β ∈ Γ(∧•A) and θ ∈ Γ(∧|α|+|β|−1A∗).
For a Lie algebroid morphism Φ the Gerstenhaber bracket satisfies a

bracket preserving property which is easy to state in the case where Φ is an
isomorphism, it is

Φ∗[α, β] = [Φ∗α,Φ∗β]

13



for homogeneous sections α, β ∈ Γ(∧•A) where the pull-back is defined in
the natural way for elements of (∧•A).

For any Lie algebroid A, the anchor map ρ : A −→ TM is a Lie algebroid
morphism and thus satisfies

dAρ
∗ = ρ∗d,

here d denotes the exterior differential on Ω•(M).

1.3 Poisson structures

Poisson structures originally appeared in geometry through the theory of
mechanical systems but are related in many ways to Lie algebroids. In
Example 1.2.10 it was noted that every Poisson manifold (M,π) gives rise to
a Lie algebroid structure on the cotangent bundle T ∗M . On the other hand,
for every Lie algebroid A there is a natural associated Poisson structure on
its dual bundle A∗ as is explained at the end of the section. We follow the
exposition of Cannas and Weinstein in [2].

Definition 1.3.1. Let M be a manifold. M is called a Poisson manifold
if there exist a Lie bracket on C∞(M), denoted { , }, satisfying the Leibniz
identity

{f, gh} = g{f, g}+ h{f, g} for f, g, h ∈ C∞(M).

Equivalently, M is called Poisson if there exists a bivector π ∈ Γ(∧2TM)
such that [π, π] = 0 for the Schouten bracket. The relation between the two
definitions is given by

{f, g} = π(df,dg).

As described in Example 1.2.10, the contraction of π by a form in Ω1(M)
gives us a map π] : T ∗M −→ TM defined by β(π](α)) = π(α, β) for α, β ∈
Ω1(M). This is the anchor map of a Lie algebroid and as such defines a
singular foliation on M . Given L a leaf of this singular foliation π] induces a
non-degenerate skew-symmetric bundle map π]L : T ∗L −→ TL that defines
a symplectic structure on the leaf L. This singular foliation is called the
symplectic foliation.

Example 1.3.2. Let g be a finite dimensional Lie algebra. The dual g∗ is
a Poisson manifold with bracket

{f, g}(u) = u([duf,dug]g)

where the identification g∗∗ ' g is made. The symplectic leaves of g∗ are
the orbits of the coadjoint representation of G in g∗, where G is the simply
connected Lie group integrating g. This Poisson structure is called the Lie-
Poisson structure on g∗.
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The bracket in a Poisson manifold M gives rise to a special kind of
vector fields. The Leibniz identity shows that Xf = {−, f} is a derivation
of C∞(M) and thus a vector field called the Hamiltonian vector field of f .
The Jacobi identity implies that the map

C∞(M) −→ X(M)

f 7−→ Xf

is an anti-homomorphism of Lie algebras, this is

X{f,g} = −[Xf , Xg]

Another consequence of the Jacobi identity is that

Xh{f, g} = {Xhf, g}+ {f,Xhg} for f, g, h ∈ C∞(M)

this in turn implies that the flow of Xh is a one parameter group of Poisson
automorphisms.

Definition 1.3.3. Let (M,πM ), (N, πN ) be Poisson manifolds. A map
ϕ : M −→ N is called a Poisson map if

{f, g}N ◦ ϕ = {f ◦ ϕ, g ◦ ϕ}M for f, g ∈ C∞(N).

Equivalently, πM and πN are ϕ-related, ϕ∗πM = πN , or yet, for every x ∈M
the following diagram commutes

T ∗xM
π]
M // TxM

dxϕ

��
T ∗ϕ(x)N

π]
N

//

ϕ∗x

OO

Tϕ(x)N

A submanifold i : M −→ N of a Poisson manifold (N, π) is called a
Poisson submanifold if the inclusion i is a Poisson map.

A Poisson map ϕ : M −→ N is called complete if, for each h ∈ C∞(N),
Xh being a complete vector field, implies that Xϕ∗h is also complete.

Definition 1.3.4. Let (M,π) be a Poisson manifold and g∗ a Lie-Poisson
manifold. A complete Poisson map µ : M −→ g∗ is called a momentum
map.

Let G be the connected Lie group integrating g. A momentum map µ
determines an action of G on M , by integrating the following anti-homo-
morphism

g
h.−→ C∞(g∗)

J∗−→ C∞(M)
X.−→ X(M)
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where hv(u) = u(v) for u ∈ g∗ and X. assigns to a function its Hamiltonian
vector field. The group G acts on M by Poisson automorphisms and µ is
equivariant with respect to the coadjoint action on g∗.

Let π : A −→ M be a Lie algebroid. Let us describe a natural Pois-
son structure on A∗ which extends the construction of the linear Poisson
structure on the dual of a Lie algebra. Denote the projection of A∗ by p.
Consider the following classes functions on A∗

• the basic functions f ◦ p, where f ∈ C∞(M), and

• the evaluation by a section α ∈ Γ(A), denoted Fα, and defined by

Fα(ξ) := 〈ξ, α〉 for ξ ∈ A∗.

where 〈 , 〉 denote the natural pairing in A⊕A∗. The functions in C∞(A∗)
are generated by these classes of functions as can be easily seen in local
coordinates. To determine a Poisson structure on A∗ is enough to define
it for basic functions and evaluation functions. The bracket is defined as
follows:

(i) The bracket of basic functions is zero.

(ii) The bracket of two evaluation functions is the evaluation function of
their Lie brackets

{Fα, Fβ}A∗ = F[α,β] for α, β ∈ Γ(A)

(iii) The bracket of a basic function and an evaluation function is the basic
function given by applying the anchor

{Fα, f ◦ p}A∗ = ρ(α)(f) ◦ p for α ∈ Γ(A), f ∈ C∞(M)

These definitions are compatible with the Jacobi and Leibniz identities,
so they define a Poisson bracket on A∗. This bracket on A∗ is fiberwise
linear, i.e., the bracket of functions linear on the fibers is a function linear
on the fibers.

Conversely, any fiberwise linear Poisson structure on the vector bundle
A∗ induces a Lie algebroid structure on the dual bundle A, whose associated
Poisson bracket is the original one.

Morphisms of Lie algebroids can be characterized by the associated Pois-
son structures as the next proposition states [17],

Proposition 1.3.5. Let Φ : A −→ B be a bundle map between Lie algebroids
A and B, over M , covering a diffeomorphism of M . Φ is a Lie algebroid
morphism if and only if Φ∗ : B∗ −→ A∗ is a Poisson map.
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The following definition is directly related to the notion of a Poisson
map.

Definition 1.3.6. Let (N, π) be a Poisson manifold. A submanifold i :
M −→ N is coisotropic if the vanishing ideal IM of M given by

IM := ker(i∗ : C∞(N) −→ C∞(M))

is a Lie subalgebra of the Poisson algebra (C∞(N), { , }) corresponding to
the Poisson structure π.

Example 1.3.7. Let (N, π) be a Poisson manifold and M a Poisson sub-
manifold. Then M is a coisotropic.

Example 1.3.8. A linear subspace h ⊂ g of a (finite dimensional) Lie
algebra (over R) is a Lie subalgebra if and only if its annihilator h◦ is a
coisotropic submanifold of g∗ with its linear Poisson structure.

Example 1.3.9. A map ϕ : (M,πM )→ (N, πN ) is a Poisson map if and only
if its graph is a coisotropic submanifold of the product (M×N, πM⊕(−πN ))

The following proposition was proved by Weinstein in [34]

Proposition 1.3.10. Let ϕ : (M,πM ) → (N, πN ) be a Poisson map. If
C ↪→ (N, πN ) is a coisotropic submanifold of (N, πN ) which is transversal
to ϕ. Then ϕ−1(C) is a coisotropic submanifold of (M,πM ).

The Example 1.3.8 is generalized in the next proposition (see [17]):

Proposition 1.3.11. Let A −→ M be a Lie algebroid and B −→ M a
subbundle of A. Then B is a Lie subalgebroid of A if and only if B◦ is a
coisotropic subbundle of A∗.

1.4 Orbifolds

In this section we present the classical description of orbifolds by Satake
([29], [30]),for this we follow the exposition on [20]. We may think of an
orbifold as a topological space which is locally homeomorphic to a quotient
of an euclidean space by the action of a finite group, in other words, a
manifold that has a certain type of singularities.

An action of a finite group G on a manifold M is given by a homomor-
phism Φ : G −→ Diff (M). For now Φ will be injective and we consider G
as subgroup of Diff (M).

The following facts about finite subgroups of Diff (M) make the basic
properties of orbifolds easy to prove and can be found in [20]. Take a finite
subgroup G of Diff (M), and let x ∈ M . We can choose a G-invariant
riemannian metric on M . The exponential map associated to the metric
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gives us a diffeomorphism from an open ball B centered at 0 in the tangent
space Tx(M) to an open neighborhood W of x, expx : B −→W ⊂M . Since
the metric is G-invariant, dxg is an orthogonal transformation of Tx(M) and
expx ◦dxg = g ◦ expx, for any g in the isotropy subgroup Gx. In particular,
if dxg = id then g|W = id.

Lemma 1.4.1. Let M be a connected manifold and G a finite subgroup of
Diff (M).Then the set of singular points

Σ = {x ∈M |Gx 6= {e}}

is closed with empty interior and the differential dx : Gx −→ Aut(TxM) is
injective for each x ∈M .

Note that the lemma implies that any diffeomorphism of finite order on
a connected manifold which fixes an open set is the identity. Denote by Ox
the orbit through x of the G-action.

Lemma 1.4.2. Let M be a manifold and G a finite subgroup of Diff (M).
For any smooth map f : V −→ M defined on a non-empty open connected
subset V of M , satisfying f(x) ∈ Ox, for x ∈ V , there exists a unique g ∈ G
such that f = g|V .

A connected subset S of M is called G-stable if for every g ∈ G either
gS = S or gS ∩ S = ∅. The isotropy subgroup of S is defined by

GS = {g ∈ G | gS = S} .

As G is finite, for any x ∈ M we can always find an arbitrarily small open
G-stable neighborhood S of x such that Gx = GS

Let Q be a topological space. An orbifold chart of dimension n ≥ 0 on
Q is a triple (U,G, φ), where U is a connected open subset of Rn, G is a
finite subgroup of Diff (U) and φ : U −→ Q is an open map which induces a
homeomorphism U/G −→ φ(U). If (U,G, φ) is an orbifold chart on Q and
S an open G-stable subset of U , the triple (U,GS , φ|S) is again an orbifold
chart called the restriction of (U,G, φ) to S. More generally, let (V,H, ψ)
be another orbifold chart on Q. An embedding λ : (V,H, ψ) −→ (U,G, φ)
between orbifold charts is an embedding λ : V −→ U such that φ ◦ λ = ψ.
The following proposition states some basic properties of embeddings of
orbifold charts, its proof can be found in [20] and uses Lemmas 1.4.1 and
1.4.2.

Proposition 1.4.3. (i) For any embedding λ : (V,H, ψ) −→ (U,G, φ)
between orbifold charts on Q, the image λ(V ) is a G-stable open subset
of U , and there is a unique isomorphism λ̄ : H −→ Gλ(V ) for which
λ(hx) = λ̄(h)λ(x).
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(ii) The composition of two embeddings between orbifold charts is an em-
bedding between orbifold charts.

(iii) For any orbifold chart (U,G, φ), any diffeomorphism g ∈ G is an em-
bedding of (U,G, φ) into itself, and ḡ(g′) = gg′g−1.

(iv) If λ, µ : (V,H, ψ) −→ (U,G, φ) are two embeddings between the same
orbifold charts, there exists a unique g ∈ G with λ = g ◦ µ.

When there is no chance of confusion we will write λ instead of λ̄.
We say that two orbifold charts (V,H, ψ) and (U,G, φ) of dimension n

on Q are compatible if for any z ∈ ψ(V )∩φ(U) there exist an orbifold chart
(W,K, θ) on Q with z ∈ θ(W ) and embeddings between orbifold charts
λ : (W,K, θ) −→ (V,H, ψ) and µ : (W,K, θ) −→ (U,G, φ).

An orbifold atlas of dimension n of a topological space Q is a collection
of pairwise compatible orbifold charts U = {(Ui, Gi, φi)} of dimension n on
Q such that ∪i∈Iφi(Ui) = Q. Two orbifold atlases of Q are equivalent if
their union is an orbifold atlas.

Definition 1.4.4. An orbifold of dimension n is a pair (Q,U), where Q is
a second countable Hausdorff topological space and U is a maximal orbifold
atlas of dimension n of Q.

By the remarks at the beginning of this section given an orbifold Q there
exists an orbifold atlas U of Q such that U = Rn and G is a finite subgroup
of O(n), for any orbifold chart (U,G, φ) ∈ U .

Definition 1.4.5. Let Q and Q′ be two orbifolds. A continuous map f :
Q −→ Q′ is an weak orbifold map (orbifold maps in Satake [29]) if for any
z ∈ Q there exist orbifold charts (U,G, φ) of Q with z ∈ φ(U) and (V,H, ψ)
of Q′ and a smooth map f̃ : U → V such that ψ ◦ f̃ = φ ◦ f (f̃ is called a
local lift of f), or equivalently the following diagram commutes

U
f̃ //

φ
��

V

ψ
��

φ(U)
f
// ψ(V ).

Further, let U1
f̃1−→ V1 and U2

f̃2−→ V2 two local lifts of f , and let U1
λ−→ U2

an embedding, if there exists an embedding V1
µ−→ V2 such that

U1
f̃1 //

λ
��

V1

µ

��
U2

f̃2

// V2.
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the map f is called a strong orbifold map.

In particular, given two embeddings λ : (U ′, G′, φ′) −→ (U,G, φ) µ :
(V ′, H ′, ψ′) −→ (V,H, ψ) such that f̃(λ(U ′)) ⊂ µ(V ′), the map µ−1 ◦ f̃ ◦ λ
is a local lift with respect to (U ′, G′, φ′) and (V ′, H ′, ψ′). The orbifold maps
f : Q −→ R are called the smooth functions on the orbifold Q, we can see
that this is equivalent as f having invariant local lifts.

As we will work exclusively with strong orbifold maps we will refer to
them simply as orbifold maps and no confusion will arise.

Remark 1.4.6. Orbifolds and their morphisms form a category.

For an orbifold chart (U,G, φ) the differential of the action at x gives us
a representation of Gx in GL(Rn), denoted d : Gx −→ GL(Rn). Points in
the orbit of x give rise to conjugate subgroups of GL(Rn). If we have an
embedding of orbifold chats λ : (V,H, ψ) −→ (U,G, φ), any point y ∈ V such
that λ(y) = x gives rise to a subgroup dHy conjugate to dGx in GL(Rn).
We now can define

Definition 1.4.7. Let Q be an orbifold. For z ∈ Q we define the isotropy
group of z, denoted Isoz, as the conjugacy class of dGx in GL(Rn), for an
orbifold chart (U,G, φ) and x ∈ U such that φ(x) = z

A few examples to conclude the section

Example 1.4.8. Let M be a manifold. M can be seen as an orbifold with
trivial isotropy in every point.

Example 1.4.9. Let M be a manifold and G a connected Lie group acting
properly on M such that dimOx = dimG for x ∈ M . Then M/G has the
structure of an orbifold as can be seen from the slice theorem since all the
isotropy groups of the action are finite.

In fact every orbifold can be seen in this way

Proposition 1.4.10. Any orbifold is isomorphic to the orbifold associated
to an action of a compact connected Lie group G with finite isotropy groups.

Remark 1.4.11. The definition of orbifolds given here actually correspond
to effective orbifolds, the name reflects the fact that locally we demand the
homomorphism Φ : G −→ Diff (M) to be injective (the action is effective).
Later we will present a characterization of orbifolds as groupoids in which
an effective proper étale groupoid is equivalent to an effective orbifold.

Finally, we can define vector bundles over orbifolds, and this will be
useful when we consider later Lie algebroids over orbifolds an more general
singular spaces.
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Definition 1.4.12. Let (E,U∗) and (Q,U) be orbifolds with a surjective
map E

π−→ Q, F a vector space and G a Lie group acting linearly on F .
The set (E,Q, π, F,G) is called a vector bundle over Q if for every z ∈ Q
there exist orbifold charts (U∗, G∗, φ∗) and (U,G, φ) of E and Q respectively.
with z ∈ φ(Q) and U∗ = U × F making the following diagram commute

U × F φ∗ //

p

��

φ∗(U∗)

π

��
U

φ
// φ(U)

where p is the projection on the fist component. Given an embedding of
orbifold charts λ : (V,H, ψ) −→ (U,G, φ) on Q with ψ(V ) ⊂ φ(U) there
exist a corresponding linear embedding λ∗ : (V ∗, H∗, ψ∗) −→ (U∗, G∗, φ∗) of
charts on E such that ψ∗(V ∗) ⊂ φ∗(U∗) and for every (x, v) ∈ V ∗ = V ×F ,

λ∗(x, v) = (λ(x), gλ(x)v)

with gλ : V −→ G. The maps gλ satisfy gλ◦µ(x) = gλ(µ(x))gµ(x) for com-
posable embeddings µ and λ on U . Furthermore, there is a correspondence
between the charts (U∗, G∗, φ∗) and (U,G, φ) of E and Q as well as a corre-
spondence of embeddings λ and λ∗ for any given of charts.

The correspondence of embeddings for charts (U∗, G∗, φ∗) and (U,G, φ)
implies that the groups G and G∗ must be isomorphic. Note that G may
act on F in a non-effective way, if this action is effective the equation for
gλ in the definition is satisfied form the definition of orbifold. The space
of sections Γ(E) of the vector bundle E is defined by the sections of π for
which lift locally as sections of the bundle charts.

The definitions of morphisms of vector bundles over orbifolds are straight-
forward, the requirement being that the local lifts of the morphisms are
morphisms of the respective structures.
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Chapter 2

Orbifolds as groupoids

This chapter is devoted to present orbifolds using a global approach, i.e.
avoiding the use of local charts. For this we will present a broader con-
cept of maps between Lie groupoids, namely generalized maps and Hilsum-
Skandalis maps, that will define equivalent bicategories. Orbifolds then will
be identified with equivalence classes of proper étale groupoids.

2.1 Equivalences of groupoids

Here we summarize some of the notions of equivalence of groupoids, these
notions come directly from category theory, some distinctions have to be
made as we work in the smooth case. We follow the exposition on [20] and
[21].

First we introduce some notation for groupoids that will be easier to
follow as we will be regarding more than two groupoids at the same time.
Let G be a Lie groupoid, the manifolds of objects and arrows of G will be
denoted G0 and G1 respectively. The manifold of arrows from x to y in G0

will be denoted by G(x, y), in particular the isotropy group Gx can also be
denoted by G(x, x)

Definition 2.1.1. A natural transformation T between two homomorphisms
φ, ψ : K → G is a smooth map T : K0 → G1 with T (x) : φ(x) → ψ(x) such
that for any arrow h : x −→ y in K1, the identity ψ(h)T (x) = T (y)φ(h)
holds, i.e. the following square is commutative,

φ(x)
T (x) //

φ(h)
��

ψ(x)

ψ(h)
��

φ(y)
T (y) // ψ(y)

We write φ ∼T ψ.
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For a categories K, G, we can regard the morphisms between them as
objects and the natural transformations as morphisms with composition
given by RT (x) = R(x)T (x), where R : φ −→ ψ, T : ψ −→ ρ for morphisms
φ, ψ, ρ between K and G. In fact there is a structure of 2-category that
arises in this way with natural transformations as 2-morphisms.

Definition 2.1.2. A morphism φ : K −→ G of groupoids is called an equiv-
alence of groupoids if there exists a morphism ψ : G −→ K of groupoids and
natural transformations T and S such that ψ ◦ φ ∼T idK and φ ◦ ψ ∼S idG .

In the categorical sense the previous definition of equivalence amounts
to the functor φ being fully faithful and essentially surjective, in the Lie
groupoid case the second description is weaker as we may not be able to
choose a smooth inverse for φ. This suggest the following notion

Definition 2.1.3. A morphism ε : K → G of groupoids is called an essential
equivalence of groupoids if

(i) ε is essentially surjective in the sense that

t ◦ π1 : G1 s×ε K0 −→ G0

is a surjective submersion where G1 s×ε K0 is the pull-back along the
source s of G and ε : K0 −→ G0.

(ii) ε is fully faithful in the sense that K1 is the following pull-back of
manifolds:

K1
ε //

(s,t)
��

G1

(s,t)
��

K0 ×K0
ε×ε // G0 ×G0

Regarding the categorical counterparts of the previous definition, the
first condition implies that for any object y ∈ G0, there exists an object
x ∈ K0 whose image ε(x) can be connected to y by an arrow g ∈ G1. The
second condition implies that for all x, z ∈ K0, ε induces a diffeomorphism
K(x, z)→ G(ε(x), ε(z)) between the submanifolds of arrows.

As an example on the spirit of the proofs in this section we present,

Proposition 2.1.4. [20] Every equivalence of Lie groupoids is an essential
equivalence.

Proof. Let φ : K −→ G be an equivalence of groupoids, with ψ : G −→ K
and T and S as in the definition of equivalence. We prove first that the map

t ◦ π1 : G1 s×φ K0 −→ G0

of the definition of essential equivalence above is a surjective submersion.
Clearly it is surjective because any y ∈ G0 is the image of (T (y), ψ(y)). To
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see that it is a submersion, we prove that it has a local section through any
point (g0 : φ(x0) −→ y0, x0) of G1 s×φ K0. To this end, consider the arrow

T (y0)−1g0 : φ(x0) −→ φ(ψ(y0))

in G. Since φ is an equivalence of categories, there is a unique arrow k0 :
x0 −→ ψ(y0) in K with φ(k0) = T (y0)−1h0. Let λ : U → K1 be a local
bisection through k0 in K, and let λ̃ = t ◦ λ : U −→ K0 be the associated
diffeomorphism onto an open neighborhood V of ψ(y0). Let κ : ψ−1(V ) →
G1 s×φ K0 be the map

κ(y) = (T (y)φ(λ(λ̃−1(ψ(y)))), λ̃−1(ψ(y))).

Then κ is a section of t ◦ π1 through the given point (g0, x0). This proves
that t ◦ π1 is a surjective submersion. In particular, the fibered product
K0 φ×s G1 t×φ K0 of t ◦ π1 along φ : K0 −→ G0 is a manifold, which fits
into a pull-back diagram

K0 φ×s G1 t×φ K0
π2 //

(π1,π3)

��

G1

(s,t)

��
K0 ×K0

φ×φ // G0 ×G0

Since φ is an equivalence of categories, the map θ : K1 −→ K0 φ×sG1 t×φ
K0, sending k to (s(k), φ(k), t(k)), is a bijection. To prove that this map
is a diffeomorphism we notice that the differential of θ is (dks, dkφ, dkt). A
vector v in the kernel of dθ must satisfy v ∈ TkK(x, y), for x = s(k) and
y = t(k), but dφ|K(x,y) is a diffeomorphism so v must vanish. This proves
that θ is a local diffeomorphism.

The converse of Proposition 2.1.4 does not hold for Lie groupoids

Example 2.1.5. Let p : N −→ M be a surjective submersion. Consider
the Lie groupoid N ×M N ⇒ N defined by the pull-back of manifolds

N ×M N //

��

N

p

��
N

p //M,

and the essential equivalence N ×M N −→M induced by p, regarding M as
the unit Lie groupoid. Any morphism M −→ N ×M N amounts to choose a
section of p. If N is a non-trivial principal bundle over M , then such sections
do not exist and N ×M N −→M is not an equivalence of Lie groupoids.

We will make extensive use of the following definition
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Definition 2.1.6. Let ψ : K → G and φ : L → G be morphisms of Lie
groupoids, the weak pull-back K ×G L is a groupoid whose space of objects
is

(K ×G L)0 = K0 ψ×s G1 t×φ L0

consisting of triples (x, g, y) with x ∈ K0, y ∈ L0 and g an arrow in G1 from
ψ(x) to φ(y). An arrow between (x, g, y) and (x′, g′, y′) is a pair of arrows
(k, l) with k ∈ K(x, x′), l ∈ L(y, y′) such that g′ψ(k) = φ(l)g. The space of
arrows can be identified with

(K×GL)1 = K1 ψ◦s×sG1 t×φ◦sL1 = {(k, g, l)|ψ ◦ s(k) = s(g), φ ◦ s(l) = t(g)} .

which can be obtained by two fibered products

K1 ψ◦s×s G1 t×φ◦s L1
//

��

L1

s

��
K1 ψ◦s×s G1 t×φ L0

//

��

K0 ψ×s G1 t×φ L0
π3 //

π1
��

L0

K1
s // K0

in which some notation has been omitted.
If at least one of the two morphisms is a submersion on objects or an

essential equivalence, then the weak pull-back K×G L is a Lie groupoid. In
this case, the diagram of Lie groupoids

K ×G L
π3 //

π1
��

L

φ
��

K ψ // G

commutes up to a natural transformation and it is universal with this prop-
erty [20].

The next proposition describes some properties of essential equivalences
and the weak pull-back which will be necessary to define Morita equivalence
of groupoids,

Proposition 2.1.7. [20] Let G,K and L be Lie groupoids.

(i) For two homomorphisms φ, ψ : L −→ G, if there is a transformation
T : φ −→ ψ then φ is a essential equivalence if and only if ψ is.

(ii) If for a essential equivalence φ : L −→ G the map t◦π1 of the essentially
surjective condition has a section, then φ is an equivalence.

(iii) The composition of two essential equivalences is an essential equiva-
lence.

25



(iv) For any essential equivalence φ : L −→ G and any homomorphism
ψ : K → G the weak pull-back

K ×G L
π3 //

π1
��

L

φ
��

K ψ // G

exists and π3 is an essential equivalence for which (K ×G L)0 −→ L0

is a surjective submersion.

2.2 Morita equivalence

In parallel with equivalence of groupoids essential equivalences should give
rise to an equivalence relation of Lie groupoids, the first difficulty is that
in general essential equivalences cannot be inverted, this motivates the next
definition,

Definition 2.2.1. Two Lie groupoids K and G are Morita equivalent if there
exists a Lie groupoid J and essential equivalences

K ε←− J σ−→ G.

Using the properties of the weak pull-back we see that Morita equivalence
is in fact an equivalence relation. Moreover, we see from the following dia-
gram of weak pull-backs that there exist J for which ε and σ are surjective
submersions on objects

J //

��

L //

��

G

L′ //

��

J ′ //

��

G

K K

Example 2.2.2. Let M be a connected manifold. Consider Π1(M) the fun-
damental groupoid ofM . There is a Morita equivalence Π1(M)∼M π1(M,x)
for x ∈M , where we regard the fundamental group π1(M,x) as a groupoid
over the singleton {x}.

Example 2.2.3. Let G be a Lie group acting freely and properly on a
manifold M . Consider the action groupoid G n M over M . There is a
Morita equivalence G nM ∼M M/G, where we regard M/G as the unit
groupoid.
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Many properties of Lie groupoids are stable under essential equivalence,
and thus under Morita equivalence, we will be interested particularly in two
of them. The proof of the proposition can be found in [20].

Proposition 2.2.4. Let G and H be essentially equivalent Lie groupoids.
Then

(i) G is Hausdorff if and only if H is.

(ii) G is proper if and only if H is.

The proof of the proposition is simple and relies on the fact that for
an essential equivalence ε : K −→ G the bottom row of the pull-back of
manifolds

K1
ε //

(s,t)
��

G1

(s,t)
��

K0 ×K0
ε×ε // G0 ×G0

can be taken as a surjective submersion if it is part of a Morita equivalence.

As any essential equivalence ε can be taken as a Morita equivalence K id←−
K σ−→ G the proposition follows.

The property of being étale is not invariant under Morita equivalence but
directly from the definition of essential equivalence we see that the property
of having discrete isotropy groups is. The following result can be found in
[20] or [9]

Proposition 2.2.5. For a Lie groupoid G, the following are equivalent:

(i) G is Morita equivalent to a smooth étale groupoid.

(ii) The Lie algebroid g of G has an injective anchor map.

(iii) All isotropy Lie groups of G are discrete.

Lie groupoids which have discrete isotropy groups are sometimes called
foliation groupoids. We will use this name with just a brief further com-
ment from its origin. Given a foliation F of a manifold M , the holonomy
groupoid of F and the groupoid associated to F in Section 1.1 (called the
monodromy groupoid of F) have discrete isotropy groups. The restriction
of these groupoids to a complete transversal of F gives étale groupoids. In
fact, the proof of the previous proposition uses the restriction to a com-
plete transversal of the foliation given by the orbits of G to produce an étale
groupoid Morita equivalent to G.

Remark 2.2.6. Let G and K be two Morita equivalent étale groupoids,
K ε←− J σ−→ G, as ε and σ are essential equivalences we see that J must be a
foliation groupoid, and thus there exist an essential equivalence φ : J ′ −→ J
with J ′ étale such that K ε◦φ←− J ′ σ◦φ−→ G represents the Morita equivalence
of G and K.
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The last ingredient we need to characterize orbifolds as groupoids is the
notion that relates to effective Lie group actions. Let G be an étale Lie
groupoid, there is a well defined morphism of groupoids, called the effect of
G,

Eff : G −→ ΓG0

where ΓG0 is the groupoid of germs of local diffeomorphisms of the manifold
G0. Eff is given by

Eff(g) = germs(g)(t ◦ s−1|U)

where g ∈ G and U ⊂ G0 such that the source map s restricts to a diffeo-
morphism. An étale groupoid is called effective if Eff is injective on arrows.

Definition 2.2.7. A foliation groupoid G is called effective if it is Morita
equivalent to an effective étale groupoid.

This definition is consistent since for any two Morita equivalent étale
groupoids H ∼M K remark 2.2.6 shows that one is effective if and only if
the other one is.

Remark 2.2.8. An essential equivalence of Lie groupoids ε : K → G induces
a homeomorphism |ε| : |K| → |G| between orbit spaces.

2.3 Orbifolds as groupoids

The original characterization of orbifolds as Lie groupoids was given by
Pronk in [27].

Proposition 2.3.1. There is a 1 : 1 correspondence between orbifold struc-
tures on a Hausdorff second countable topological space Q and Morita equiv-
alence classes of proper effective foliation groupoids G with |G| = Q.

Proof. Let U be an orbifold atlas for the orbifold structure on Q, the follow-
ing construction of a proper étale groupoid G was hinted by Haefliger and can
be found in [23]. Let G0 be the space of pairs (x, U) with x ∈ U ∈ U , topolo-
gized as the disjoint union of the sets U in U . An arrow g : (x, U) −→ (y, V )
is an equivalence class of triples

g = [λ, z, µ] : U
λ←−W µ−→ V,

where z ∈ W and λ(z) = x, µ(z) = y. Here W is another chart for Q, and
λ, µ are embeddings. The equivalence relation is generated by

[λ, z, µ] = [λ ◦ ν, z′, µ ◦ ν],

for λ, z, µ as above and ν : W ′ −→ W another embedding, with ν(z′) = z.
The set of arrows G1 is given a topology identifying a neighborhood of
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g with a neighborhood of z in W , this is well defined because, for any
other representative of g, ν is an open embedding. it is clear that the
source and target maps s, t : G1 −→ G0 are both étale. The groupoid G
is proper. Given a sequence {gn} in G1 such that the map G1 −→ G0 ×
G0 takes it to a convergent sequence ((xn, U), (yn, V )) −→ ((x, U), (y, V )),
from the definition of the topology in G1 we note that there exist λ and µ
embeddings of a small neighborhood W into U and V respectively such that
gn = [λ, zn, µ] with zn ∈ W and λ(zn) = xn, µ(zn) = yn, then the sequence
{zn} converges. Note that G is effective, given g = [λ, z, µ] such that λ◦µ−1

is the identity implies g = [id, z, id].
Now let G be a proper foliation groupoid such that |G| = Q, as every

foliation groupoid is Morita equivalent to an étale one, we can assume that
G is étale. Let x ∈ G0 and U open subset of G0 containing x invariant
under G = Eff(Gx), which exists because the isotropy group Gx is compact.
G defines a subgroup of Diff (U) which determines every arrow over U by
(Eff(g), x) for x ∈ U and g ∈ G, this produces an isomorphism of groupoids

G|U ' Gn U.

which accordingly shows that U/G ' |GU | is open in Q. Let V ⊂ U open
subset and y ∈ V , set H = Eff(Gy) and assume that V is H invariant, the
inclusion of GV in GU translates to an equivariant embedding λ : V −→
U . Let {Ui} be an open cover formed of open sets as before, set U =
{(Ui, Gi, φi)} with φi : Ui −→ Ui/Gi. Then U is an orbifold structure on
Q.

The construction that assigns a foliation groupoid G to an orbifold (Q,U)
is far from being unique. For every effective orbifold there is a foliation
groupoid of the form G n M the action groupoid associated to a certain
compact group as is shown in [20].

The category of orbifolds is equivalent to a category of proper foliation
groupoids up to Morita equivalence but with a notion of morphism different
from the usual notion of groupoid morphism. They are called generalized
maps and are closely related to the notion of Morita equivalence itself (see
[27]).

A simple example of this construction are

Example 2.3.2. Consider a finite group G acting on a manifold M . The
action groupoid G nM is a proper foliation Lie groupoid that represents
the orbifold defined by the quotient M/G. If M is an open set of Rn then
GnM coincides Lie groupoid defined by the proposition above.

Its worth noting that in order to obtain an étale groupoid representing
an orbifold (Q,U) suffices to take a cover of Q by elements of the atlas U . Let
{Ui} ⊂ U be said covering and form H0, the disjoint union of the elements
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of {Ui}. The new manifold of arrows H1 is obtained by the pull-back of
manifolds

H1 = (H0 ×H0)×G0×G0 G1
//

��

G1

��
H0 ×H0

// G0 ×G0

We have that H −→ G is an essential equivalence and H is a groupoid
representing the orbifold (Q,U) (see[27]).

Example 2.3.3. The tear-drop orbifold has a natural covering by two orb-
ifold chats, given by two discs D0, D1 ⊂ R2, and actions of {0} and Z2 by
a rotation, respectively. The manifold of arrows consist on three discs D0,
Da

1 , Db
1 and two annuli A0 ⊂ D0 and A1 ⊂ D1. The source and target maps

are given as follows (first column for source and second for target):

D0
0−→ D0, D0

0−→ D0

Da
1

0−→ D1, D
a
1

0−→ D1

Da
1

0−→ D1, D
a
1

1−→ D1

A0
0−→ D0, A0

1−→ D1

A1
1−→ D0, A1

0−→ D1,

where 0 indicates the embedding as a subset, and 1 indicates the action.

2.4 Generalized maps

As an orbifold can be seen as a Morita equivalence class of certain groupoids
the notion of maps between orbifolds can also be translated to groupoid
language. Since form the point of view of groupoids an orbifold is defined
up to an equivalence, the maps between orbifolds must not depend on the
representative of the equivalence class. In what follows we will describe a
notion of maps for groupoids related to Morita equivalence that restricts to
morphisms of orbifolds when working in that category.

Until the end of the chapter we follow closely the exposition in [5].

Definition 2.4.1. A generalized map from K to G is a pair of morphisms

K ε←− J φ−→ G

such that ε is an essential equivalence. We denote a generalized map by
(ε, φ).
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A generalized map from K to G morally can be regarded as a groupoid
morphism from K to G in which the domain can be replaced by an essentially
equivalent groupoid J .

Two generalized maps from K to G, K ε←− J φ−→ G and K ε′←− J ′ φ′−→ G,
are isomorphic if there exists a groupoid L and essential equivalences

J α←− L β−→ J ′

such that the diagram

J
φ

��

ε

~~
K L

α

OO

β
��

G

J ′
ε′

``

φ′

??
∼T ′∼T

commutes up to natural transformations. We write (ε, φ) ∼ (ε′, φ′).
In other words, there are natural transformations T and T ′ such that

the generalized maps

K εα←− L φα−→ G

K ε′β←− L φ′β−→ G

satisfy εα ∼T ε′β and φα ∼T ′ φ′β.
For each groupoid G a unit arrow (id, id) is defined as the generalized

map G id←− G id−→ G. The composition of two arrows (K ε←− J φ−→ G) and

(G δ←− J ′ ϕ−→ L) is given by the generalized map:

K ε◦π1←−−− J ×G J ′
ϕ◦π3−−−→ L

where π1 and π3 are the projections in the following weak pull-back of
groupoids:

J ×G J ′
π3 //

π1
��

J ′

δ
��

ϕ // L

J φ //

ε
��

G

K
The morphism π1 is an essential equivalence since it is the weak pull-

back of the essential equivalence δ. Then ε ◦ π1 is an essential equivalence.
This composition is associative up to isomorphism.
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The unit arrow is a left and right unit for this multiplication of arrows up

to isomorphism. The composition of (K ε←− J φ−→ G) with (G id←− G id−→ G)

is the generalized map K ε◦π1←−−− J ×G G
π3−→ G. Then π3 ∼T φ ◦ π1 where T is

the natural transformation that makes the weak pull-back square commute
and π1 is an essential equivalence. We have that (ε ◦ π1, φ ◦ π1) ∼ (ε, φ) as
it is easily seen by the diagram

J ×G G
π3

##

ε◦π1

{{
π1

��

K G

J
ε

cc

φ

;;∼T

.

Remark 2.4.2. Note that the invertible generalized maps are exactly the
Morita equivalences.

There is an equivalence relation between the isomorphism diagrams of
generalized maps. If we set a 2-isomorphism as an equivalence class of
diagrams, then groupoids, generalized maps and isomorphisms form a bi-
category. Vertical and horizontal composition of diagrams are defined in a
natural way using weak pull-backs and they satisfy the coherence axioms for
a bicategory. The proof of these facts can be found in [25] where one can
find also the general construction of a bicategory of fractions. The previous
exposition is a particular case of these bicategories.

If we restrict ourselves to the orbifold case it is easy to see from the
construction in the last section that an orbifold map f : Q −→ Q′ gives a
morphism of proper étale groupoids F : G −→ G′. Changing the atlas of the
orbifold Q does not change the map f but it will lead to Morita equivalent
groupoids representing Q, hence the need for generalized maps.

2.5 Hilsum-Skandalis maps

Another approach to generalize morphisms between Lie groupoids is given
by Hilsum-Skandalis maps. Although the relation with 2-morphisms of gen-
eralized maps is not immediate, the bicategory arising from this point of
view is equivalent. In this setting morphisms are defined by right principal
bibundles of Lie groupoids. We follow the exposition in [5].

Definition 2.5.1. Let M be a manifold, G a groupoid and µ : M −→ G0 a
smooth map. A right action of G on M is a map

M µ×t G1 −→M

(x, g) 7−→ xg
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defined on M µ×t G1 given by the following pull-back of manifolds along
the target map:

M µ×t G1
//

��

M

µ

��
G1

t // G0

and satisfying µ(xg) = s(g), x1x = x, (xg)h = x(gh) for (x, g) ∈M ×t
G0
G1

and h ∈ G1 composable with g.

Analogously, we have a left action by considering the pull-back G1 µ×sM
along the source map and demanding µ(gx) = t(g), 1xx = x, h(gx) = (hg)x
for (g, x) ∈ G1 µ×s M and h ∈ G1 composable with g.

The action groupoid M o G associated to a right action of G on M is
defined in a similar manner to the case of a group acting on a manifold by
(M oG)0 = M and (M oG)1 = M µ×tG1 where the source map is given by
the action s(x, g) = xg and the target map is just the projection t(x, g) = x.

A groupoid G acting on a manifold M may have extra structure

Definition 2.5.2. A right G-bundle M over B is a map π : M → B with a
right action of G on M preserving the fibers. A right G-bundle is principal
if the map

M µ×t G1 −→M ×B M
(x, g) 7−→ (xg, x)

is a diffeomorphism and π is a surjective submersion.

Remark 2.5.3. When G is a group G, this notion corresponds to the usual
notion of G-principal bundle.

Definition 2.5.4. A KG-bibundle M is a left K-bundle over G0 as well as
a right G-bundle over K0 for which the actions commute. A KG-bibundle is
represented by the following diagram:

M
τ

}}

ρ

!!
K0 G0

where ρ is a left K-bundle and τ is a right G-bundle. Denote a KG-bibundle
M as (K,M,G) and write (K, ρ,M,G, τ) if the bundle maps need to be
specified.

A KG-bibundle M is right principal if the right G-bundle τ : M → K0 is
principal. In this case, M µ×t G1 is diffeomorphic to M ×K0 M and M/G
is diffeomorphic to K0. Left principal bundles are defined analogously.
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A KG-bibundle M is called biprincipal if both left and right bundles ρ
and τ are principal.

Two KG-bibundles M and N are isomorphic if there is a diffeomorphism
f : M → N that intertwines the maps M −→ G0, M −→ K0 with the maps
N −→ G0, N −→ K0 and also intertwines the K and G-actions. In other
words, f(hxg) = hf(x)g and τ = τ ′ ◦ f , ρ = ρ′ ◦ f as in the following
diagram. We write (K,M,G) ∼ (K, N,G).

M
τ

}}

ρ

!!
f

��

G0 K0

N
τ ′

aa

ρ′

==

Definition 2.5.5. A Hilsum-Skandalis map |(K,M,G)| is an isomorphism
class of right principal KG-bibundles.

The collection of groupoids, right principal bibundles and and equivari-
ant diffeomorphisms form a bicategory which can be defined as follows.

For each groupoid G the unit arrow is defined as the GG-bibundle

G1

t

}}

s

!!
G0 G0

The left and right actions of G on G1 are given by the left and right
multiplication in the groupoid G.

To construct the multiplication of arrows we need the following propo-
sition [20].

Proposition 2.5.6. Let π : M −→ B be a principal G-bundle, let N be
a manifold with a right G-action, and let f : N −→ M be a submersion
preserving the G-action. Then N/G is a manifold and the quotient map
N −→ N/G is a principal G-bundle.

The multiplication of arrows (K,M,G) and (G, N,L) is given by the
bibundle (K, (M ×G0N)/G,L) where M ×G0N is the pull-back of manifolds

M ×G0 N
//

��

M

ρM
��

N
τN // G0

and in addition, G acts on the manifold M ×G0 N on the right by (x, y)g =
(xg, g−1y). The orbit space is a KL-bibundle
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(M ×G0 N)/G
τ

xx

ρ

&&
K0 L0

where τ([x, y]) = τM (x) and ρ([x, y]) = ρN (y). The left K-action is given
by k[x, y] = [kx, y] and the right L-action by [x, y]l = [x, yl]. Note that
(M ×G0 N)/G is a manifold by Proposition 2.5.6. This bibundle is right
principal and the multiplication is associative up to isomorphism.

The unit arrow (G, G1,G) is a left and right unit for this multiplication
of arrows up to isomorphism. We have that the multiplication of (K,M,G)
and (G, G1,G) is isomorphic to (K,M,G) since the map

(MρM×t G1)/G f−→M

[x, g] 7−→ xg

is a diffeomorphism satisfying f(k[g, x]h) = kf([g, x])h and gives a 2-morphism

(MρM×t G1)/G
τ◦π1

xx

s◦π2

&&
f

��

K0 G0

M

τ

gg

ρ

77

2.6 Hilsum-Skandalis and generalized maps

We present a process to get from the bicategory of groupoids, generalized
maps and isomorphisms to the category of groupoids, right principal bi-
bundles and equivariant diffeomorphisms and vice versa. This process is
described in [22] and more details can be found in [5].

Given a right principal KG-bibundle M :

M
τ

}}

ρ

!!
K0 G0

where ρ is a left K-bundle and τ is a right principal G-bundle, construct a
generalized map

K τ̄←− K nM o G ρ̄−→ G
where the double action groupoid KnMoG is defined by (KnMoG)0 = M
and (KnM oG)1 = K1 s×τ M ρ×sG1 , this space of arrows is obtained by
the following pull-backs of manifolds:
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K1 s×τ M ρ×s G1
//

��

G1

s

��
K1 s×τ M

π2 //

π1
��

M

τ

��

ρ // G0

K1
s // K0

and is has the form (KnMoG)1 = {(k, x, g) | s(k) = τ(x) and s(g) = ρ(x)}
with s(k, x, g) = x and t(k, x, g) = kxg−1. The composition of arrows is
given by (k′, kxg− 1, g′)(k, x, g) = (k′k, x, g′g) and the groupoid morphisms
ρ̄, τ̄ are defined on arrows by the projections

τ̄(k, x, g) = k, ρ̄(k, x, g) = g

The notation KnMoG is used as a mnemonic, a more appropriate notation
would be (K × G) nM as the construction first transforms the right action
of G in M into a left action and then forms the action groupoid for the
product groupoid [26]. Since τ is a principal bundle τ̄ becomes an essential
equivalence.

If (K,M,G) ∼ (K, N,G) then the associated generalized maps (τ, ρ) and
(τ ′, ρ′) are isomorphic. Let f : M → N be the equivariant diffeomorphism
that intertwines the bundles. Define

f̄ : K nM o G−→K nN o G

by f̄ = f on objects and f̄(h, x, g) = (h, f(x), g) on arrows. These maps
commute with all the structural maps by the equivariance of f . Since f̄0 is a
diffeomorphism, it is in particular a surjective submersion and the manifold
of arrows K1 s×τ M ρ×s G1 is obtained from the following pull-back of
manifolds:

K1 s×τ M ρ×s G1
f̄ //

(s,t)

��

K1 s×τ ′ N ρ′×s G1

(s,t)

��
M ×M f̄×f̄ // N ×N

then f̄ is an essential equivalence. Also, as f intertwines the bundles, we
have that ρ′ = ρ ◦ f̄ and τ ′ = τ ◦ f̄ and follows that (τ, ρ) ∼ (τ ′, ρ′).

For 2-morphisms f : M → N , consider the following diagram
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K nM o G
τ

yy

ρ

%%
id
��

K K nM o G

f̄
��

G

K nM o G
τ ′

ee

ρ′

99

Conversely, given a generalized map from K to G

K ε←− J φ−→ G

construct an associated right principal KG-bibundle M

M
τ

}}

ρ

!!
K0 G0

where M is the quotient by the action of J on M̃ = K1 t×φ J0 ε×tG1 given
by the following pull-backs of manifolds:

M̃

π4

!!

π2

((//

��

J0 ε×t G1
//

��

G1

t

��

s // G0

K1 t×φ J0
//

��

J0
ε //

φ

��

G0

K1
t //

s

��

K0

K0

The maps τ and ρ are induced in the quotient by s ◦ π4 and s ◦ π2. The
action of J on M̃ is given by ((a, b, d), j) 7−→ (ε(j)a, t(j), φ(j)d). The left
action of K on M = M̃/J is given by

K1 s×τ M −→M, (k, [a, b, d]) 7→ [ak−1, b, d]

and the right action of G by

M ρ×t G1 →M, ([a, b, d]), g) 7→ [a, b, dg].

If (ε, φ) ∼ (ε′, φ′) then the associated bibundles (K,M,G) and (K, N,G) are
isomorphic.

It can be proved that the the correspondences give a weak biequivalence
of bicategories (composition is only preserved up to 2-morphisms).
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Chapter 3

Lie algebroids over quotient
spaces

Our main objective is to analyse the behaviour of Lie algebroids over quo-
tient spaces. For this we start presenting reduction results for the non-
singular case, then we consider the singular case. For a proper action of a
Lie group G on a Lie algebroid A by Lie algebroid automorphisms we give
reductions of the Lie algebroid structure to the orbit type manifolds in the
quotient M/G. Then we move on to define Lie algebroids over orbifolds
in the naive way using charts and transport this definition to the groupoid
setting. Finally we define Lie algebroids over singular spaces represented by
Lie groupoids which satisfy some specific properties.

3.1 Non-singular quotients of Lie algebroids

A non-singular quotient is defined by a proper and free action of a Lie group
G. Here we consider free and proper actions of G on Lie algebroids and Lie
bialgebroids.

3.1.1 Group actions on Lie algebroids

We describe some generalities concerning group actions on Lie algebroids by
Lie algebroid automorphisms

Let G be a Lie group acting on a Lie algebroid A by algebroid automor-
phisms, we will denote the action by Φ : G × A −→ A and its restriction
to M by φ. There is a canonical G-action on A∗ associated to Φ given by
Φ∗g−1 , this is

(Φ∗g−1ξ)x(v) = ξg−1x(Φg−1v) for ξ ∈ (Γ(A∗)).

The action of G on A∗ covers the same map as the action of G on A as is
noted in the following diagram

38



A∗

��

Φ∗
g−1
// A∗

��
M

φg
//M.

Moreover, the bundle morphisms Φ∗g−1 are Poisson maps for the natural
Poisson structure in A∗.

At the infinitesimal level a G-action on an Lie algebroid A gives rise
to a fiberwise linear vector field on A. There is a correspondence between
fiberwise linear vector fields on a vector bundle E and Der(E) the set of
derivations of E. Using this correspondence, the infinitesimal counterpart
of the action of G on A is given by a Lie algebra morphism

φ∗ : g −→ Der(A),

where g is the Lie algebra associated to G. The fact that G acts by Lie alge-
broid morphisms translates to φ∗(ξ), for ξ ∈ g, being not only a derivation
of the vector bundle A but also a derivation of the bracket, i.e.

φ∗(ξ)[X,Y ] = [φ∗(ξ)X,Y ] + [X,φ∗(ξ)Y ]

for X,Y ∈ Γ(A). These are called derivations of the Lie algebroid A and
are denoted by Der(A). The commutator of derivations makes Der(A) into
a Lie algebra.

Definition 3.1.1. Let A be a Lie algebroid and g a Lie algebra. An in-
finitesimal action of a Lie algebra g on a Lie algebroid A is a Lie algebra
homomorphism ζ : g −→ Der(A).

If every derivation ζ(ξ) is complete (i.e., can be integrated to a one
parameter group of automorphisms of A), the infinitesimal action ζ can be
integrated to an action of G on A by Lie algebroid automorphisms, where
G is the simply connected Lie group that integrates g.

An exposition on actions of Lie groups and Lie algebras on Lie algebroids
can be found in [12].

Let A −→ M be a Lie algebroid and G a connected Lie group, a free
and proper action of G on A endows the orbit space of the action with a Lie
algebroid structure:

Proposition 3.1.2. Let Φ : G× A −→ A be a free and proper action of G
on A by Lie algebroid morphisms. Then A/G −→M/G has a Lie algebroid
structure.

This easy proposition leads to consider the same type of quotients for
more complicated structures, like Lie bialgebroids, as well as actions with
more structure, as inner actions of Lie groups on Lie algebroids.
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3.1.2 Inner actions

In this section, we extend the concept of momentum map from Poisson
geometry to the dual of a Lie algebroid, considering an interesting class of
infinitesimal actions of a Lie algebra g on a Le algebroid A given by:

Definition 3.1.3. An infinitesimal action ζ : g −→ Der(A) of g on a Lie
algebroid A is called an inner action if

ζ(ξ) = [ν(ξ),−]

for any ξ ∈ g and a Lie algebra morphism ν : g −→ Γ(A), i.e. ζ and ν
commute in the diagram

g

ζ ""

ν // Γ(A)

ad
��

Der(A).

This motivates the following definition:

Definition 3.1.4. Let G be a Lie group acting on an Lie algebroid A by Lie
algebroid morphisms. The action is called inner if the infinitesimal action
is inner with respect to a Lie algebra morphism ν : g −→ Γ(A).

In the presence of an inner action ν of a Lie algebra g on a Lie algebroid
A a certain subbundle of A inherits a Lie algebroid structure.

Proposition 3.1.5. Let A
π−→ M be a Lie algebroid and ν : g −→ Γ(A) a

map defining a complete inner action of a Lie algebra g on A. If the bundle
map ν∗ has constant rank and the origin is a regular value, then (ν∗)−1(0)◦

is a Lie subalgebroid of A and inherits a G-action where G is the simply
connected Lie group integrating g.

For the proof we will restate this proposition in the language of Poisson
geometry.

The dual map of ν is a vector bundle morphism ν∗ : A∗ −→ g∗, defined
by

〈ν∗(α), ξ〉 = 〈α, ν(ξ)|p(α)〉,

for α ∈ A∗ and ξ ∈ g, where p is the projection of A∗ to M . The fact that ν is
a Lie algebra morphism implies that ν∗ is a Poisson map with respect to the
natural Poisson structure on A∗ and the Lie-Poisson structure on g∗. ν∗ is a
complete Poisson map, i.e., a momentum map, because the inner action of
g is complete. On the other hand, given a bundle map ν∗ : A∗ −→ g∗ which
is also a complete Poisson map, with respect to the appropriate structures,
the dual map on sections, ν, will be a complete inner action of g on A.
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We can now restate the last proposition in terms of Hamiltonian actions
with respect to the natural Poisson structure in A∗ and apply proposition
1.3.11 to the kernel of a linear momentum map.

Proposition 3.1.6. Let A be a Lie algebroid and µ : A∗ −→ g∗ a momentum
map linear on fibers and of constant rank for which the origin is a regular
value. Then µ−1(0)◦ is a Lie subalgebroid of A and inherits a G-action by
restriction of the G-action on A.

Proof. As µ is fiberwise linear of constant rank and the origin is a regular
value µ−1(0) is a subbundle of A∗. For the coadjoint action of G on g∗ the
origin is a fixed point, therefore a coadjoint orbit and a symplectic leaf for
the Lie-Poisson structure, and thus a coisotropic submanifold. The bundle
µ−1(0) is coisotropic in A∗ as an inverse image of a coisotropic submanifold
of g∗. Now we can apply Proposition 1.3.11 and conclude that µ−1(0)◦ is a
Lie subalgebroid of A. It rests to prove that the G-action lifted to A restrict
to µ−1(0)◦. Note that the G-action restricts to µ−1(0) by the equivariance
of µ. Given v ∈ µ−1(0)◦

〈ξ, gv〉 = 〈g−1ξ, v〉 = 0 for ξ ∈ µ−1(0)

as g−1ξ ∈ µ−1(0), this shows that gv ∈ µ−1(0)◦.

Example 3.1.7. Let G be a Lie group acting freely and properly on a man-
ifold M . Consider the lifted tangent action of G on TM . With respect
to the natural Lie algebroid structure on TM , G acts on TM by Lie alge-
broid automorphisms. For the lifted cotangent G-action on T ∗M there is a
canonical momentum map with respect to the natural Poisson (symplectic)
structure in T ∗M ,

j : T ∗M −→ g∗

α 7−→ (ξ 7→ 〈α,Xξ〉)

where Xξ is the infinitesimal generator of the G-action on M . Denote by
O the orbit foliation of the G-action. The subbundle j−1(0)◦ ⊂ TM is the
tangent distribution to the orbits of the G-action, TO, so its fibers have the
form

j−1(0)◦x = {Xξ|x for ξ ∈ g}

for x ∈M . We can write the following exact sequence of bundles over M ,

0 −→ j−1(0)◦ −→ TM −→ NO −→ 0,

where NO denotes the normal bundle to the foliation O. The lifted tangent
G-action on TM is free and proper, and, passing to the quotient, we can
write the following exact sequence of bundles over M/G,

0 −→ j−1(0)◦/G −→ TM/G −→ T (M/G) −→ 0.
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Note that TM/G is the Atiyah algebroid of the G-principal bundle M −→
M/G.

Let g be the Lie algebra of G and let M × g be the associated action
algebroid. The map

Ψ : M × g −→ j−1(0)◦

(x, ξ) 7−→ Xξ|x

is an isomorphism of Lie algebroids. Ψ is equivariant with respect to the
G-action on j−1(0)◦ (the restriction of the lifted action of G on TM) and
the diagonal action of G on M × g, where the action on the second factor is
the adjoint action of G on g. Indeed, the identity

dΦgXξ|x = XAd gξ|Φg(x)

readily implies the equivariance of Ψ. Passing to the quotient we have
isomorphic Lie algebroids

j−1(0)◦/G ' AdGg := M ×G g,

where M ×G g denotes the associated bundle, over M/G, with fiber g to the
principal G-action on M defined by M × g/G.

3.1.3 Lie bialgebroids

This section presents results on free and proper Hamiltonian actions on Lie
bialgebroids, some of which can be found in [12].

A brief exposition on Lie bialgebroids is necessary for this, and the sub-
sequent, sections.

Definition 3.1.8. Let A be a Lie algebroid. A is called a Lie bialgebroid
if there exist a degree 1 derivation d∗ of the graded algebra (Γ(∧•A),∧)
satisfying the following conditions

(i) d2
∗ = 0

(ii) d∗[X,Y ] = [d∗X,Y ] + [X,d∗Y ] for X,Y ∈ (Γ(A)

The derivation d∗ can be regarded as the exterior differential on the
bundle A∗ thus it defines a Lie algebroid structure in A∗. The anchor and
the bracket of A∗ will be denoted ρ∗ and [ , ]∗ respectively. A Lie bialgebroid
can be regarded as a pair of Lie algebroids (A,A∗) for which the exterior
differential of A∗ is a derivation of the bracket of A.

The definition of Lie bialgebroid is symmetric, the proof of the next
proposition can be found in [17]

Proposition 3.1.9. Let (A,A∗) be a Lie bialgebroid. Then
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(i) d∗ is a derivation of the Gerstenhaber bracket of A, i.e.,

d∗[ξ, η] = [d∗ξ, η] + [ξ,d∗η] for ξ, η ∈ (Γ(∧•A)),

(ii) (A∗, A) is a Lie bialgebroid.

Definition 3.1.10. Let (A,A∗), (B,B∗) be Lie bialgebroids. A map Φ :
A −→ B is a Lie bialgebroid morphism if it is a Lie algebroid morphism and
a Poisson map.

Examples of Lie bialgebroids are

Example 3.1.11. A Poisson manifold (M,π) gives rise to a Lie bialgebroid
(TM, T ∗M) where TM is has the standard Lie algebroid structure and T ∗M
is the cotangent Lie algebroid of M . The differential of T ∗M is given by
dπ = [π,−].

Example 3.1.12. Let A be a Lie algebroid. Consider the zero Lie algebroid
structure on A∗, then (A,A∗) defines a Lie bialgebroid.

A feature of Lie bialgebroids is that they endow the base manifold M
with a Poisson structure given by

{f, g} = 〈df, d∗g〉,

this is the Poisson structure induced by (A,A∗) on M , if we denote its
bivector by πM then we have

π]M = ρ∗ ◦ ρ∗ = −ρ ◦ ρ∗∗.

As a useful class of Lie bialgebroids come from generalizing a Poisson
bivector to the context of Lie algebroids and can be found in [17]

Definition 3.1.13. Let A be a Lie algebroid and Λ ∈ (Γ(∧2A)). Λ is
called an A-Poisson structure on the Lie algebroid A if [Λ,Λ] = 0 for the
Gerstenhaber bracket.

Imitating the constructions for the cotangent algebroid in Example 1.2.10
of a Poisson manifold leads to

Proposition 3.1.14. Let Λ be an A-Poisson structure on a Lie algebroid
A, then (A,A∗) is a Lie bialgebroid.

Proof. The Lie algebroid structure in A is the given one and in A∗ we have
anchor ρ∗ : A∗ −→ TM given by ρ∗ = ρ ◦ Λ] and bracket

[ξ, η]∗ = LΛ](ξ)(η)− LΛ](η)(ξ)− d(Λ(ξ, η))

for ξ, η ∈ Γ(A∗).
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Lie bialgebroids arising this way are called exact Lie bialgebroids. The
differential of A∗ is given by d∗ = [Λ,−] and Λ] is a morphism of Lie alge-
broids.

Remark 3.1.15. The identity π]M = ρ∗ ◦ ρ∗ implies that the Poisson struc-
ture on M defined by (A,A∗) is given in terms of the bisection Λ as

{f, g} = Λ(dAf,dAg). (3.1.1)

Let F : A −→ A be a Lie algebroid isomorphism over a map ϕ which
is also an A-Poisson morphism, i.e., F∗Λ = Λ. As it would be expected F
is a Lie bialgebroid morphism. The fact that F is A-Poisson renders the
commutative diagram

A∗
Λ]
// A

F
��

A∗

F ∗

OO

Λ]
// A.

(3.1.2)

which gives F ∗ the compatibility with the anchor

A∗

F ∗

��

ρ◦Λ]
// TM

dϕ−1

��
A∗

ρ◦Λ]
// TM.

A computation using the definition of [ , ]∗ via d∗ proves compatibility
with the bracket. This shows that for an exact Lie bialgebroid the notion
of automorphism in the categories of Lie bialgebroids and of Lie algebroids
endowed with A-Poisson structures coincide.

The following easy proposition gives a Lie bialgebroid structure to a
non-singular quotient

Proposition 3.1.16. Let (A,A∗) be a Lie bialgebroid and Φ : G×A −→ A
a free and proper action of G on A by Lie bialgebroid morphisms. Then
(A/G,A∗/G) over M/G has a Lie bialgebroid structure and the induced
Poisson structure on M/G induced by (A/G,A∗/G) coincides with the one
induced by πM .

Next we consider the case of Hamiltonian actions on Lie bialgebroids.
We follow the exposition in [12] where proofs of many of the following facts
can be found.

For the case of a Lie bialgebroid (A,A∗), a group G acting on A defines
an action by Lie bialgebroid morphisms if and only if Φg and Φ∗g are Lie
algebroid morphisms for A and A∗ respectively. In this case we have that
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the infinitesimal g-action on A and A∗, denoted by φ∗ : g −→ Der(A) and
φ∗ : g −→ Der(A∗) respectively, satisfy the duality condition

φ̄(ξ)〈X, η〉 = 〈φ∗(ξ)X, η〉+ 〈X,φ∗(ξ)η〉

for ξ ∈ g, X ∈ Γ(A), η ∈ Γ(A∗). Where φ̄ denotes the infinitesimal action
of g on M common to both actions of G on A and A∗.

Definition 3.1.17. Let Φ : G×A −→ A be an action of a Lie group G on
a a Lie bialgebroid (A,A∗) by Lie bialgebroid morphisms with infinitesimal
action φ∗ : g −→ Der(A). It is called a Hamiltonian action if there exists an
equivariant Lie algebroid morphism j : A −→ g∗ satisfying the momentum
map condition:

φ∗(ξ) = −[j∗(ξ),−]∗ for ξ ∈ g

When g∗ is considered as an abelian Lie algebra, (g∗, gopp) has the struc-
ture of a Lie bialgebra (i.e., a Lie bialgebroid over a point), where gopp

denotes the Lie algebra structure on on the vector space g with the opposite
sign. Differentiating the equivariance condition

j(ga) = Ad ∗g(a)

with respect to the group variable yields

φ∗(ξ) ◦ j∗ = −j∗ ◦ ad ξ

which can be restated as

−j∗[ξ, η] = [j∗ξ, j∗η]∗ for ξ, η ∈ g

and implies that −j is a Poisson map with respect to the Poisson structure
on A induced by A∗. This proves the following proposition

Proposition 3.1.18. If G × A −→ A is a Hamiltonian G-action on a Lie
bialgebroid, the momentum map j : (A,A∗) −→ (g∗, gopp) is a Lie bialgebroid
morphism.

The momentum map condition for j in Definition 3.1.17 relates to the
moment map condition for −j as a Poisson map by noticing that the fiber-
wise linear vector field on A defining the derivation φ∗(ξ) ∈ Der(A) is Hamil-
tonian with Hamiltonian function a 7→ 〈j(a), ξ〉.

By definition of Hamiltonian action of G on a Lie bialgebroid (A,A∗)
the infinitesimal action on A∗ is inner. For exact Lie bialgebroids we have
that φ∗ is also inner

Proposition 3.1.19. Let Φ be a Hamiltonian action of a Lie group G on
a Lie bialgebroid (A,A∗) with momentum map j : A −→ g∗. If (A,A∗) is
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an exact Lie bialgebroid then the infinitesimal action φ∗ : g −→ Der(A) is
inner with associated map

ν : g −→ Γ(A)

ξ 7−→ −π] ◦ j∗(ξ)

For a Hamiltonian action on Lie bialgebroids the presence of a momen-
tum map leads to the following reduction result.

Proposition 3.1.20. Let (A,A∗) be a Lie bialgebroid over M and let G×
A → A be a free Hamiltonian action with equivariant momentum map
j : A −→ g∗. Then, Ared := j−1(0)/G −→ M/G is endowed with a Lie
algebroid structure. The dual bundle A∗red is also equipped with a Lie alge-
broid structure and (Ared, A

∗
red) is a Lie bialgebroid over M/G. Moreover,

the Poisson structure on M/G induced by the Lie bialgebroid coincides with
the reduction of πM .

For a section X of Ared the differential d∗red is defined by the projection
of the differential d∗ for a G-invariant section X̃ of A associated to X, this
is

d∗redX = projAred
(d∗X̃).

Example 3.1.21. Let G be a Lie group acting on a Poisson manifold M by
Poisson diffeomorphisms. The lifted action is a Hamiltonian action on the
Lie bialgebroid (T ∗M,TM) with momentum map j : T ∗M −→ g∗ given by:

〈j(α), ξ〉 = 〈α,Xξ〉 for α ∈ Ω1(M), ξ ∈ g

where Xξ represents the infinitesimal generator of the G-action on M . If
the original action is proper and free, so is the lifted action. The reduced
Lie bialgebroid (Ared, A

∗
red) given by the last proposition is canonically iso-

morphic to (T ∗(M/G), T (M/G)), the Lie bialgebroid determined by the
quotient Poisson structure on M/G.

Hamiltonian G-actions on exact Lie bialgebroids have inner infinitesimal
action on A, the following definition is inspired on Poisson groupoids as the
objects that integrate Lie bialgebroids and will imply that the infinitesimal
actions are inner as in the exact Lie bialgebroid case.

Definition 3.1.22. A Hamiltonian G-action on a Lie bialgebroid (A,A∗)
with momentum map j : A −→ g∗ is called an exact Hamiltonian action if
there exists a smooth map µ : M −→ g∗ such that:

j = −dµ ◦ ρ.

By abuse notation we also call µ : M −→ g∗ the momentum map.
Clearly, if µ : M −→ g∗ is equivariant so is j : A −→ g∗. For an exact
Hamiltonian action, the infinitesimal actions are both inner:
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Proposition 3.1.23. Let G×A −→ A be an exact Hamiltonian action with
momentum map µ : M −→ g∗. The infinitesimal actions are given by:

φ∗(ξ) = −[d∗µ̂ξ,−], φ∗(ξ) = −[dµ̂ξ,−]∗ for ξ ∈ g

where µ̂ξ : M −→ R is the function µ̂ξ(x) = 〈µ(x), ξ〉.

An inner action Φ of a Lie group G on a Lie algebroid A induces an
action ΦTG of the tangent group TG ' G× g on A by

ΦTG((g, ξ), ax) = Φg(ax + ν(ξ)(x))

where ν : g −→ Γ(A) defines the inner action. The maps ΦTG
g are affine

maps for each g ∈ G and, as a consequence, ΦTG is not by Lie algebroid au-
tomorphisms. However, the map ΦTG is a Lie algebroid morphism from the
direct product Lie algebroid TG×A to A. A reduction for exact Hamiltonian
actions is stated in the following proposition:

Theorem 3.1.24. Let (A,A∗) be a Lie bialgebroid over M and Φ be an exact
Hamiltonian action of a Lie group G on A, with equivariant momentum map
µ : M −→ g∗. Let µT be the map

µT : A −→ Tg∗ ' g∗ ⊕ g∗

ax 7−→ µT (ax) = (dµ ◦ ρ(ax), µ(x))

Then,

(i) Ãc = (µT )−1(0, c)/TGc −→ µ−1(c)/Gc is a Lie algebroid.

(ii) The dual bundle ((µT )−1(0, c)/TGc)
∗ −→ µ−1(c)/Gc has a Lie alge-

broid structure.

(iii) (Ãc; Ã
∗
c) is a Lie bialgebroid over µ−1(c)/Gc.

For a proof, we refer to [18].

3.2 Singular quotients of Lie algebroids

This section considers how proper actions of a Lie group G on Lie algebroids
and Lie bialgebroids, which are not necessarily free, endow the orbit type
manifolds in the quotient with similar structures. First we consider the Lie
algebroid case and then we generalize the result to Lie bialgebroids.
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3.2.1 Proper group actions

Before proceeding toG-actions on Lie algebroids let us recall the basic results
about quotient spaces of group actions on manifolds, for the proofs see [10].

Consider a left smooth proper action of a Lie group G on a manifold M

Φ : G×M −→M,

let π : M −→M/G be the projection to the orbit space.
For each closed Lie subgroup H of G define the isotropy type set

MH = {x ∈M |Gx = H}

where Gx = {g ∈ G|gx = x} is the isotropy group of x ∈ M . Note that the
action being proper implies that the isotropy groups are compact. The sets
MH , where H ranges over the closed Lie subgroups of G, form a partition of
M and therefore they define an equivalence relation in M . The normalizer
of H in G is the set N(H) =

{
g ∈ G|gHg−1 = H

}
which is a closed Lie

subgroup of G. H is a normal subgroup of N(H) and therefore the quotient

L(H) = N(H)/H

is a Lie group.
If x ∈MH , we have Gx = H and Ggx = gHg−1, for all g ∈ G. Therefore,

gx ∈ MH if and only if g ∈ N(H). The action of G on M restricts to an
action of N(H) on MH which induces a free and proper action of L(H) on
MH . Define the orbit type set

M(H) = {x ∈M |Gx ∈ (H)}

where (H) is the conjugacy class of H, and

MH = {x ∈M |hx = x, h ∈ H}

the set of fixed points of H. Then

MH = M(H) ∩MH

and MH is an open subset of MH .
The connected components of MH , MH and M(H) are embedded sub-

manifolds of M and therefore MH and M(H) are called isotropy type and
orbit type manifolds. Moreover,

M(H)/G =
{
gx|x ∈M(H)

}
/G 'MH/N(H) 'MH/L(H) (3.2.1)

The action of L(H)on MH is free and proper, therefore MH/L(H) is a
manifold. By (3.2.1) the set M(H)/G is a manifold contained in the orbit

48



space M/G and it is called the orbit type manifold in the quotient M/G.
There is a natural explicit isomorphism between MH/L(H) and M(H)/G
given by

FH : MH/L(H) −→M(H)/G

L(H)x 7−→ Gx.

The manifolds MH , M(H) form stratifications of the manifold M and of
the space M/G respectively, they are called the isotropy type and orbit type
stratifications. Proves of these facts can be found in [24] and [10].

The dimension of the connected components of the manifolds MH , MH

and M(H) may vary, by an abuse of notation every time we write MH , MH

and M(H) we are fixing a connected component of the respective manifold.

3.2.2 Lie algebroids

In this section we consider non-free actions of Lie groups on Lie algebroids
by Lie algebroid automorphisms and endow the orbit type manifolds of the
actions with reduced Lie algebroid structures.

If a Lie group G acts on a Lie algebroid A by Lie algebroid automor-
phisms, abstracting from the process described in [11] we can endow the
orbit type manifolds in the quotient A(H)/G with Lie algebroid structures
over M(H)/G.

Theorem 3.2.1. Let A −→M be a Lie algebroid and G a Lie group acting
properly on A by Lie algebroid morphisms, and let H be an isotropy subgroup
of G. Then A(H)/G −→M(H)/G has a Lie algebroid structure.

Note that as the action of G on A is in particular by vector bundle
morphisms, this implies that there is a canonical G-action on the base M
regarding it as the zero section of A. We denote the action of G on M by Φ
as it is showed in the following diagram

A

��

Φg // A

��
M

φg
//M.

The Lie algebroid structures on A(H) fit into a stratified space as they
form a stratification of A/G (see [24]). The proof will use the isomorphism
M(H)/G ' MH/L(H). The following lemmas will allow us to endow AH

with a Lie algebroid structure.

Lemma 3.2.2. Let A −→ M be a Lie algebroid, L a submanifold of M
such that the restriction of the anchor to L satisfies ρ(A|L) ⊂ TL. Then
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A|L −→ L is a Lie subalgebroid of A with anchor map ρ and the restriction
of the bracket of A.

Proof. Let {li} be a local basis of sections of Γ(A). If f ∈ C∞(M) such that
f |L = 0, then the Leibniz identity

[li, f lj ]x = f(x)[li, lj ]x + ρ(li|x)(f)lj |x
for x ∈ L implies [li, f lj ]|L = 0. Here ρ(li|x)(f) represents the Lie derivative
of f with respect to the vector ρ(li|x). Let α =

∑
i aili such that ai|L = 0,

β =
∑

j bjlj for αi, βj ∈ C∞(M), and let x ∈M then [α, β] = 0, indeed by
Leibniz and the argument above we see that

[α, β]x =
∑
i,j

[aili, bjlj ]x

=
∑
i,j

bj(x)[aili, lj ]x +
∑
i,j

ai(x)ρ(li|x)(bj)lj

= 0

This implies that the value at x ∈ L of the bracket of α, β ∈ Γ(A) only
depends on the restrictions α|L and β|L. Moreover, given ãi, b̃j ∈ C∞(M)
such that ãi|L = ai and b̃j |L = bj we have

[α, β] = [α̃, β̃]|L
=
∑
i,j

[ãili, b̃jlj ]|L

=
∑
i,j

(ãib̃j [li, lj ] + ρ(α̃)(b̃j)lj − ρ(β̃)(ãi)li)|L

=
∑
i,j

aibj [li, lj ]|L +
∑
j

ρ(α)(bj)lj |L −
∑
i

ρ(β)(ai)li|L

which proves that A|L is a Lie subalgebroid of A.

Lemma 3.2.3. Let A −→ M be a Lie algebroid, B −→ L a subbundle of
A such that the restriction of the anchor to L satisfies ρ(B) ⊂ TL. If in
addition

[Γ(B),Γ(B)] ⊂ Γ(B)

for the bracket in A then B −→ L is a Lie subalgebroid with anchor map ρ
and the restriction of the bracket of A.
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Proof. Let {li} be a local basis of sections of Γ(B). By local triviality of A
and the fact that L is an immersed submanifold we can extend {li} to local
sections of A. Completing {li} to a basis of sections of Γ(A) and applying
the previous lemma show the result holds.

In order to endow the fixed point set of a G-action on a Lie algebroid A
we first show that it has a vector bundle structure

Lemma 3.2.4. Let H be a compact Lie group acting on a vector bundle
E

π−→ M by vector bundle morphisms. Then EH −→ MH is a vector
bundle.

Proof. Let µ be a bi-invariant measure in G (i.e., a measure which is in-
variant by left and right translations on the group). Let U ⊂ M be a
trivializing G invariant open set, x0 ∈ U a fixed point for the action and ϕ
a diffeomorphism such that

E|U
ϕ //

π

��

U × Ex0

π1
zz

U

Define a new diffeomorphism ϕ̂ : E|U −→ U × Ex0 by

ϕ̂(e) =

∫
G
g−1ϕ(ge)dµ,

it is easy to see that ϕ̂ is G equivariant, with respect to the diagonal action
in the codomain. As G acts on E by vector bundle morphisms, note that
π1◦ϕ(ge) = π(ge) = gπ(e) hence π1◦ϕ̂ = π1◦ϕ and ϕ̂ is a new trivialization.
From this we see that the fixed points AG form a vector bundle over MG

with fiber the vector subspace EGx0 ⊂ Ex0 .

The next proposition shows that the fixed points of the action AH have
a Lie algebroid structure

Proposition 3.2.5. Let A −→M be a Lie algebroid and H a compact Lie
group acting on A by Lie algebroid morphisms. Then AH −→ MH has a
Lie algebroid structure.

Proof. Appealing to Lemma 3.2.3 all we need to prove is that ρ(AH) ⊂ TMH

and
[Γ(AH),Γ(AH)] ⊂ Γ(AH).

By the invariance of ρ we see that ρ(AH) ⊂ (TM)H , where (TM)H is
the fixed point set for the lifted action of H on TM . it is easy to see that
TMH ⊂ (TM)H . As H is compact the action linearises at points in MH ,
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by counting dimensions we conclude that TMH = (TM)H and the first
condition of Lemma 3.2.3 is satisfied.

Denote the action of H on A by Φ : H × A −→ A. By hypothesis the
map Φh is a Lie algebroid automorphism, hence we can write

Φh[α, β] = [Φ∗hα,Φ
∗
hβ] ◦ φh (3.2.2)

for α, β ∈ Γ(A). Here Φ∗hα represents the push-forward of sections defined
by

(Φ∗hα)(x) = Φhα ◦ φh−1(x).

For α, β ∈ Γ(A) such that α|MH , β|MH ∈ Γ(AH) and x ∈ MH we have
(Φ∗hα)x = αx and (Φ∗hβ)x = βx. From (3.2.2) we conclude that Φh[α, β]x =
[α, β]x and the proposition follows.

Now we show that in the setting of Theorem 3.2.1 the bundle A(H)/G
over M(H)/G has indeed a Lie algebroid structure.

Proof of Theorem 3.2.1. As H is an isotropy group it must be compact, by
Proposition 3.2.5 the bundle AH −→ MH is a Lie algebroid. The action
of L(H) is free and proper on MH , which is an open subset of MH , there-
fore the action L(H) on AH is also free and proper, and by Lie algebroid
automorphisms. We conclude that the quotient AH/L(H) inherits a Lie
algebroid structure. We denote by Γ(AH)L(H) the set of L(H) invariant
sections of AH .

Using the diffeomorphism FH : AH/L(H) −→ A(H)/G the Lie algebroid
structure of AH/L(H) is transported to A(H)/G. Given H1, H2 ∈ (H) the

map F−1
H2
◦FH1 is an isomorphism of Lie algebroids and thus the Lie algebroid

structure on A(H)/G is well defined.

Remark 3.2.6. Note that the bracket on AH although defined using ex-
tensions it is independent from the extensions chosen. Also these need not
be invariant extensions in general.

3.2.3 Lie bialgebroids

Similarly to the case of Lie groups acting on Lie algebroids we have the
following proposition for the fixed point set of a Lie bialgebroid

Proposition 3.2.7. Let (A,A∗) be a Lie bialgebroid and G a compact Lie
group acting on (A,A∗) by Lie bialgebroid morphisms. Then, the set of fixed
points of the G-action, (AG, (AG)∗) becomes a Lie bialgebroid, where the Lie
bracket is defined by

[X|MG , Y |MG ]AG = [X,Y ]|MG
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and differential operator on (AG)∗ by

d(AG)∗X|MG = (d∗X)|MG

for X,Y ∈ Γ(A) such that X|MG , Y |MG ∈ Γ(AG).

The last proposition readily implies that there is a Lie bialgebroid struc-
ture in (A(H)/G, (A

∗)(H)/G), for an isotropy group H. Recall that there is
a free and proper action of L(H) = N(H)/H on AH such that AH/L(H) '
A(H)/G. As N(H) acts on AH by Lie bialgebroid morphisms the next
proposition follows:

Proposition 3.2.8. Let (A,A∗) be a Lie bialgebroid and G a Lie group
acting properly on (A,A∗) by Lie bialgebroid morphisms. Then, given an
isotropy group H, the orbit type bundle (A(H)/G, (A

∗)(H)/G) has a Lie bial-
gebroid structure that depends only on the conjugacy class of H.

Before giving the proof of Proposition 3.2.7 we shall prove the following
lemma, which extends the case of the tangent bundle considered in [11] and
its proof applies virtually unchanged.

Let A and G be as in the hypothesis of Proposition 3.2.7. Fix a G-
invariant metric ( , ) on A and let

E =
{
v ∈ AMG |(v, w) = 0,∀w ∈ AG

}
⊂ AMG

be the orthogonal subbundle to AG.

Lemma 3.2.9. AMG = AG ⊕ E and E =
[
(A∗

MG)G
]◦

.

Proof. Since E = (AG)⊥ it is clear that AMG = AG ⊕ E. We should prove

E◦ = (A∗MG)G.

If v ∈ AMG we can decompose it as v = vG + vE , where vG ∈ (AMG)G

and vE ∈ E. Hence, for ξ ∈ E0 we find

Φ∗g−1ξ(vG + vE) = ξ(Φg−1vG + Φg−1vE) = ξ(vG) + ξ(Φg−1vE) = ξ(vG)

= ξ(vG) + ξ(vE) = ξ(vG + vE).

here we used the fact that the bundle E is closed under the action of G as
a consequence of the direct sum AMG = AG ⊕ E.

We conclude that Φ∗g−1ξ = ξ for all ξ ∈ E0 and hence E0 ⊂ (A∗
MG)G.

The equality follows noticing that the bundles have the same dimension.
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This proves that even though E is defined with a metric it is actually
independent from it.

From the exact sequence

0 −→ E −→ AMG
σ−→ AG −→ 0

is easy to see that AMG/E ' AG therefore (AG)∗
ϕ
' E◦ = (A∗)G, where the

isomorphism ϕ is given by

ϕ : E◦ −→ (AG)∗

α 7−→ (v 7→ 〈α, v〉).

We will use this isomorphism to induce a Lie algebroid structure in (AG)∗.
Let λ : E◦ −→ A∗ be the inclusion, then

Lemma 3.2.10. (λ ◦ ϕ−1)∗X = X|MG for X ∈ Γ(A) such that X|MG ∈
Γ(AG).

Proof. Consider the sequence of maps

(AG)∗
ϕ−1

−→ E◦
λ−→ A∗,

it is not difficult to see that, as a map on sections, λ ◦ ϕ−1 is equal to σ∗,
where σ is the projection form A|MG to AG. Let X ∈ Γ(A) and ξ ∈ Γ(AG)∗,
we see that

(λ ◦ ϕ−1)∗X(ξ) = 〈X|MG , λ ◦ ϕ−1(ξ)〉
= 〈X|MG , σ∗ξ〉
= 〈σX|MG , ξ〉.

If X|MG ∈ Γ(AG) then σX|MG = X|MG which proves the lemma.

Our proof of Proposition 3.2.7 uses an analogue of a Lie-Dirac subman-
ifold of a Poisson manifold in the context of Lie bialgebroids.

Proof of Proposition 3.2.7. Applying Proposition 3.2.5 independently to A
and A∗ we find Lie subalgebroid structures on AG and (A∗)G. We transport
the Lie algebroid structure on (A∗)G to (AG)∗ via the isomorphism ϕ−1.

Define the differential on (AG)∗ by the formula

d(AG)∗X|MG = (d∗X)|MG ,

where X ∈ Γ(A) such that X|MG ∈ Γ(AG). Lemma 3.2.10 along with the
facts that the Lie bracket on AG is defined by restriction and the maps λ
and ϕ−1 are Lie algebroid morphisms imply
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d(AG)∗ [X|MG , Y |MG ] = d(AG)∗ [X,Y ]|MG = (λ ◦ ϕ−1)∗d∗[X,Y ]

= (λ ◦ ϕ−1)∗([d∗X,Y ] + [X,d∗Y ])

= [d∗X,Y ]|MG + [X,d∗Y ]|MG

= [d(AG)∗X|MG , Y |MG ] + [X|MG , d(AG)∗Y |MG ]

which shows that (AG, (AG)∗) is a Lie bialgebroid.

The Poisson structure on MG induced by the Lie bialgebroid (AG, (AG)∗)
has the expression

{f |MG , g|MG}G = 〈dAGf |MG , d(AG)∗g|MG〉
= 〈(df)|MG , (d◦g)|MG〉

for f, g ∈ C∞(M)G, where d◦ is the differential operator of the Lie algebroid
E◦. The requirement of f and g being G-invariant is needed to ensure that
(df)|MG and (d◦g)|MG are sections of AG and E◦ respectively.

Example 3.2.11. Let us consider the case of an exact Lie bialgebroid. This
situation arises in applications to mechanical systems on Lie algebroids.
Let (A,Λ) be a Lie algebroid endowed with an A-Poisson structure. If a
compact Lie group G acts on (A,Λ) by A-Poisson automorphisms (i.e., we
have (Φg)∗Λ = Λ for any g ∈ G). Applying Proposition 3.2.7 we obtain
a Lie bialgebroid structure on (AG, (AG)∗) and the differential on (AG)∗ is
given by

d(AG)∗X|MG = [Λ, X]|MG

for X ∈ Γ(A) such that X|MG ∈ Γ(AG).
It can be proved that (AG, (AG)∗) is an exact Lie bialgebroid using tech-

niques from Dirac geometry applied to the case of Courant algebroids (see
[8] for the Dirac case).

3.3 Lie algebroids over orbifolds

In this section we consider Lie algebroids over orbifolds. These structures
may arise from non-free quotients of Lie algebroids by finite groups, or ac-
tions with finite isotropies. More generally, we can construct them in a local
manner using atlases of orbifold structures.

The most simple case of an orbifold is the quotient of a manifold M
by the action of a finite group H, regarding the action as a model for the
quotient space M/H one can define the notion of a Lie algebroid structure
over M/H as a Lie algebroid A −→ M provided with a H-action by Lie
algebroid morphisms, for instance
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Example 3.3.1. Let G be a finite Lie group acting non-freely on (M,π)
a Poisson manifold by Poisson automorphisms. Consider the the cotangent
Lie algebroid T ∗M with the lifted G-action. Then T ∗M/G is a Lie algebroid
over M/G.

Let us define a Lie algebroid over an orbifold by considering an orbifold
atlas (Q,U) (see Definition 1.4.4 for notations):

Definition 3.3.2. A Lie algebroid (Ā,U∗) over an orbifold (Q,U) is a vector
bundle Ā

π−→ Q such that for every pair of corresponding charts (U∗, G∗, φ∗)
and (U,G, φ) there is a Lie algebroid structure on U∗ −→ U with ρU∗ an
equivariant map for the actions of G∗ and G and a bracket that is closed for
invariant sections, i.e.,

[Γ(U∗)G,Γ(U∗)G] ⊂ Γ(U∗)G.

Further, any embedding λ∗ : V ∗ −→ U∗ is a morphism of Lie algebroids.

Example 3.3.3. Let (Q,U) be an orbifold. Consider the the tangent bundle
TQ as the orbifold over Q with the atlas defined by (TU,G, dφ) for every
chart (U,G, φ) ∈ U and the lifted action of G on TU . Then TQ has the
structure of a Lie algebroid over Q

To look for a coordinate free definition for Lie algebroids we must regard
the orbifold (Q,U) as a groupoid. Recall that there is an equivalence from
the category of orbifolds to the category of proper foliation groupoids.

In order to proceed we need the following definition

Definition 3.3.4. Let G ⇒M be a Lie groupoid. A vector bundle E
π−→M

is called a representation if there is an (left) action of G on E with momentum
map π for which the action restricted to the fibers of π is linear.

Representations will play the role of vector bundles as the canvas in which
a Lie algebroid structure is defined. We use right or left representations
depending on the situation, when is unambiguous from the context we will
not state explicitly the type of representation used.

Given a Lie algebroid (Ā,U∗) over an orbifold (Q,U). In order to patch
the local Lie algebroid structures given in terms of the atlas U , take M as the
disjoint union of the cover U and the étale groupoid G over M constructed
in Proposition 2.3.1. The disjoint union of U∗ defines a vector bundle over
M denoted by A which is a representation of G. Given g ∈ G, g = (λ, z, µ),
the action on A is given by ge = µ∗(λ∗)−1e, this is well defined as there is a
correspondence of embeddings form the atlases U and U∗.

The collection of maps ρU∗ define a morphism of vector bundles ρ : A −→
TM . Define a bracket on Γ(A) locally by restriction to the brackets in U∗.
For this bracket we have

[Γ(A)G ,Γ(A)G ] ⊂ Γ(A)G
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where Γ(A)G are the invariant sections of A defined by

Γ(A)G =
{
α ∈ Γ(A)|αt(g) = gαs(g), g ∈ G.

}
This follows form the fact that any embedding λ∗ : V ∗ −→ U∗ is a Lie

algebroid morphism, noticing that for any α ∈ Γ(A)G we have α = λ∗α◦λ−1.
Compatibility with the bracket in the case of embeddings reduces to

λ∗[α, β] = [λ∗α ◦ λ−1, λ∗β ◦ λ−1] ◦ λ

which implies that λ∗[α, β] ∈ Γ(A)G if α, β ∈ Γ(A)G . The Leibniz identity
for sections of A is local and as such is satisfied as it comes from the Lie
algebroid structures in U∗.

We have seen that

Proposition 3.3.5. For any Lie algebroid (Ā,U∗) over an orbifold (Q,U),
there is a representation A of the proper effective étale groupoid G ⇒ M
defined in Proposition 2.3.1 such that A is a Lie algebroid over M with
equivariant anchor map ρ and the bracket is closed under invariant sections
Γ(A)G.

The next definition is a immediate consequence of the previous discussion

Definition 3.3.6. Let G ⇒ M be a proper effective étale groupoid. A Lie
algebroid over the étale groupoid G is a representation A −→ M together
with a Lie algebroid structure such that the anchor map ρ is G-equivariant
and Γ(A)G is closed under the Lie bracket.

The compatibility relation underlying the definition of Lie algebroid
(A,U∗) over an orbifold (Q,U) states that given another Lie algebroid struc-
ture with the same quotient space (A,V∗) over (Q,V) they are regarded as
the same if and only if (A,U∗ ∪U∗) over (Q,U ∪U) is again a Lie algebroid.
The construction of the étale groupoid G and the Lie algebroid over it for
each atlas fit into the next commutative diagram

AU

��

AU∪Voo //

��

AV

��
MU MU∪Voo //MV

GU

OO OO

GU∪V

OO OO

∼
oo

∼
// GU

OO OO

where the top row consists of Lie algebroid morphisms, which are local
diffeomorphisms, and the bottom row of essential equivalences.

Given a Morita equivalence G ε←− K σ−→ H of proper étale Lie groupoids
G and H, we can suppose that ε and σ are surjective submersions on objects.
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Any essential equivalence between étale groupoids is an étale map (local
diffeomorphism) on objects and arrows, so we can further suppose that K is
étale. By a similar argument we can suppose that K is also proper. For Lie
algebroids A and B over G and H respectively, using local trivializations, we
can define Lie algebroid structures on the pull-back bundles ε∗A and σ∗B
over K0, the space of objects of K, pulling back the brackets and anchors
locally by ε and σ (using the fact that they are local diffeomorphisms).
Furthermore, as ε and σ are essential equivalences we have isomorphisms

G(ε(x), ε(y)) ' K(x, y) ' H(σ(x), σ(y))

for x, y ∈ K0, and we define K-actions on ε∗A and σ∗B by

k(x, a) = (t(k), ε(k)a) k(x, b) = (t(k), σ(k)b)

for k ∈ K, (x, a) ∈ ε∗A and (x, b) ∈ σ∗B such that s(k) = x.
This suggests the following definition

Definition 3.3.7. Let G ε←− K σ−→ H be a Morita equivalence of proper
étale Lie groupoids. Lie algebroids A and B over G and H are equivalent if
the Lie algebroid structures on the pull-backs ε∗A and σ∗B are isomorphic
as Lie algebroids over K.

This is an equivalence relation as it boils down to the equivalence of
atlases of Lie algebroids over the orbifold structures associated to different
coverings of the orbit space of either G or H.

Remark 3.3.8. Locally any orbifold (Q,U) can be described as a quotient
of an open set U ⊂ Rn by the action of a finite group, and as such the orbifold
(Q,U) has well defined orbit type manifolds in Q. The very definition of
an orbifold guarantees the compatibility of this local orbit type manifolds,
as for any pair of intersecting charts (U,G, φ) and (V,H, ψ) there exists a
chart (W,K, θ) and equivariant embeddings λ : W −→ U , µ : W −→ V .
Clearly, λ(WK) = Uλ

∗K |λ(W ), µ(WK) = V µ∗K |µ(W ) and similar relations
are satisfied for WK and W(K).

Using the last remark, one can show that the reduction results of the
previous section can be easily applied in the case of a Lie algebroid A over
an orbifold (Q,U), obtaining well defined Lie algebroid structures over the
orbit type manifolds in Q.

3.4 Lie algebroids over singular spaces

We consider singular spaces defined as orbit spaces of proper groupoids
which are not necessarily étale. The definition should take into account an
equivalence class of structures over a Morita equivalence class of groupoids
as Morita equivalent groupoids give the same quotient space. This takes the
form of an equivalence relation of Lie algebroids defined over groupoids.
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3.4.1 Definition of a Lie algebroid over a groupoid

The definition of a Lie algebroid A over a groupoid G ⇒M is similar to the
one for étale groupoids with the main difference that we take into account
the fact that for the anchor ρ to be equivariant there is the need of a G-
action on TM . We supply the action by means of demanding the existence
of a foliation satisfying certain properties.

Let us remark the two cases that canonically give an action of G in TM .
First, for an étale groupoid the effect morphism Eff gives us an action on
TM , and second, for an action of a Lie group G on a manifold M , the
action groupoid G nM comes with a natural foliation by global bisections
that induces the lifted action of G on TM . These foliations are compatible
with the multiplication on G. We will use the following definition from [1]

Definition 3.4.1. A pseudoaction or étalification([32]) of a groupoid G ⇒
M is a multiplicatively closed foliation F of the manifold of arrows such
that locally every leaf L of F is a local bisection of G and the space of units
µ(M) is a leaf of F .

A foliation F of G is multiplicatively closed if for g = hk ∈ G such
that the leaves Lg, Lh and Lk, through g, h and k respectively, are locally
bisections of G then Lg ⊂ LhLk for appropriate open sets on the leaves.

Remark 3.4.2. Not every Lie groupoid admits an étalification. In [32]
a counter example is given by the pair groupoid S2 × S2 ⇒ S2. In fact,
groupoids admitting an étalification are not very far from being action
groupoids.

Let F be an étalification of a groupoid G ⇒M . We can define the effect
morphism Eff : G −→ ΓM in a similar manner as for étale groupoids, where
ΓM denotes the groupoid of germs of local diffeomorphisms of M . Let g ∈ G,
define

Eff(g) = germs(g)(t ◦ (s|F )−1|U )

where U is an open subset of M containing s(g). The morphism Eff is well
defined as F defines a bisection for U small enough.

An étalification F of a groupoid G induces a representation of G on TM
through the differential of the effect, ds(g)Eff(g) : Ts(g)M −→ Tt(g)M .

Definition 3.4.3. Let G ⇒M be a Lie groupoid and A a representation of
G. Let F be an étalification of G. A Lie algebroid A over G consist of a Lie
algebroid structure on the bundle A such that

[Γ(A)G ,Γ(A)G ] ⊂ Γ(A)G

and the anchor map ρ : A −→ TM is equivariant with respect to the actions
of G on A and TM , where the representation of G on TM is given by Eff
the effect morphism.
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As no confusion will arise we will denote the morphism Eff simply by
juxtaposition gv for g ∈ G and v ∈ TM .

The first simple consequence of this definition is given by the equivariance
of ρ

Proposition 3.4.4. The image of the anchor map at a point x ∈ M is an
invariant subspace Im ρ of TxM by the action of the isotropy group Gx

This somehow limits the behaviour of the singular foliation defined by
A as is illustrated by these simple examples

Example 3.4.5. Consider the group Z/2 acting on R2 by a reflection r on
the subspace {y = 0}. Let F be the foliation of R2 defined by the family
of parabolas y = ax2 + a for a ∈ R. Consider the Lie algebroid of the
foliation F and the action groupoid Z/2nR2 acting on it. The action sends
orbits to orbits by r(

{
y = ax2 + a

}
) =

{
y = −ax2 − a

}
. For a fixed point

(b, 0) its orbit is the line {y = 0} which is an invariant subspace for the Z/2-
action. On the other hand, consider the foliation F defined by the family of
parabolas x = ay2 +a, a ∈ R. In this case the orbits of the Lie algebroid are
invariant under the action and for points (x, 0) the image of the anchor map
coincide with the subspaces {x = b} which are invariant under the action of
Z/2.

As we can see from the example, the behaviour of the foliation Im ρ with
respect to the action of the groupoid G is controlled by the isotropies but is
not dominated by it as there are many invariant subspaces of TxM even in
the simpler cases. There are examples where the isotropy group determines
completely the orbits of the Lie algebroid A at certain points

Example 3.4.6. Consider the action of the group SO(2) on R2 by rotations,
and as in the previous example, let F be a foliation invariant under the action
of SO(2). The origin is a fixed point for the action and the only invariant
subspaces for the action are the the origin and the whole of R2. In the first
case the orbit of the Lie algebroid containing the origin has to be the origin
itself. In the second case, the rank of the foliation for a Lie algebroid is
upper semi continuous, the rank can only increase in a neighborhood of the
origin and the orbit containing it must be an open subset of R2 or R2 itself.

These examples can be easily generalized to higher dimensions to illus-
trate that the singular foliation defined by A may be contained in the orbits
of the groupoid G and differ in dimension.

Example 3.4.7. Consider the action of the group SO(2) × R on C × R
by (θ, a)(z, x) = (eiθz, x + a). Consider also the Lie algebroid defined by
the foliation F of C × R by lines {z0} × R. The orbits of the groupoid are
cylinders with axis {0} × R and the axis itself. Clearly, the leaves of F are
contained in the orbits of G and have lower dimension.
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3.4.2 Equivalence of Lie algebroids over groupoids

As noticed before, there should be an equivalence relation on Lie algebroids
over groupoids that allows us to define algebroids over the space of orbits.
In order to define the equivalence relation we recall the notion of pull-back
over a map for groupoids and Lie algebroids

Definition 3.4.8. Let G be a Lie groupoid and φ : N −→ G0 a smooth
map. The pull-back groupoid φ!G over N is formed regarding arrows in G
from φ(x) to φ(y), for x, y ∈ N , as arrows form x to y , i.e.

(φ!G)1 = N ×G0 G1 ×G0 N.

The multiplication is given by the multiplication in G. The space (φ!G)1

can be constructed using two pull-backs as in the diagram

(φ!G)1
//

��

N

φ

�� ��
G1 ×G0 N

π1 //

��

G1
t //

s

��

G0

N
φ // G0

The lower pull-back is smooth because s is a submersion. If the com-
position t ◦ π1 is also a submersion (note the resemblance with the weak
pull-back), the upper pull-back has a smooth structure as well. The dia-
gram

(φ!G)1
//

(s,t)

��

G1

(s,t)

��
N ×N φ×φ // G0 ×G0

is a pull-back of manifolds. The induced map φ : φ!G −→ G is a morphism
of groupoids.

If ε : G −→ H is an essential equivalence we can easily see that G ' ε!H,
this will be relevant to define the equivalence relation among Lie algebroids
over groupoids.

In the Lie algebroid setting, let A −→M be a Lie algebroid and a smooth
map f : N −→M , if the pull-back
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TN df×ρ A
π2 //

π1
��

A

ρ

��
TN

df
//

��

TM

N

is a manifold, it defines a vector bundle TN df×ρ A
π−→ N , denoted f !A,

where π is the composition of π1 with the projection on the vector bundle
TN . A section of π is called projectable if it is given by (X,σ) ∈ X(N)×Γ(A)
such that df(X) = ρ(σ). Any section V of the bundle Ker df defines a
projectable section (V, 0) of f !A.

Note that if f is a submersion then f !A is always a manifold. Locally, we
can always choose a basis of projectable sections for f !A by choosing local

bases {α} for Γ(A) and {V } for Ker df and form the basis
{

(ρ̃(α), α), (V, 0)
}

,

where ρ̃(α) is any lift of ρ(α) ∈ X(M) with respect to df .

Definition 3.4.9. Let A be a Lie algebroid over the manifold M and f :
N −→M a submersion. The pull-back Lie algebroid over N consists of the
vector bundle f !A together with the Lie algebroid structure given by π1 as
anchor map and for projectable sections {(X,α)} and {(Y, β)} the bracket
is

[(X,α), (Y, β)] = ([X,Y ], [α, β]).

The bracket is extended to arbitrary sections by the Leibniz identity.

It can be proved that the map π1 : f !A −→ A is a Lie algebroid mor-
phism. The anchor map of f !A will be denoted ρ as usual instead of π1 and
no confusion will arise form this fact.

The pull-back Lie algebroid is characterized by the universal property
represented in the diagram

B

��

T

##

S
  
f !A

��

// A

��
N

f
//M

which states that every Lie algebroid morphism T : B −→ A factors through
f !A by a unique Lie algebroid morphism S.
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Some properties of the pull-back Lie algebroid are resumed in the next
proposition (see [17])

Proposition 3.4.10. Let A and B be Lie algebroids over manifolds M and
N .

(i) For submersions φ : P −→M , η : Q −→ P , the pull-back Lie algebroid
(φ ◦ η)!A = η!(φ!A).

(ii) For F : A −→ B a Lie algebroid morphism over a map f , submersions
φ, ψ and a map f̃ making the following diagram commute

P

φ
��

f̃ // Q

ψ
��

M
f
// N.

there is a Lie algebroid morphism F ! : φ!A −→ ψ!B.

(iii) If G is a Lie groupoid with Lie algebroid A, and φ : P −→ M is a
submersion, then φ!G is a Lie groupoid with Lie algebroid φ!A.

In particular if A and B are isomorphic Lie algebroids over a manifold
M then φ!A ' φ!B for any φ : N −→M .

A equivalence relation on Lie algebroids over groupoids is given in the
following manner

Definition 3.4.11. Let G ε←− K σ−→ H be a Morita equivalence of proper
Lie groupoids. Lie algebroids A and B, over G and H respectively, are called
Morita equivalent if there exists a Lie algebroid C over K such that

(i) ε!A ' C ' σ!B as Lie algebroids,

(ii) The maps ε! : C −→ A and σ! : C −→ B are equivariant with respect
to ε and σ.

We note the equivalence of A and B as A ' B. The following diagram
illustrates the equivalence relation just defined

A

��

C
ε!oo σ!

//

��

B

��
G0 K0
oo // H0

G

OO OO

K

OO OO

∼
εoo

∼
σ // H

OO OO

where the top row consists on Lie algebroid morphisms and the bottom row
is formed by essential equivalences.
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Proposition 3.4.12. Equivalence of Lie algebroids over groupoids is a well
defined equivalence relation.

Proof. It is clear that the relation is reflexive and symmetric. Let G ε←−
K σ−→ H and H η←− J δ−→ L be Morita equivalences of groupoids. Let
A,B,C,D and E be Lie algebroids over G,K,H,J and L respectively such
that A ' C through B and C ' E through D.

From the properties of the pull-back of Lie algebroids and the following
diagram

K ×H J

π2
$$

π1
{{

K

σ
$$

ε
��

J

δ ��
η

zz
G H L

we see that (ε ◦ π1)! ' (σ ◦ π1)! = (η ◦ π2)! ' (δ ◦ π2)!.
Endow K×HJ with an étalification whose leaves are given by manifolds

L(k,h,j) =
{

(k′, h′, j′) ∈ K ×H J |g′ ∈ Lg, h′ ∈ Lh, j′ ∈ Lj
}

for Lg, Lh and Lj leaves of the étalifications of G,H and J respectively. We
notice that π1 and π2 send leaves to leaves and thus they are equivariant
with respect to the action induced by the manifolds L(k,h,j).

Define τ = σ ◦ π1 = η ◦ π2, the pull-back τ !C fits in the commutative
diagram

τ !C

��

// C

��
(K ×H J )0 τ

// H0

Using the expression for the pull-back τ !C = T (K ×H J )0 dτ×ρ C and
the K ×H J -action on T (K ×H J )0 we define a K ×H J -action on τ !C by

l(v, c) = (lv, τ(l)c)

for (v, c) ∈ τ !C and l ∈ K ×H J . The projection π!
1 : τ !C −→ B sending

(v, c) to (dπ1v, c) becomes an equivariant map, which implies that (ε ◦π1)! :
τ !C −→ A is equivariant. Analogously, (δ ◦ π2)! : τ !C −→ E is equivariant.
This proves that the relation is transitive.

Remark 3.4.13. Let G be a Lie group acting on a Lie algebroid A
π−→M

by Lie algebroid automorphisms. The G-action on A defines a Lie algebroid
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structure A over the action groupoid G n M endowed with the natural
étalification. Indeed, the G n M -action on A is defined by (g, x)a = ga
for a ∈ A such that π(a) = x. The fact that the G-action on A is by Lie
algebroid automorphisms implies that the anchor map ρ is equivariant with
respect to the actions of G nM on A and TM , where the action on TM
comes from the effect of the étalification of GnM . Also, (GnM)-invariant
sections of A are closed under the Lie bracket.

On the other hand, let A be a Lie algebroid over the action groupoid
GnM , we can define an action Φ : G×A −→ A by setting ga = (g, π(a))a for
g ∈ G, a ∈ A. In this way, G acts on A by vector bundle morphisms and the
action is compatible with the anchor by the equivariance of ρ with respect to
the the actions of GnM on A and TM . The fact that Γ(A)GnM = Γ(A)G

together with the fact that the Lie bracket is closed under invariant sections
implies that

Φ∗[α, β] = [Φ∗α,Φ∗β]

for any α, β ∈ Γ(A)G. But note that this last equation does not necessarily
hold for all α, β ∈ Γ(A). This shows that the notion of an algebroid A over
an action groupoid GnM is weaker than the notion of a G-action on A by
Lie algebroid morphisms.
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Chapter 4

Applications

In Section 3.2 was presented a reduction process for general Lie algebroids
that was inspired in the Poisson singular reduction in [11] by Fernandes,
Ortega and Ratiu. In [28], Ratiu and Jotz prove reduction results for Dirac
manifolds analogous to the results on [11]. Our results for Lie algebroids
can be applied to Poisson and Dirac reduction to recover some of the results
in those works. We can also apply our results on exact Lie bialgebroids to
study symmetries of Hamiltonian dynamical systems on Lie algebroids.

4.1 Applications to Poisson geometry

In Section 3.1.2, we applied results from Poisson geometry to a Lie algebroid
A ,with an inner action of a Lie algebra g, to obtain a Lie algebroid structure
in a subbundle of A. Here we will apply our reduction results on singular
actions of Lie groups by Lie algebroid (and Lie bialgebroids) automorphisms
to the cotangent Lie algebroid T ∗M (and the Lie bialgebroid (TM, T ∗M))
of a Poisson manifold (M,Π).

4.1.1 Poisson reduction

We show how to recover some results in [11] concerning singular reduction
of Poisson manifolds under the action of symmetry groups.

Let Φ : H×M →M be an action of a compact Lie group H on the Pois-
son manifold (M,Π) by Poisson maps. The group H acts on the cotangent
algebroid T ∗M by Lie algebroid automorphisms through the cotangent lift
of the H-action on M

A Lie-Dirac submanifold N of M is defined as follows

Definition 4.1.1. Let M be a Poisson manifold. A submanifold N ⊂M is
called a Lie-Dirac submanifold if there exists a subbundle E ⊂ TNM such
that

TNM = TN ⊕ E
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and E0 is a Lie subalgebroid of the cotangent Lie algebroid T ∗M .

It can be proved that a Lie-Dirac submanifold N of M is a Poisson-
Dirac submanifold, i.e. is itself a Poisson manifold such that its symplectic
foliation is given by the intersections of N with the symplectic leaves of M
(see [8]).

Let MH be the fixed point manifold of the action.

Proposition 4.1.2. Let H be a compact Lie group acting on a Poisson
manifold M by Poisson maps. Then (TMH , (T ∗MH)) is a Lie bialgebroid.
TMHM decomposes as

TMHM = TMH ⊕ E,

where E◦ = (T ∗M)H is a Lie subalgebroid of T ∗M , making MH a Lie-Dirac
submanifold of M with Poisson bracket {−,−}MH given by

{f, h}MH := {f̃ , h̃}
∣∣∣
MH

, f, h ∈ C∞(MH), (4.1.1)

where f̃ , h̃ ∈ C∞(M)H denote arbitrary H-invariant extensions of f, h ∈
C∞(MH).

Proof. Applying Proposition 3.2.7 we obtain the Lie bialgebroid structure on
(TMH , (T ∗MH)) and the Lie algebroid structure on E◦, which makes MH

a Lie-Poisson submanifold of M as immediate consequence of the definition.
For the expression of the Poisson bracket in MH , we note that for any H-
invariant f ∈ C∞(M) the differential df belongs to E◦, and the Poisson
bracket

{f, g} = Π(df,dg)

on M induced by the exact Lie bialgebroid (TM, T ∗M) render the expression
for the Poisson bracket on MH .

Now, let Φ : G×M → M be a proper action by Poisson maps. Denote
by H = Gm the isotropy group of a point m ∈ M and let MH , MH and
M(H) be the orbit type, fixed points and isotropy type sets. The properness
of the action guarantees that each H is a compact Lie group and that the
connected components of MH , MH , and M(H) are embedded submanifolds

of M . Recall that MH is an open subset of MH and that

MH = M(H) ∩MH .

We can now apply Proposition 3.2.1 to the cotangent Lie algebroid T ∗M
to associate Lie algebroid structures to the isotropy type bundle and the
orbit type bundle in the quotient:
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Proposition 4.1.3. Let Φ : G ×M → M be a proper action by Poisson
diffeomorphisms, let H ⊂ G be an isotropy group, and denote by N(H) the
normalizer of H in G. The bundles T ∗MH −→ MH and T ∗M(H)/G −→
M(H)/G have Lie algebroid structures associated to the cotangent Lie alge-
broid structure on T ∗M .

The isotropy type manifolds MH inherit by restriction from MH the
structure of a Lie-Poisson submanifold of M . It can be proved that for
a Poisson-Dirac submanifold N of a Poisson manifold M , and a Poisson
diffeomorphism φ of M , if φ(N) = N then φ|N is a Poisson diffeomorphism
of N (see [11]). Recall that the action of N(H)/H on MH is free and proper.
By the last remark the N(H)/H-action is also by Poisson diffeomorphisms
and we have the following result

Proposition 4.1.4. Let Φ : G ×M → M be a proper action by Poisson
difeomorphisms, let H ⊂ G be an isotropy group. Then the orbit type mani-
folds in the quotient of the the G-action M(H)/G inherit a Poisson structure
from M .

Clearly, the bundles T ∗M(H)/G and T ∗(M(H)/G) are different. Although
we have reduction of the Poisson structure on M in the presence of a G-
action by Poisson diffeomorphisms, the reduction of the cotangent Lie alge-
broid T ∗M can still be interesting as it can retain some properties of the
original Poisson structure that are lost in the quotient Poisson structures.

4.1.2 The Toda lattice

The mechanical system named the Toda lattice illustrates how the reduced
cotangent Lie algebroid T ∗M/G of a Poisson manifold M may inherit inter-
esting characteristics from the original cotangent Lie algebroid that are lost
by means of the reduction of the Poisson structure to M/G. We follow [4]
for this example.

The Toda lattice is a mechanical system given by the symplectic manifold
(R2n, π0), a Poisson structure π1 on R2n, compatible with π0, i.e. [π1, π0] =
0, and h0, h1 ∈ C∞((R2n) such that

π]0dh1 = π]1dh0.

There is a recursion operator for the system N : TR2n −→ TR2n defined by

N := π]1 ◦ (π]0)−1,

that satisfies the relation
dh1 = N∗dh0.

These structures satisfy certain compatibility conditions which make them
into a so-called bi-Hamiltonian system. It follows that, there is a hierarchy
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of Poisson tensors π]i = N iπ]0 satisfying the relations dhi = (N∗)idh0 and

π]idhj = π]jdhi for Poisson commuting functions hi ∈ C∞((R2n) defined up
to a constant factor (see [13]).

Choosing coordinates in R2n, (a1, . . . , an, b1, . . . , bn) , the structures of
the Toda lattice are described as follows. The first Poisson tensor π0 is
determined by:

{ai, bi}0 = ai, (i = 1, . . . , n− 1)

{ai, bi+1}0 = −ai, (i = 1, . . . , n− 1)

{an, bn}0 = 1.

while the second Poisson structure π1 is given by:

{ai, ai+1}1 = −aiai+1, (i = 1, . . . , n− 1)

{ai, bi}1 = aibi, (i = 1, . . . , n− 1)

{an, bn}1 = bn

{ai, bi+1}1 = −aibi+1, (i = 1, . . . , n− 1)

{bi, bi+1}1 = −ai, (i = 1, . . . , n− 1).

The functions h0, h1 ∈ C∞((R2n) are given by

ho =
n∑
i=1

bi

h1 =
n∑
i=1

1

2
b2i +

n−1∑
i=1

ai.

The choice of coordinates for the description of the system is called extended
Flaschka coordinates for the Toda lattice.

Define an proper and free action φ : R× R2n −→ R2n by

λ(a1, . . . , an, b1, . . . , bn) = (a1, . . . , an + λ, b1, . . . , bn).

We have dφλ = idRr2n for any λ ∈ R , and φλ becomes a Poisson map for
any Poisson structure in R2n.

Consider the cotangent Lie algebroid T ∗R2n for the Poisson structures
πi. Recall that the bundle maps π]i : T ∗R2n −→ TR2n are Lie algebroid
morphisms, they are equivariant with respect to the R -action, this makes
the recursion operator N equivariant as well. The bundle maps π]i , as well as
the recursion operator N , descend to the non singular quotient Lie algebroid
T ∗R2n/R −→ R2n/R. Denoting the bundle maps in the quotient by π̄]i and
N̄ , they satisfy

π̄]i = N̄ iπ̄]0.
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On the other hand, the Poisson reduction R2n/R can be identified with
the submanifold R2n−1 ⊂ R2n defined by an = 0 , it is a Poisson subman-
ifold for π0 and π1. The identity π]0dh1 = π]1dh0 still holds in the Poisson
submanifold an = 0. However, the tangent space to this submanifold is not
left invariant by the tensor N , and one can show that on R2n−1 there is no
recursion operator relating the Poisson tensors.

4.2 Dirac structures

Dirac manifolds generalize the concepts of symplectic and Poisson manifolds
and are defined by certain type of Lie algebroids. We apply Proposition 3.2.5
and proposition 3.2.1 to obtain the singular reduction of Dirac structures in
the presence of a proper Lie group action by appropriate morphisms.

The generalized tangent bundle TM ⊕ T ∗M of a manifold M is en-
dowed with a non-degenerate symmetric fiberwise bilinear form of signature
(dimM, dimM), called the pairing, given by

〈(u, α), (v, β)〉 = β(u) + α(v)

for all u, v ∈ TmM and α, β ∈ T ∗mM .

Definition 4.2.1. An almost Dirac structure on M is a maximal isotropic
subbundle D ⊂ TM⊕T ∗M . That is, D coincides with its orthogonal relative
to the pairing (hence its fibers are necessarily dimM -dimensional).

The space Γ(TM ⊕ T ∗M) of local sections of the generalized tangent
bundle is endowed with a skew-symmetric bracket given by

[(X,α), (Y, β)] = ([X,Y ],LXβ − LY α+
1

2
d (α(Y )− β(X)))

= ([X,Y ],LXβ − iY dα− 1

2
d 〈(X,α), (Y, β)〉).

This bracket is R-bilinear and skew symmetric but does not satisfy the
Jacobi identity.

If we restrict this bracket to sections of an almost Dirac structure D it
reduces to the expression

[(X,α), (Y, β)] := ([X,Y ],LXβ − iY dα) ,

for (X,α), (Y, β) ∈ Γ(D). This expression also defines another bracket on
Γ(TM ⊕ T ∗M), called the Courant bracket, which is not skew-symmetric
but satisfies the Jacobi identity.

Definition 4.2.2. An almost Dirac structure is called a Dirac structure if
it is closed under the Courant bracket, i.e.,

[Γ(D),Γ(D)] ⊂ Γ(D).
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A Dirac structure is furnished with a Lie algebroid structure, given by
the Courant bracket and the projection to TM as anchor.

Example 4.2.3. Let Ω ∈ Ω2(M) (resp. π ∈ χ2(M)). Let L = Graph(Ω) ⊂
TM ⊕ T ∗M (resp. L = Graph(π)) be the graph of Ω (resp. of π), it defines
a (possibly non-integrable) Dirac structure by

Lp =
{

(v, α) ∈ TpM ⊕ T ∗pM | ivΩ = v
}

for p ∈ M (similarly for π). In this case, the integrability condition for the
Courant bracket in the definition of a Dirac manifold is equivalent to the
integrability condition dΩ = 0 (resp. [π, π] = 0). Hence pre-symplectic and
Poisson structures on M are particular cases of Dirac structures.

Let us turn to morphisms of Dirac manifolds. Let (M,D) and (N,E) be
smooth Dirac manifolds. A smooth map φ : M −→ N is called

• Forward Dirac map if

E = φ∗D := {(dφX, β) ∈ TN ⊕ T ∗N |(X,φ∗β) ∈ D}

• Backward Dirac map if

D = φ∗E := {(X,φ∗β) ∈ TM ⊕ T ∗M |(dφX, β) ∈ E}

If φ is a diffeomorphism, the notion of forward and backward Dirac maps
coincide, i.e., E = φ∗D if and only if D = φ∗E.

Let G be a Lie group and Φ : G×M →M a smooth G-action. Then G is
called a symmetry Lie group of D if for every g ∈ G the condition (X,α) ∈
Γ(D) implies that

(
Φ∗gX,Φ

∗
gα
)
∈ Γ(D). Then, Φg : (M,D) → (M,D) is a

forward and backward Dirac map for all g ∈ G. We say then that the Lie
group G acts by Dirac morphisms or that the action of G on M is Dirac.

Let G be a Lie group and Φ : G×M → M a proper G-action by Dirac
morphisms on (M,D). We can apply Proposition 3.2.5 and 3.2.1 to the Lie
algebroid structures associated to Dirac structure D, and find reduced Lie
algebroids on MH , MH and M(H)/G, for an isotropy group H. It turns that
this reduced Lie algebroids are again Dirac structures on their respective
manifolds. We state the following results similar to the results in [28].

Proposition 4.2.4. Let (M,D) be a Dirac manifold and G a Lie group
acting properly on M by Dirac morphisms, let H be an isotropy subgroup
of G. Then the bundles DH , DH and DH/L(H) have reduced Lie algebroid
structures associated to reduced Dirac structures on MH , MH and M(H)/G
respectively.
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Proof. As we saw in Section 3.2, the key step is to prove that DH is a Dirac
structure, the other structures are obtained by restriction to an open set
and taking a quotient by a free and proper action. The Dirac structure D
is a Lie algebroid over M , applying Proposition 3.2.5 and 3.2.1 we obtain a
Lie algebroid structure DH such that

DH = D ∩ (TMH ⊕ E◦)

where E =
[
(T ∗
MHM)H

]◦
and it fits into the exact sequence

0 −→ TMH −→ TMHM −→ E −→ 0.

The isomorphism

ϕ : E◦ −→ (TMH)∗

α 7−→ (v 7→ α(v))

for v ∈ TMH , allows us to define the map

Ψ : TMH ⊕ E◦ −→ TMH ⊕ (TMH)∗

(v, α) 7−→ (v, ϕ(α)).

It should be clear that Ψ is an isomorphism and preserves the pairing, thus
Ψ(DH) is a maximal isotropic subbundle of TMH ⊕ (TMH)∗. Let λ :
MH −→ M be the inclusion, it is easy to see that λ∗|E◦ = ϕ as a map on
sections. The map Ψ preserves the Courant bracket. Indeed,

Ψ[(X,α), (Y, β)] = ([X,Y ], λ∗LX̃β − λ
∗iỸ dα)

= ([X,Y ],LXλ∗β − iY dλ∗α)

= [Ψ(X,α),Ψ(Y, β)]

for (X,α), (Y, β) ∈ Γ(TMH ⊕ E◦) and X̃, Ỹ ∈ X(M) such that dλX =
X̃|MH , dλY = Ỹ |MH . This proves that Ψ(DH) is a Dirac structure on
MH

4.3 Mechanical systems

The results from Section 3.2 can be directly applied to the formulation
of Hamiltonian mechanics on Lie algebroids to obtain a reduction of the
mechanical system. Mechanical systems on Lie algebroids are described in
[6] as follows.

Throughout this section, let π : A → M be a Lie algebroid and p :
A∗ −→M its dual. Consider the pull-back Lie algebroid

72



p!A

��

// A

π

��
A∗ p

//M.

Similarly to the case of Hamiltonian mechanics in T ∗M , define the Li-
ouville section ΘA ∈ Γ(p!A)∗ by

ΘA(a∗)(b, v) = a∗(v) for a∗ ∈ A∗, (b, v) ∈ p!A,

its differential gives a symplectic section

ΩA = −dΘA ∈ Γ(∧2(p!A)∗)

where d denotes the differential of the Lie algebroid p!A.
Given a function H ∈ C∞(A∗) there is a unique section σH ∈ Γ(p!A)

such that

iσHΩA = dH.

The dynamics of the vector field ρ(σH) on A∗ are called the Hamiltonian
dynamics of the function H, where ρ denotes the anchor map on p!A, i.e.,
the second projection.

Example 4.3.1. The tangent bundle. Consider the tangent Lie algebroid
TM and H : T ∗M → R is a Hamiltonian function then the resultant equa-
tions are the classical Hamilton equations for H.

Example 4.3.2. Real Lie algebras of finite dimension. Consider a real Lie
algebra of finite dimension as a Lie algebroid. Then the Hamilton’s equations
are the Lie-Poisson equations.

Let Ω[
A : p!A −→ (p!A)∗ be the contraction by sections of p!A. Define

Λ]A = (Ω[
A)−1 and let ΛA be the associated section of ∧2(p!A). dΩA = 0

implies [ΛA,ΛA] = 0, for the Schouten bracket on p!A, and ΛA is a Poisson
section of ∧2(p!A), in this way the Lie algebroid p!A∗ has a natural structure
of an exact Lie bialgebroid.

Let { , }A∗ be the Poisson bracket on A∗ associated to the exact Lie bial-
gebroid (p!A, (p!A)∗), it is known that it coincides with the Poisson bracket
canonically defined on A∗ by the Lie algebroid structure of A (see [16]).The
Hamiltonian vector field ρ(σH) is expressed as XH = {−, H}A∗ .

Let Φ : G × A −→ A be an action by Lie algebroid morphisms of a
Lie group G on the Lei algebroid A. Using Proposition 3.4.10 we pull-back
the morphisms Φg to morphisms Φ!

g : p!A −→ p!A over the maps Φ∗g−1 . A
calculation proves that

(Φ!
g)
∗ΘA = ΘA
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which makes Φ!
g morphisms of the exact Lie bialgebroid (p!A, (p!A)∗).

Let us consider the case of a free and proper G-action on A by Lie al-
gebroid automorphisms, the exact Lie bialgebroid structure on (p!A, (p!A)∗)
descends to the quotient by the G-action(see [15]):

Proposition 4.3.3. Let Φ : G × A −→ A be an free and proper G-action
on the Lie algebroid A, over M , by Lie algebroid automorphisms. Then
((p!A)/G, (p!A)∗/G) has an exact Lie bialgebroid structure, over A∗/G, with
a symplectic structure Ω(p!A)/G such that

π∗p!AΩ(p!A)/G = Ωp!A,

where π∗
p!A

is the projection form p!A to (p!A)/G.

Moreover,((p!A)/G, (p!A)∗/G) is isomorphic to (p!
G(A/G), (p!

G(A/G)∗)
with the canonical symplectic structure Ωp!G(A/G), where pG : (A/G)∗ −→
M/G.

Now we consider a proper but not necessarily free G-action on the Lie
algebroid A. Applying Proposition 3.2.8 and 3.2.7 to the Lie bialgebroid
(p!A, (p!A)∗) we get reduced Lie bialgebroids ((p!A)K , ((p!A)K)∗) for any
isotropy group K of the G-action. We use this fact in the following propo-
sition:

Proposition 4.3.4. Let Φ : G × A −→ A be an proper action by Lie alge-
broid morphisms of a Lie group G on A, let K be an isotropy group of the G-
action. Then, the bundles p!AK −→ (AK)∗, p!AK −→ (AK)∗, p!A(K)/G −→
(A(K)/G)∗ have Lie bialgebroid structures. Moreover, the Lie bialgebroids

((p!A(K))/G, (p
!A(K))

∗/G) and (p!
G(A(K)/G), (p!

G(A(K)/G)∗) are isomorphic,

where pG : (A(K)/G)∗ −→M(K)/G, which makes ((p!A(K))/G, (p
!A(K))

∗/G)
an exact Lie bialgebroid.

Proof. The Lie bialgebroid structures on (p!A)K , (p!A)K , (p!A)(K)/G are

obtained by applying Propositions 3.2.7 and 3.2.8 to the Lie bialgebroid p!A
with the appropriate G-action. Recall that the pull-back Lie algebroid p!A
is defined by

p!A = T (A∗) dp×ρ A

and the G-action is defined by acting on each coordinate, therefore

(p!A)K = (T (A∗))K dp×ρ AK

= T ((A∗)K) dp̄×ρ AK

= p̄!AK

where p̄ = p|(A∗)K is the restriction of p to (A∗)K , and the bundle (p!A)K

is isomorphic to the algebroid pull-back of AK over p̄ : (A∗)K −→MK . Let
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ϕ : (A∗)K −→ (AK)∗ denote the isomorphism described in Section 3.2.3.
We now use Proposition 3.4.10 to pull-back the identity morphism of AK

over the map ϕ, we denote the resulting isomorphism by ϕ̃. By abuse of
notation we denote by p the projection of the bundle (AK)∗ −→ MK and
use ϕ̃ to induce a Lie bialgebroid structure on the bundle (p!A)K −→ (AK)∗.

To endow the bundle p!AK with a Lie bialgebroid structure, we note
first that for any vector bundle D −→M with a G-action by vector bundle
morphisms there is an isomorphism between (D∗)K and (DK)∗. Indeed, we
have the following equivalences

(D∗)K = (D∗)K |MK
' (DK)∗|MK

' (DK |MK
)∗ = (DK)∗,

We now can write

(p!A)K = (p!A)K |(A∗)K
= (p!AK)|(AK)∗

= p!AK

where, similarly to the case of p!AK , we have transported the Lie bialgebroid
structure from the bundle p!AK with base (A∗)K to the bundle with base
(AK)∗.

To prove the last assertion of the proposition we can apply Proposition
4.3.3 to obtain the following series of equivalences

(p!A)(K)/G ' (p!A)K/L ' (p!AK)/L

' p!
L(AK/L) ' p!

G(A(K)/G),

where pL and pG are the projections into the quotient spaces by the L and
G-actions, and L = N(K)/K acts properly and freely on AK .

Finally, note that from Proposition 3.2.8 we see that the expression for
the reduced Poisson bracket to (A∗)K restricts from the Poisson bracket in
A∗ associated to (p!A, (p!A)∗) for invariant extensions, this is, given f, g ∈
C∞(A∗)G

{f |(A∗)K , g|(A∗)K}(A∗)K = {f, g}A∗ .
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