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Abstract: We introduce two algebraic completely integrable analogues of the Mumford
systems which we call hyperelliptic Prym systems, because every hyperelliptic Prym
variety appears as a fiber of their momentum map. As an application we show that the
general fiber of the momentum map of the periodic Volterra lattice

a =ai(@i—1—ai+1), i=1...,n, ayy1=a,

is an affine part of a hyperelliptic Prym variety, obtained by removiriganslates of
the theta divisor, and we conclude that this integrable system is algebraic completely
integrable.
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1. Introduction

In this paper we introduce two algebraic completely integrable (a.c.i.) systems, similar
to the even and odd Mumford systems (see [12] for the odd systems and [15] for the
even systems). By a.c.i. we mean that the general level set of the momentum map is
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isomorphic to an affine part of an Abelian variety and that the integrable flows are
linearized by this isomorphism ([16]). The phase space of these systems is described by
triplets of polynomials(u(x), v(x), w(x)), as in the case of the Mumford system, but
now we have the extra constraints thatw are even and odd for the first system (the
“odd” case), and with the opposite parities for the other system (the “even” case). We
show that in the odd case the general fiber of the momentum map is an affine part of a
Prym variety, obtained by removing three translates of its theta divisor, while in the even
case the general fiber has two affine parts of the above form. We call these systems the
odd and theeven hyperelliptic Prym system because every hyperelliptic Prym variety
(more precisely an affine part of it) appears as the fiber of their momentum map. Thus
we find the same universality as in the Mumford system: in the latter every hyperelliptic
Jacobian appears as the fiber of its momentum map.

To show that the hyperelliptic Prym systems are a.c.i. we exhibit a family of compat-
ible (linear) Poisson structures, making these systems multi-Hamiltonian. These struc-
tures are not just restrictions of the Poisson structures on the Mumford system. Rather
they can be identified as follows: the hyperelliptic Prym systems are fixed point varieties
of a Poisson involution (with respect to certain Poisson structures of the Mumford sys-
tem) and we prove a general proposition stating that such a subvariety always inherits a
Poisson structure (Prop. 3.4).

As an application we study the algebraic geometry and the Hamiltonian structure of
the periodic Volterra lattice

ai =ai(ai—1—a;v1) i=1...,n; apt1=a1. Q)

Although systems of this form go back to Volterra’s work on population dynamics ([20]),
they first appear (in an equivalent form) in the modern theory of integrable system in
the pioneer work of Kac and van Moerbeke ([10]), who constructed this system as a
discretization of the Korteweg-de Vries equation and who discovered its integrability.
Though those authors only considered the non-periodic case, we shall refer to (1) as the
n-body KM system. In the second part of the paper we give a precise description of the
fibers of the momentum map of the KM systems and we prove their algebraic complete
integrability.

We can summarize our results as follows:

Theorem. Denote beM’, P, T, K the phase spaces of the (even) Mumford system, the
hyperelliptic Prym system (odd or even), the (periodic)oda lattice and the (periodic)
KM system. Then there exists a commutative diagram of a.c.i. systems

T2 M

L 1

K—=P

where the horizontal maps are morphisms of integrable systems, and the vertical maps
correspond to a Dirac type reduction.

We stress that the vertical arrows are natural inclusion maps exhibiting for both spaces
the subspace as fixed points varieties, but theyar®oisson maps. On the other hand,
the horizontal arrows are injective maps that map every fiber of the momentum map on
the left injectively into (but not onto) a fiber of the momentum map on the right. In order
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to make these into morphisms of integrable systems, we construct a pencil of quadratic
brackets making Toda> Mumford a Poisson map. For one bracket in this pencil the
induced map for the KM systems is also Poisson, so it follows that the diagram is also
valid in the Poisson category.

A description of the general fiber of the momentum map of the KM systems as an
affine part of a hyperelliptic Prym variety follows. Since the flows of the KM systems
are restrictions o€ertain linear flows of the Toda lattices this enables us to show that
the KM systems are a.c.i.; moreover the miapeads to an explicit linearization of the
KM systems.

In order to determine precisely which divisors are missing from the affine varieties that
appear in the momentum map we use Painlevé analysis, since itis difficult to read this off
from the mapb. The resultis that (= the number of KM particles) translates of the theta
divisor are missing from these affine parts. We also show that each hyperelliptic Prym
variety that we get is canonically isomorphic to the Jacobian of a related hyperelliptic
Riemann surface, which can be computed explicitly, thereby providing an alternative,
simpler description of the geometry of the KM systems.

The plan of this paper is as follows. In Sect. 2 we recall the definition of a Prym va-
riety and specialize it to the case of a hyperelliptic Riemann surface with an involution
(different from the hyperelliptic involution). We show that such a Prym variety is canon-
ically isomorphic to a hyperelliptic Jacobian and we use this result to describe the affine
parts that show up in Sect. 3, in which the hyperelliptic Prym systems are introduced
and in which their algebraic complete integrability is proved. In Sect. 4 we establish
the precise relation between the KM systems and the Toda lattices and we construct the
injective morphism®. We use it to give a first description of the general fiber of the
momentum map of the KM systems and we derive its algebraic complete integrability.
A more precise description of these fibers is given in Sect. 5 by using Painlevé analysis.
We finish the paper with a worked out example=£ 5) in which we find a configuration
of five genus two curves on an Abelian surface that looks very familiar (Fig. 2).

As a final note we remark that the (periodic) KM systems have received much
less attention than the (periodic) Toda lattices, another family of discretizations of the
Korteweg—de Vries equation, which besides admitting a Lie algebraic generalization, is
also interesting from the point of view of representation theory. Itis only recently that the
interest in the KM systems has revived (see e.g. [6,18], and the references therein). We
hope that the present work clarifies the connections between these systems and the mas
ter systems (Mumford and Prym systems). It was pointed out to us by Vadim Kuznetsov,
that an embedding of the KM systems in the Heisenberg magnet was constructed by
Volkov in [19].

2. Hyperédlliptic Prym Varieties

In this section we recall the definition of a Prym variety and specialize it to the case
of a hyperelliptic Riemann surfade, equipped with an involutioa. We construct an
explicit isomorphism between the Prym variety(6f o) and the Jacobian of a related
hyperelliptic Riemann surface. We use this isomorphism to give a precise description of
the affine part of the Prym variety that will appear as the fiber of the momentum map of
an integrable system related to KM system.

2.1. The Prymvariety of a hyperelliptic Riemann surface. LetT" be a compact Riemann
surface of genuss, equipped with an involutiom with p fixed points. The quotient
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surfacd’, = I'/o has genug’, with G = 2¢g’ + p/2—1, and the quotient map — [,

is a double covering map which is ramified at théixed points ofc. We assume that
g’ > 0, i.e.,o is not the hyperelliptic involution on a hyperelliptic Riemann surfiice
The group of divisors of degree 0 dndenoted by Di¥(I"), carries a natural equivalence
relation, which is compatible with the group structure and which is defingd by0 iff

D is the divisor of zeros and poles of a meromorphic functiod ohe quotient group
DivO(I")/ ~ is a compact complex algebraic torus (Abelian variety) of dimension
called theJacobian of I and denoted by J&E) ([9], Ch. 2.7), its elements are denoted
by [D], whereD e Divo(I") and we write® for the group operation in Jéc). Notice
thato induces an involution on DR(I") and hence on J&E); we use the same notation
o for these involutions.

Definition 2.1. ThePrym varietyof (T, o) isthe (G —g’)-dimensional subtorusof JaqT")
given by

Prym(I'/Ty) = {[D — o(D)] | D € DivVO(I")}.

We will be interested in the case in whi¢his the Riemann surface of a hyperelliptic
curveI’'@ : y2 — £(x), where f is a monic even polynomial of degree Qvithout
multiple roots (in particular 0 is not a root ¢f), so that the curve is non-singular. The
Riemann surfacE has genu§ = n—1 and is obtained from© by adding two points,
which are denoted byo1 andoo,. The two points of" (@ for whichx = 0 are denoted
by 01 andO,. The 21 Weierstrass points df (the pointgx, y) of I'@ for whichy = 0)
come in pairg X, 0) and(—X, 0); fixing some order we denote them B = (X;, 0)
and—W; = (—X;,0), wherei = 1, ..., n. The Riemann surfacé admits a group of
order four of involutions, whose action di® and on the Weierstrass point¥;, 0)
and whose fixed point set are described in Table khfodd,n = 2¢ + 1 and in Table 2
for n even,n = 2g + 2 (¢ is the hyperelliptic involution).

Table 1. n odd
(x,) 01 Oz o001 o002 W W Fix
t (x, =y) 02 01 o002 o001 W Wi Wi, =W

o (—x,y) 01 02 o002 o001 =W Wi 01, 02
(=x,—y) 02 01 o001 o002 =W Wi 001, 002

Table 2. n even

(x,y) 01 Oy o001 002 W; —-W; Fix
1 (x, =) 02 01 o002 o001 W —W; Wi, =W;
o | (=x,—y) 02 01 o002 o001 —W Wi -

T (=x,y) 01 0Oz o001 o002 —W Wi 01, 02, 01, 002

For future use we also point out that for poiritse T" which are not indicated on
these tables, neithef(P) nor t(P) coincide with: (P).
The involutionso andt lead to two quotient Riemann surfacEg := I'/o and
: := I'/T, and to two covering mapg, : ' - I'; andn, : I' — I';. It follows
from Tables 1 and 2 that the genusIof equalsg, while the genug’ of ', is g or
g + 1 depending on whetheris odd or even. Also, the dimension of Prgi T, ) = ¢
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(whethern is odd or even). If the equation 79 is written asy? = g(x?) then forn
odd,l“f,o) has an equation? = g(u) while Fﬁo) has an equation? = ug(u); for n even
the roles oﬂ*f,o) andI‘go) are interchanged.

In order to describe Pryah /T, ), which we will call ahyperelliptic Prym variety,
we need the following classical results about hyperelliptic Riemann surfaces and their
Jacobians (for proofs, see [12], Ch. llla).

Lemma2.2. Let D beadivisor of degree H > G onT", where G isthe genusof I, and
let P beany point on I". There exists an effective divisor £ of degree G on I" such that

D~E+(H—-G)P.
Corollary 2.3. For any fixed divisor Dg of degree G, JaqT") is given by

Jac(r)z{[ip,-—po}m er}.

i=1

Lemma 2.4. Let D beadivisor on T of theformD = Y12 (P, — Q;),where H < G
and P; # Q; for all i and j. Then[D] = Oif and only if H isevenand D isof the form

HJ2

D= Z(Ri +1(R;) — Si —1(Sh)),
i=1

for somepoints R;, S; € T.

2.2. Hyperelliptic Prymvarieties as Jacobians. In the following theorem we show that
for any n the Prym variety Pryri"/T';) associated with the hyperelliptic Riemann
surfacerl’ is canonically isomorphic to the Jacobianltf.

This result was first proven by D. Mumford (see [13]) for the case in whjch" —
I', is unramified ¢ even) and by S. Dalaljan (see [7]) for the case inwhigh I' — T’y
has two ramification pointsi(odd). Our proof, which is valid in both cases, is different
and has the advantage of allowing us to describe explicitly the affine parts of the Prym
varieties that we will encounter as affine parts of the corresponding Jacobians.

Theorem 2.5. Let 7 denote the homomorphism DivO(I';) — Div®(I") which sends
every point of I'; to the divisor on I" which consists of its two antecedents (under 7).
The induced map

I : JacT;) — Prym(I'/Ty)
[D] = [n}D]

is an isomorphism.

Proof. Itis clear that the homomorphisii is a well-defined: if D] = 0 thenD is the
divisor of zeros and poles of a meromorphic functjponT';, hencer*D is the divisor
of zeros and poles of o r and[xD] = 0. To see that the image of is contained in
Prym(I"/T'5), just notice thair (D) can be written ag + 7(£) for somef e Divo(I),
so that

[ (D)] = [€ + ()] =[€ —0(E)] € Prym(T/T;).
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Since Jad";) and Prym{I"/T",) both have dimensiog it suffices to show thafl is
injective. Suppose thatr*D] = 0 for someD e DivO(I';). We need to show that this
implies [D] = 0. It follows from Corollary 2.3 that we may assume tfais of the
form Zle pi — 8. (001), wherep; € I';. Thenn}D = Zle P, + t(P;) — 2go01
(7 (P;) = p;i). Since 2 < G andooy # 1(c01) Lemma 2.4 implies thaP; = oco1, i.e.,
pi =y (oo0q) foralli. O

2.3. Thetheta divisor. We introduce two divisors on Jdc) by

G-1
®1={[2Pi—(6—1>ool]|Pier}, (2

i=1

G-1
®2:{|:ZPi+ooz—Gool:||PieF}. ©)

i=1

These two divisors are both translates of the theta divisor and they differ by a shift over
[oo2 — 001]. Sinceocos = 1(001) they are tangent along their intersection locus, which
is given by

G-2
SZ:”:ZPl-—i—ooz—(G—l)ool:||P,-eF}.

i=1

Proposition 2.6. When r isodd Prym(T"/T,) N (®1 U ®2) consists of three translates
of the theta divisor of JaqT';), intersecting as in the following figure.

91 92
[001 + O] [002 + O]
%
Fig. 1.

Proof. We use the isomorphisifi to determine which divisors of Jd¢;) get mapped
into ®1 and®,. SinceO; and O, are the only points of on which: andz coincide,
Lemma 2.4 implies that the only divisof® = Z‘f:l pi — g (001) € Div(I';) for
which 7D contains, up to linear equivalenasy; or co, are those for which at least
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one of them containg; (co1) Or 7, (002) Or 7 (01) (=7 (02)). Denoting0 = 7, (01)
we find that these points constitute the following three divisors ofiJac

o
01 = : Y pi- (g—l)m(om)} | pi € Ff],
i=1

M1
0y = Zpi+”r(002)_g7fr(ool):| | pi EFT]a

| i=1

Fe1
0= Zpi+0_g7fr(ool):||[7i€rr]-

i=1
They all pass through

g—2

=1 pi+m(002) — (g —Drme(o01) | [ pieley.
i=1

which is the tangency locus 6f andé,, ando; intersect® in addition in

g—2
w; = HZP:’ + 72 (00;) + O —gﬂr(OO1)} | pi € Fr},

i=1
which is a translate ab. O

Whenn is even then clearly Pry(h'/T,) is contained ir®1, but the following result,
similar to Prop. 2.6, holds for an appropriate translate of Rfyff,, ). The proof is left
to the reader.

Proposition 2.7. When n iseven and i € {1, 2} then (Prym(I'/Ty) ® [O1 — 00;]) N
(©1 U ©®2) consists of three trandlates of the theta divisor of JaqT;), intersecting asin
Fig. 1 (in which O should now be replaced by 05).

We will see in the next section how in both casesdd/even) the affine variety obtained
by removing these three translates from the theta divisor from Ay, ) can be
described by simple, explicit equations.

3. TheHyperdliptic Prym Systems

In this section we introduce two families of integrable systems, whose members we call
theodd and theeven hyperelliptic Prym systems, where the adjective “odd/even” refers

to the parity ofn, as in the previous section, and where “hyperelliptic Prym” refers to
the fact that the fibers of the momentum map of these systems are precisely the affine
parts of the hyperelliptic Prym varieties that were considered in the previous section.
These systems are intimately related to the even Mumford systems, constructed by the
second author (see [15]), as even analogs of the (odd) Mumford systems, constructed
by Mumford (see [12]).
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3.1. The Mumford systems. We first recall the definition of thg-dimensional odd and

even Mumford systems and we describe their geometry. Details, generalizations and ap-
plications can be found in [16]. The phase space of each of these systemsis an affine space
CV, which is most naturally described as an affine space of triples), v(x), w(x))

of polynomials, often represented as Lax operators

Lx) = v(x) w(x) ’
u(x) —vx)
whereu(x), v(x) andw(x) are subject to certain constraints. Denoting/b, (resp.

M) the phase space of th# odd (resp. even) Mumford system these constraints are
indg;cated in the following table:

Table 3.
Phase space dim u(x) v(x) w(x)
monic monic
Mg 3g+1 deg< g
deg=g deg=g+1
monic monic
M, 3g+2 deg<
8 ¢ deg=g 9=¢ deg=g +2

It is natural to use the coefficients of the three polynomigls), v(x), w(x) as
coordinates oM, and onM,: for M/, for example, which will be most important for
this paper, we write

u(x) = xf +ug_1x¥ T+ +uo,
v(x) = vg_1x8 4 F g,

w(x) = x8T2 4wy x4 g,

or, in terms of the Lax operatdr(x), as

0 1) pera (O Went ) pora (O 0 ) oy ST e
00 0 0 10 =\ -,
=i<g

We define onM, and onM;, a mapH with values in (a finite-dimensional affine
subspace off"[x] by

H(L(x)) = —det(L(x)) =u(x)wx) + vz(x).

Notice that the degree df, as a polynomial in, is odd for M, and even for/\/l’g,

explaining the terminology odd/even Mumford system. WritigL (x)) = x2¢+1 4+
Hzngg +---+ Hp inthe odd case, and similarly in the even case, we can viel tlas
functions on phase space; clearly they are polynomials in the phase varighlgaw;.
These functions are independent and they are in involution with respect to a whole family
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of compatible Poisson brackets dn, (or M, 2)- Namely, it is easy to check by direct
computation that for any polynomial of degree at mogt the following formulas:

{u(x), u(x’)}M = {v(x), v(x’)}M =0,

() v, = “OPE) — UG

x —x/
{I/l(x)’ w(x/)}(ﬂM _ _ZU(X)QD(XX)_ ;}(x )(p(x) @
(), w4, = 2P x)_—j(x 00) e e,

{wx), w(x’)}ﬁ/t =2a(x +x') (v()P(") — v(xXNe(x)),

define a Poisson structure v, and onM,, wherea = 1 for the odd case (i.e., on

M) anda = x + wgy1 — ug_1 for the even case (i.e., aM}); we use the same
notation{-, -} »4 for the Poisson brackets on both spaces. V\Lheﬂo then the rank of
this Poisson structure ig2n a Zariski open subset. Since

[(H@), H&H)Y, = [u(x)w(x) T 020x), u(x)w(x') + vz(x’)}i/l -0, (5

the functionsH; are in involution. For any £ 0 of degree at mogt and for anyy € C
which is not a root ofy, let

H) _umw) +v%0)

H?(y) = =
) o(y) o(y)

Then

1

o0 ){ u(w ) + v (1%, (6)
is a Hamiltonian vector field, independent of the choice of the Poisson strycturg;,
i.e., itis a multi-Hamiltonian vector field. Explicitly(, can be written as the following
Lax equation:

Xy = (-, HY )Y =

1
XyL(x) = y[L(X) L(y) + (x = y)B(x, y)], (7)

where

0 alx+yuly)
B(x,y) = :

0 0
In view of (5) the vector fieldsX, corresponding to any two values efcommute
and a dimension count shows that the Mumford systems are integrable in the sense of
Liouville.

In fact, the Mumford systems are algebraic completely integrable systems (a.c.i.

systems), meaning that the general level of the momentumin@auivalently,H ?) is
an affine part of an Abelian variety and that the flow of the integrable vector fig|ds
is linear on each of these Abelian varieties. A precise description of these fibers is given
in the following proposition.
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Proposition 3.1. Let f(x) beamonic polynomial of degree2g + 1 (resp. 2g + 2) without
multiple roots and let I" denote the Riemann surface corresponding to the (smooth)
affine curve (of genus g) defined by '@ : y2 = f(x). Then the fiber over f(x) of
H : Mg — Clx] (resp. H : M}, — Clx]) isisomorphic to JagI") minus its theta
divisor (resp. minus two trandlates of its theta divisor which are tangent along their
intersection locus).

Proof. We shortly indicate the idea of the proof, since it will be useful later(il@),
v(x), w(x)) in the fiber overf(x) of H : M, — C[x] one associates a divis®r =
S8 (xi, yi) — gooonT (where{oo} := I'\ T'@) by taking forx; the roots of«(x) and

vi = v(x;). This map is injective and its image consists of those divii@’fgl P —goo

for which P; € T'© and for whichi # j = P; # 1(P;). MappingD to its equivalence
class[D] we get an injective map into JA¢) and the complement of its image is the

theta divisor| [ 571 P — (g — Doo| | P, € T}, For u(x), v(x), w(x)) € M the

construction is similar but the complement of the image consists of two translates of the
theta divisor because \ '@ consist now of two points. 0

Notice that the fact that the general fiber of the momentum mapdsnensional
implies our earlier assertion that the functidfisare independent, an essential ingredient
in the proof of the Liouville integrability of the Mumford systems.

3.2. Phase space and momentummap. In this paragraph we introduce the phase spaces
of the hyperelliptic Prym systems, which can be seen as affine subspaces of the even
Mumford systems; they are not Poisson subspaces with respect to the Poisson structures
(4), as we will discuss in the next paragraph. However, the moment map will just be the
restriction of the moment maf to these subspaces.

Forn > 1, let us denote by, and by P, the set of triples of polynomial&:(x),
v(x), w(x)) which satisfy the constraints indicated in the following table:

Table4.
Phase space dim u(x) v(x) w(x)
monic monic
odd
Pn 3n+1 even even
deg< 2n
deg=2n deg=2n+2
monic monic
, even
Py 3n+2 odd odd
deg<2n+1
deg=2n+1 deg=2n+3

Comparing this table to Table 3 one sees i an affine subspace 8ft,,, and that
P, is an affine subspace @), ,. For reasons that will become clear shortly, we will

say thatP, (resp.P,,) is the phase space of th&odd (resp.even) hyperelliptic Prym
system. We denote the restriction df : M), — C[x] to P, as well as the restriction
of H : M5, ., — C[x]to P, also byH. Notice thatH, which is on these subspaces
still given by

H(L(x)) = —detL(x) = u(x)w(x) + v3(x),
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takes now values ii[x2]. It follows that the corresponding Riemann surféide of the
type considered in Sect. 2. We show in the following two propositions that the fibers of
H are affine parts of hyperelliptic Prym varieties.

Proposition 3.2. Let f(x) beamonic even polynomial of degree 4g + 2 without multiple
roots and let T denote the Riemann surface corresponding to the (smooth) affine curve
(of genus 2g) defined by '@ @ y2 = f(x). Thefiber of H : P, — C[x?] over f(x)
is isomorphic to Prym(I'/T',) = JagI';) minus three trandates of its theta divisor,
intersecting asin Fig. 1.

Proof. Since the fiber ovef (x) of H : P, — C[x?] is contained in the fiber ovef(x)
of H : M’zg — C[x] it is a subset of J&€). In fact it is a subset of Pryah/T",).

To see this, consider the divis@ = Zizﬁl(xi, yi) — 2goo1 which corresponds to
a triple (u(x), v(x), w(x)), with u, w even andv odd. The roots of: come in pairs
(xi, xj = —x;) andy; = v(x;) = v(—x;) = —v(x;) = —y; (recall that O can never be
a root ofu because theyf would have 0 as a double root), hence the point® icome
in pairs P, (P) and[D] belongs to Pryrl"/T',). The points of Prynl" /T, ) which do

not belong to the fiber are tho%{fil P, — 2gool] € Prym(I" /T, ) for which at least

one of theP; equalscos or ooy, i.e., the points 0®1 U ©», as defined in (2) and (3). By
Prop. 2.6 the fiber is isomorphic to an affine part of P¢lifi", ) obtained by removing
three translates of the theta divisor

Proposition 3.3. Let f(x) beamonic even polynomial of degree 4g + 4 without multiple
roots and let I denote the Riemann surface corresponding to the (smooth) affine curve
(of genus 2¢ + 1) defined by 1@ : y2 = f (x). Thefiber over f(x) of H : P, — C[x?]
is reducible and each of its two components is isomorphic to Prym(I'/T,) = JadTl';)
minus three tranglates of its theta divisor, intersecting asin Fig. 1.

Proof. Consider the divisob = Zizifl(x,-, vi) — (2g + L)oo which corresponds to a
triple (u(x), v(x), w(x)), with u, w odd andv even. 0 is a root of and its other roots
come in pairsy;, x; = —x; andy; = v(x;) = v(x;) = y;, hence the points i
consist of01 or 02 and the others come in paifs 7 (P). It follows that[D] belongs to
Prym(T'/T,) ® [O1 —oo1] or to PrymT /T,) ® [O1 — 002]. The points of Pryn" /")

which do not belong to the fiber are th({sgizﬂl P; — (2¢g + 1)o01 | for which at least

one of theP; equalsoo; or coy, i.e., the points or®1 U ®, as defined in (2) and (3).

By Prop. 2.6 the fiber consists of two copies of an affine part of Pryi, ) obtained

by removing three translates of the theta divisor. Notice that the fact that the fiber is
reducible can also be deduced from the fact th@) = u(0)w(0) + v3(0) = vg. O

3.3. Flows and Hamiltonian structure. We now show how the brackets (4) lead to a
family of compatible Poisson structures ) and onP,,, we construct the integrable
vector fields for the hyperelliptic Prym systems and we establish their algebraic complete
integrability. Consider the natural inclusios — Mj, andP, < Mj, ; and

consider the involutiony : M), — M, defined by:

( v(x) wkx) ) ( —v(—x) w(—x) )
J: — .
u(x) —v(x) u(—x) v(—x)

/
28+
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Then we see that the image B — M’zg is the fixed point variety ofj, while the
image ofP, < My, ,, is the fixed point variety of-;. We claim thatj (resp.—) is
a Poisson automorphism QM’Zg, {- ~}ﬁ/l) (resp.(M/ng, { ~}‘j’\/l)), whenevelp is an
even (resp. odd) polynomial. In fact, takipgeven we have

{ux)o j,v(x") o ]}f\/[ = {u(—x), —v(—x’)}w
_ u(=0)p() —u(=x"px) = {0 v} o0

x —x'

showing that for any and j, {u, °0j,vjoj uj, vj and similarly for the
Poisson brackets of the other components/\%mce all brackets are ling#nénresult
for ¢ odd also follows, when is replaced by-.

The following proposition, which can be seen as a particular case of Dirac reduction,
yields a Poisson structure on the fixed point variety of a Poisson involution. For the
general theorem on Dirac reduction, see Weinstein ([21], Prop. 1.4) and Courant ([4],
Thm. 3.2.1). For our convenience we give a proof in the algebraic category; the proof is
easily adapted to smooth manifolds.

Proposition 3.4. Suppose that (M, {-, -}) is an affine Poisson variety, equipped with an
involution ; which is a Poisson map. Let N be the subvariety of M consisting of the
fixed points of ; and denotetheinclusion map N < M by:. Then N carriesa (unique)
Poisson structure {-, -}y such that

1™ {F, G}:{l*F,l*G}N (8)
for all F, G € O(M) that are j-invariant.

Proof. For f, g € O(N) we choose, G € O(M) suchthatf =:*F andg = 1*G. We
may assume that andG arej-invariant by replacing” by (F + ;*(F))/2 and similarly
for G. We define{f, g}y = 1*{F, G} and show that this definition is independent of
the choice ofF andG. To do this it is sufficient to show that & is j-invariant and
1*F =0, thene* {F, G} = 0. Since the ideal of functions vanishing dhis generated
by j-anti-invariant functions (* F = —F) it suffices to show this foFF € O(M) such
thatj* F = — F. By assumptiory is a Poisson map,o: = j and;*G = G so that

U{F. G} =1")"(F.G}=1"{J"F, )"G} = =" {F, G},
showing our claim. Similarly, the bracket of any tweénvariant functions ig-invariant.

In view of this and because the definition {of -} 5 is independent of the choice &f
andG we have for anyf, g, h € O(N) that

{f. gl h}y = UF, G}, H},

leading at once to the Jacobi identity for -}, . Similarly the fact that{-, -}, is an
anti-symmetric biderivation follows. O

The Hamiltonian structure of the hyperelliptic Prym systems and its algebraic com-
plete integrability is described in the following proposition.



Hyperelliptic Prym Varieties and Integrable Systems 181

Proposition 3.5. Let ¢ be an even (resp. odd) polynomial of degree at most 2¢g + 1,
¢ # 0. The Poisson bracket {-, -}‘j’w on M, (resp. on My, 1), given by (4) induces a
Poisson bracket {-, -}";3 on P, (resp. on Pé), the componentsof H : P, — C[x?] (resp.
H : Pg, — C[x?]) areininvolution and they define an (algebraic completely) integrable
systemon P (resp. on Py).

Proof. Since forg even (resp. odd) the image B — /\/l/zg (resp. Py — /\/l/zg) is
the fixed point set of the Poisson involutigr(resp. 7) it follows from Prop. 3.4 that
Py (resp.Pé) inherits a Poisson bracket froml/zg, which we denote in both cases by
{- ~}‘7’;. We exemplify the computation of the reduced brackets by deriving the formula
for {u(x), v(x’)}% onP, (¢ even). Notice that sinaeis even and is odd the polynomial
{u(x), v(x)}%, which is a generating function for the Poisson bracketsv; };; is even

in x and odd inx’. Obvious;-invariant extensions of the functions; andvy; 1 are the
corresponding functiongy; andvz;+1 on My, Therefore{u(x), v(x’)}% is computed
by taking in{u(x), v(x’)}fw the terms that are even inand odd inx’ and restricting
the resulting polynomial to the image B%, as embedded in5,. Using the fact that
the terms of a bivariate polynomial(x, x’) that are even in and odd inx” are picked
by taking

(F(x,x") 4+ F(—x,x') — F(x, —=x') — F(—x, —x"))

PN

we find for

F(x, ) = fu(, vy = WL

that the reduced Poisson bracket, gogven, is given by

x' ((u(x) + u(=x)px") — @) + u(—x’))w(x))

{u@), v} = 5

x2 — )C/Z P,

_ o u@e() —u(xNex)
=X 2 .

x2 — X
Repeating the same computation for the other coordinates we find the following formulas
for {-. -},
{u@), u(x"}% = {vx), v(xH}% =0,

Ju@)e") —u(x"e(x)

{u@). v}y = x =

)C2 — X
xv(X)p(x") — x'v(x)e(x)
2 _ x/2 ’

{u(x),w(x/)}(;)z—Z .

wxX)e(x") —wx)e(x)

R~ — xu(x)p(x’),

{v(x),w(x/)}(;;:x .

{wx), w(x/)}(;) =2(xv()e") — xXv(x)e(x)).

Using the fact that all Poisson brackets are lineap ione finds that the formulas for
the reduced bracket ong, (with ¢ odd) are formally identical to the above ones. It is
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now obvious that the components of the new momentum Fhape in involution. Since
we know that the fibers off : P, — C[x?] are affine parts of Abelian varieties of
dimensiong, the components of the nekl are independent. The integrable vector fields
X, onP, are computed frong- H(y)}%), to wit

1 y () xw) +x(x2 = yHu(y)
X, L = L , . 9
yH) x2—y? { ) <xu(y) —yv(y) )} ©

Since the formulas for the reduced bracketsrand onP, are formally the same the
vector fieldsX, on 7?; are also given by (9). Finally, the flows of all vector fields

are linear since they are restrictions of linear flows, showing that the odd hyperelliptic
Prym systems are algebraic completely integrabte.

4. The Periodic Toda L atticesand KM Systems

In this section we show that the (periodic) KM systems are related to the (periodic)
sl Toda lattices in the same way as the hyperelliptic Prym systems are related to the
even Mumford systems and we construct a morphism from the Toda lattices to the even
Mumford systems, which induces a morphism from the KM systems to the odd or the
even hyperelliptic Prym systems. The latter map is then used to describe the level sets
of the momentum map of the KM systems.

4.1. From Toda to KM. The phase spacg, of the periodicsi(n) Toda lattice £-body
Toda lattice for short) is the affine variety of all Lax operatorslitn)[4, h~1] of the
form

bp ag 0 --. 0 it
1 b ap 0
0 1 :
ry=| . (10)
0 by—1 an—1
hay, O - .- 1 b,

with [7_; a; = 1. It carries a naturdL/n action, defined by
((alv a2 cee an)s (bl, b2 MR bn)) = ((a27 a3 cey al)v (b2» b37 ceey bl))
For this reason it is convenient to view the indices as elemenis/afand we put

a, = ag, b, = bg, apy1 = aa, bn+1 = by, ... Define

1 .
I = 1—+itr(L(h)'+1), i=0,...,n—2

1 1
1= —tr(L(W") —h——,
n h



Hyperelliptic Prym Varieties and Integrable Systems 183

and notice that these functions are independent &f They are in involution with
respect to the linear Poisson braclket}lT, defined by{a;, aj}é. = {b:, b,»}%. =0,

{ai, bj}lT = a;(8;j — 8i+1,j), which hasly as a Casimir. They are also in involution
with respect to the quadratic Poisson bradket?-, defined by

{ai,a;} = aia; (8 j11— 8iv1,)),
{bi, b} = ai (8 j41 = 8iv1,)),

which has deL as a Casimir. Since, ~}XT and{-, '}1T are compatible we may define,
for anyg € C[x] of degree at mdsl a Poisson bracket o, by {-, -}“’T =p1{ Jr+

@0 {- -}, wherep (x) = ¢1x + go.
The commuting vector field®; = {-, Ii}lT admit the Lax representation
X;L(h) = [L(h), (L(h)") 1], (11)

where the subscript denotes projection into the Lie subalgebrasif)[#, h~1] gen-
erated by the positive roots, i.e.,

(Z A,~hl’)+ = )" Ak’ 4 suAp), (12)

i>0

{ai, bj});* =aibj(8;j — Sit+1,j),

where sAp) denotes the strictly upper triangular partAd. The vector fieldsx; are
also Hamiltonian with respect {o, -}%- and their flows are linear on the general fiber of
the momentum mag : 7, — C|x], which is defined by

det(x Id —=L(h)) = —h — % + K(x)/2;

since the general fiber &f is an affine part of a hyperelliptic Jacobian, thbody Toda
lattice is an a.c.i. system (see [3] for details). For higher order brackets for the Toda
lattices, see [5].

We now turn to the-body, periodic, Kac—van Moerbeke systeri{ody KM system,
for short). Its phase spadg, is the subspace df, consisting of all Lax operators (10)
with zeros on the diagond(, is not a Poisson subspace®f However [C, is the fixed
manifold of the involution; : 7, — 7, defined by

((ala az ..., an)’ (b].? b2 ceey bﬂ)) = ((ala az ..., an)» (_blv _b2 ) _bn))a
whichis a Poisson automorphism(f,, {-, ~}i‘r). Therefore, by Theorem 3.4, inherits
a Poisson brackdt, -} from {-, - XT which Is given by

{ai.aj} e = aiaj(ij41— 8it1)).
It follows that the restriction of the momentum m&po £C,, is a momentum map for the
n-body KM system. Notice thdt; = O for evenj, while for j odd the Lax equations (11)

lead to Lax equations for thebody KM system, merely by puttingg = --- = b, = 0.
Taking j = 1 we find the vector field
éli =a,-(ai_1—a,-+1), i = 1,...,}’l, (13)

which was already mentioned in the introduction. More generally, takiodd we find

a family of commuting Hamiltonian vector fields @@, which are restrictions of the
Toda vector fields, while foj even the Toda vector fields; are not tangent téC,. In

order to conclude that the KM systems are a.c.i. we need to describe the fibers of the
momentum may : X, — C[x]. This will be done in the next paragraph.
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4.2. Algebraic integrability of KM. We first define a mag : 7, — M, _; which maps
then-body Toda system to the even Mumford system. The following identity, valid for
tridiagonal matrices, will be needed.

Lemma4.1. Let M be atridiagonal matrix,

B1 a1 0 - 0 O

1 B2 a2 0

0 .

M= Y2 B3 ’

0 Bn—1 o1

0 0 «++ o Yoot B
and denoteby A, _;, the determinant of the minor of A/ obtained by removing from M
therowsiy, ..., iy andthecolumnsiy, ..., i;. Then:

n—1
A1A, — AAy, = [ oy (14)

i=1
Proof. Forn = 2 this is obvious. For > 2 one proceeds by induction, using the
following formula for calculating the determinant of M,
A=B,Ap — an—lyn—lAn—l,n- (15)
]

In the sequel we use the notatidy, . ; from the above lemma taking @4 the
tridiagonal matrix obtained from Id — L (k) in the obvious way, i.e., by removing the
two terms that depend adi In this notation the characteristic polynomial bth) is
given by

detx Id —L(h)) = —h —h ™+ A —a,Ap,. (16)

Proposition 4.2. Foranym = 1,...,n themap ®,, : 7, — M _, defined by

ulx) = Ay
V(X) = am-1Bm—1.m — Am Dm.m+1, a7
wx) = (X = by)? A 4 205 — b)) @n-1Dm—1.m + am Apm.ms1)

+ 4amam-10m—1,mm+1,

maps each fiber of the momentummap K : 7, — Clx] into a fiber of the momentum
map H : M) _, — C|x]. The restriction of ®,, to /C, takes valuesin 7?” 1 when n
isodd and in 77/ When n is even, mapping in both case the fiber of the momentum
map K : K, — (C[x] into the fiber of the momentum map H : P%l — C[x?] (or
H: 7?; 4 C[x2]). As a consequence the general fiber of the momentum map of the
KM sysiems isan affine part of a hyperelliptic Jacobian.
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Proof. Since the momentum map is equivariant with respect t&theaction on7, it
suffices to prove the proposition for = n.

Itis easy to see that the triple, v, w), defined by (17) satisfies the constraimtsv
monic, degv = degu +2 = n + 1 and deg < n — 1, so thatd, takes values in
M/ _,. Moreover, takinggy = - - - = B, = x in (15) implies that when all entries on the
diagonal ofL (h) are zero ther;, . ; has the same parity as— p, so that the triples
(u, v, w) which correspond to points ik, have the additional property thathas the
same parity ag while u andw have the opposite parity. Therefore the restrictiodpf

to KC,, takes values ifP,—1 whenn is odd and irP;, 1 Whenn is even.
2 2=

For p(x) a monic polynomial of degree, let L(h) € K ~1(2p(x)), i.e.,
p(x) = —-by)A, —a,A1, — anflAnfl,m (18)

Proving thatb,, (L (h)) belongs taH ~1(p2(x) — 4) amounts to showing tha(x)w (x) +
v2(x) = p?(x) — 4, which follows from a direct computation, using (14). The commu-
tativity of the following diagram follows:

P ’
To ——= M,

Kl |

Clx] T> Clx]

whereg is defined byp (¢) = (¢/2)? — 4, forg € C[x].

To show that the mag,, is injective let(u(x), v(x), w(x)) € ®,(7,). We show that
the matrixL(h) € T, which is mapped to this point is unique.

First observe that the monic polynomjalx) = A — a, A1, can be recovered from
u(X)wx) + v(x)2 = p(x)2 — 4. We can then determirig, from the following two
formulas:

n
px) =x" — (Zbi) P SRR
i=1
n—1
ux) = A, =x""1— <Zbi> X2
i=1

Next, the second relation in (17) and (18) lead to the system:

an—lAn—l,n - anAl,n =v(x),

an—lAn—l,n + anAl,n = —=byulx) — p(x).
This linear system completely determines the produgts; , anda,—1A,_1 ,. Because
the determinants of the principal minors ofd —L(/#) are monic polynomials, this
means that we knowy,, A1, andA,_1 , separately. From = p(x) +a, A1, we also
obtainA.

We have now shown howy,, a,, A, A, andA,_1, are determined. We proceed by

induction, showing how to determibg_x_1, an—k—1, Ap—k—1,....» ONCE We KNow,,_;,
an,—; andA,_; ,fori =0,..., k. We use (15) to obtain the recursive relation:

.....
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This determines the prOduq—k—lAil—k—l,...,il1 but alsoan—k—l andAn—k—l,...,n sep-
arately, again becaus®,_;_1.._, is monic. Now fromA,_4_1.., andA,_¢. .., we
know, as above, the sunys/—_; 2b andY "~f ' b;. Hencep, 1 is determined. O

..........

We saw in Prop. 3.3 that the fibers of the momentum map of the even Prym system
are reducible (two isomorphic pieces), so there remains the question if the same is true
for the n-body KM system for evem. To check that this is so, note that the highest
degree coefficient of the characteristic polynomialleh) gives, forn even, the first
integrall = ajazas - - - a,—1 + azasas - - - a,. Sinceaiasz - - - a, = 1, for generic values
of 1, the variety defined by

aiasas - - - a,—1 = constant aoagas - - - a, = constant

is reducible, and the claim follows. Note however that betlazas---a,_1 and
azaaas - - - ay are firstintegrals themselves, so we can construct a momentum map using
these integrals (instead of their sum and product) and then the general fiber is irreducible.
The map®,, : 7, — M. _; not only maps fibers to fibers of the momentum maps,
but it maps the whole h|erarchy of Toda flows to the Mumford flows defined by (7). To
see this, we construct a family of quadratic Poisson brac{k,e%)q onM;,_; which
make this map Poisson.
First observe that there exist unique polynomjals) andr (x), with p(x) monic of
degreen andr(x) of degree less tham, such that

u(@)wx) + v(x)? = p(x)® +r(x). (19)
The coefficients op (x) andr(x) are regular functions af;, v; andw;. Hence, we can

define a skew-symmetric biderivation on the space of regular functions!pf; by
setting, for anyy € C[x] of degree at most 1,

{u), utH 0, = 0,06}, =0,
{0, vy, = {10, VOO + o O + X Duu (),
{uC), wix )}?\A q = {ux), w(x/)}‘mp — 20%(x + xHu(x)v(x)),
v, weh i, = {p@, weH Y+ o (o + X Huw ),
fw), w)}f,, = W@ wEH ]+ 200 + ) (wEVE) — wEHV)),

wherea?(x) = ¢(a(2x)/2). Notice that the polynomigbg, used in the definition of
the bracket, depends on the phase variables.

Proposition 4.3. Let ¢ be a polynomial of degree at most 1. Then

o {, ‘}i/t,q is a Poisson bracket on M), _; and the maps

(Dm ( { } ) - (Mn 1> { ’ '}ﬂ/l’q)

are Poisson and map the Toda flows to the Mumford flows;
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(i) For ¢ odd, the bracket {-, -}qu induces a Poisson bracket {-, -}p , on Py—1)/2
(resp.on P, ,_4), and the maps
cbm : (ICVH {'s }IC) - (P(n—l)/27 {" '}'P,q)
cDm : (ICVH {'a }IC) - (’P];/Z—lﬂ {‘7 '}'P,q)

are Poisson and map the flows of the n-body KM system to the flows of the hyper-
dliptic Prym systems.

Proof. We take the bracket of both sides of (19) wittx) to obtain
u(x)v(y) — u(y)v(x)

2p(e(y) = 2p(y) {ux), pOY¥yy, + ), rmMY¥iy, -

It follows that{u (x), r(y)}?vl’q is divisible by p(y). Since{u(x), r(y)}ﬁ/l’q is of degree

less tham in y and sincep(y) is monic of degre@ we must havéu (x), r(y)}i/t.q =0
and '

u(x)v(y) — u(y)v(x)
X =Yy ¢
Similarly, we find{v(x), r(y)}ﬁ/l’q = {w(x), r(y)}ﬁ/l’q == 0 and also that:
_ o) (wuly) —u@)wy)
@), PMImg = — ( Xy
v(x)w(y) —wx)v(y)
xX—y
These expressions also allow one to compute the brackets pfv(x), w(x) andp(x)

with a(y), and the check of the Jacobi identity follows easily fromiit. Therefbre},‘qu

is a Poisson bracket for which the coefficients 6f) are Casimirs.

If we compare the expressions above for the brackets migh with expressions (7)
for the Mumford vector fields, we conclude that they are Hamiltonian with respect to
{-, '}}\/t.q with Hamiltonian functionk . Checking thatb,, is Poisson can be done by
a straightforward (but rather long) computation using the following expressions for the
derivatives ofA;,  j.:

fu@), PNy, = -

oa(x + y)u(x)u(y)) ,

{w@), p(MImg =) ( +a(x + y)v(X)u(y)) .

Ay, i _ | =BiitLigenips i+ 1 E{in ik},
0 otherwise,

0Dy, iv | = Diig,.igs i & fin, ... ik},
0 otherwise.

For the second statement, one easily checks that whisnodd then; is a Poisson
involution, so thatthere is an induced brackeRn_1) > or onP,;/Zfl. Explicitformulas

for this bracket are computed as in the proof of Proposition 3.5. The other statements in
(ii) then follow from (i). O

It is easy to check that the Poisson brackets}’, g, and{. -}fw on M, _, are
compatible, wherp and+y have degree at most 1. This is however not true wihéa
of higher degree.
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5. Painlevé Analysis

The results in the previous section show that the general fiber of the momentum map of
the KM systems is an affine part of a hyperelliptic Prym variety (or two copies of it),
which can also be described as a hyperelliptic Jacobian. In order to describe precisely
which affine part we determine the divisor which needs to be adjoined to each affine part
in order to complete it into an Abelian variety. Since it is difficult to do this by using the
maps®,, we do this by performing Painlevé analysis of the KM systems.

The method that we use is based on the bijective correspondence between the principal
balances of an integrable vector field (Laurent solutions depending on the maximal
number of free parameters) and the irreducible components of the divisor which is
missing from the fibers of the momentum map (see [1]).

We look for all Laurent solutions

1o ()
NG =—E i 20
a;(t) trjzoal (20)

to the vector field (13) of the-body KM system. The following lemma shows that any
such Laurent solution of (13) can have at most simple poles. We may supposérthat
(20) is maximal, i.e. a(o) = 0 for at least one, and we call theorder of the Laurent
solution. The order of pole (or zero) of(¢) is denoted by, sor = max r;.

Lemma5.1. Let the Laurent seriesa; (), i = 1, ..., n, given by (20) be a solution to
the vector field (13) of the n-body KM system. If at least one of the a; has a pole (for
t = 0) thenitisa Laurent solution of order 1. Moreover the orders of the pole (or zero)
of each g; (¢) satisfy

(0) 0
i =diy1 — 4 (21)

Proof. Fors € N we find from (20):

a;i(t) —ri, §=0
Res —~¢f =
t=0 a;(1) {0, s > 0.

On the other hand, if we use (13) then we find

ai(t) (r=—s=1) _ ,0—s-1)
It?: a,(t)t _Bes(az 1) —air1@) 1’ _a,r]_A ,_r;_ld

We conclude that

k) (k) —ri, k=r— 1

11_a1+1_{ol 0<k<r—2 (22)

Now substituting (20) into (13) and comparing the coefficient/of 11 the following
equation theindicial equation) is obtained:

=a%w@® -ad%), i=1....n (23)

_rai aiy1)s

If a; has a pole of order > 0 thena,” # 0 and (23) implies\”; — a0y = —r.

Comparing with (22) we see that we must have 1 and that (21) holds. O
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Notice that in view of the periodicity of the indices; {,, = a;) the linear system

0 0 .
1= (al'(-‘r)l_ai(—)l)’ 1= 1,...,7’[,

has no solutions, so that at least one ofdﬁ)é vanishes. If, say;éo) = “15921 = 0 while

al.(o) #0fori =1,..., kforsomekintherange 1..., n — 1 (this includes the case of

a singlei for whicha'® = 0) then the indicial equation specializes to

aéo) =1,

a® —a® =1 i=2..k-1

‘1152)1 =-1
which has no solution fok odd, and which has a unique solutier”, ..., a\”) =
(-1,1,1-1,2,...,-1,1) for evenk, k = 2. The other variablea,ﬁ?ﬁ1 ...a? can

either be all zero, or they can constitute one or several other solutions of this type (with
varyingk = 2/), separated by zeroes. Using periodicity the other solutions to the indicial
equation are obtained by cyclic permutation.

Thus we are led to the following combinatorial description of the solutions to the
indicial equation of the-body KM system. For a subsdtof Z/n, and forp € Z/n let
us denote byA(p) C Z/p the largest subset of that containg and that consists of
consecutive elements (with the understanding @) = @ whenp ¢ A). If we define

Y.={ACZ/n|pe A= #A(p) s even,

then we see that the solutions to the indicial equation are in one to one correspondence
with the elements oE,,. In the sequel we freely use this bijection. Foe %, we call
the integer # /2 its order, denoted by ordi.

For each solution to the indicial equation (i.e., for eacle ¥,) we compute the
eigenvalues of the Kowalevski matr, whose entries are given by

oF;
M;; = a;(ago), RN a,(lo)) +8ij,
whereF; = a;(a;j—1 — a;1+1), theithcomponent of (13). The number of non-negative
integer eigenvalues of this matrix are precisely the number of free parameters of the
family of Laurent solutions whose leading term is given(bip), e, a,ﬁo)) (see [1]),
hence we can deduce from it which strata of the Abelian variety, whose affine part appears
as a fiber of the momentum map, are parameterized by it.

Proposition 5.2. For a solution of the indicial equation correspondingto A € %, the
Kowalevski matrix M hasn — ord A non-negative integer eigenvalues.

Proof. In view of (21) the entries oM can be written in the form

(1—7‘,’)5,"]', If al.(o) =0

M:: = 0 . 0
" al.( )(ai,j+1 - Si,jfl), |f ai( ) 7& 0
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Note also that, by using tl#&/n action, we can assume thatlA, n ¢ A, and thatd
is a disjoint union ofA(p1), ..., A(py), with p1 < p2 < --- < ps. Letl; = ordA(p;).
ThenM has the following form:

Ci1| E1 —h
D; 0
Cy | E2
M= D>
0 o [E
Dy

On the upper right corner the matrix has entrjs, and the blocksC;,D; and E;,
i=1,...,s,are matrices as follows:

e C; is atridiagonal matrix of size/20f the form:

e D; is a diagonal matrix of the forb; = diag(1+1;,1,...,1, 1+ [;41), with the
convention that ifD; is 1 x 1 theniits only entry is ¥ [; +;;
e E; is a matrix with only one non-zero entryl; in the lower left corner.

Itis clear that the set of eigenvaluesMfis the union of the set of eigenvalues of the
C;’s andD;’s. Now we have:

Lemma 5.3. The eigenvalues of the matrix C; are {+1, +2, ..., +/;}.

Assuming the lemma to hold we find that the number of negative eigenvaluds of
isequaltoy ;_,1; = Y ;_j ordA(p;) = ord A, so the proposition follows.

So we are left with the proof of the lemma. We writdor /; and we denote by
e; the j”‘vector of the standard basis 62. In the basise, €, ..., ey_3, €_1,
ey, €_2, ..., &4, & the matrixC; takes form

(2e)
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whereA is the transpose of the matrix

o ... ... 0 1
o 2 -1
A= 3 -2 0
0 . :
/[ 1-1 0 ... O
We show that this matrix has eigenvalues-22, 3, ..., (—=1)'~11. Then the result fol-
lows because the eigenvaluestofire=+ the eigenvalues of.
Forj =1,....1 letf; = [1/71,2/=1 .. /=17 and letV; denote the span of
f1,...,f;. Forv = [vy, ...,u]T e C! we have thav e V; if and only if there exists

a polynomialP of degree less thap such thatvy = P(k) fork = 1, ..., 1. Since the
k"component ofAf; is given by

, , . ‘ 1
k(l—k+17 4+ Q- —k+2/ =1/ LK/t (1 +0 (E)) ,
we have thainf; C V;, more precisely
Afj e (=177 +via

This means that in terms of the ba:{fg} the matrix A is upper triangular, with the
integers 1 —2, 3,..., (—1)~1 on the diagonal. O

By the proposition above we can have a Laurent solution depending-of free

parameters (a principal balance) only for thehoices ofA given by(aio), cees a,(,o)) =
(-1,1,0,...,0) and their cyclic permutations. Let us check that these lead indeed

to asymptotic expansions which formally solve (13). By 82 in [1], these solutions are
actually convergent and so they define convergent Laurent solutions.

It suffices to do this for the solutio(uio), e a’(10)) = (=1,1,0,...,0) of the
indicial equation. By (21) we know that the order of the singularities of this solution
are(ry,...,rp) =(1,1,-1,0,...,—1) sowe have the following ansatz for the formal
expansions:

1
ar(t) = =~ +o1+ pa + 03,

1 2
ax(t) = n + oo + Bot + O(t9),
az(t) = Bt + O(2),
aj(t)y=a;+Bjt+0@?, 4<j<n-1,
an(t) = But + O(1?).
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If we replace these expansions in Eq. (13) definingrittdy KM system we obtain
the consistency equations:
a1 —o2 =0,
2f1 — B2 = —a102 — P,
B1—2B2 = —a102 + B3,
Bj =ajl@j-1—ajy1), 4<j<n-1

They give exactly the — 1 free parameterss, aa, .. ., o1, B3, By- The coefficients
a® = @, ... al") for k > 2 are then completely determined since they satisfy an

equation of the form

(M — kI) - a® = some polynomial in thei(j) with j < k,
and the eigenvalues of the Kowalevski matéxare—1, 1, 2, by the proof above.

This leads to the following result.

Theorem 5.4. When n is odd the general fiber of the momentum map of the n-body
KM system is an affine part of a hyperelliptic Prym variety, obtained by removing »n
trandlates of itstheta divisor. When n iseven the general fiber consists of two i somorphic
components which admit the same description asin the odd case. In both casesthe Prym
variety admits an alternative description as a hyperelliptic Jacobian.

6. Example: n =5

In this section we study the 5-body KM system in more detail. Its phase space is four-
dimensional and is given bils = {(a1, az, a3, a4, as) | ai1azazasas = 1}, with Lax
operator

0 ag 0 0 A1
1 0a 0 O
L= 0 1 0wa O
0 0 1 0 a
has 0 1 0

The spectral curve detld —L) = 0 is explicitly given by
1 5 3
h+ ;A =x>—Kx°+ Lx,

where

K =ay+az+az+ag + as,
L = ayaz + araq + azas + azay + asao.
These functions are in involution with respect to the quadratic Poisson structure, given

by{a;,a;} = (6 j+1—8i+1 j)aia;. It follows from the previous section that for generic
k, [ the affine surfacé;; defined byK = k, L = [ is an affine part of the Jacobian
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of the genus two Riemann surfaEe minus five translates of its theta divisor, which is
isomorphic tol';. As we have seen, an equation fb§t0) is given by

r9:y2 = @ — ku? + lu)® — du. (24)

The two commuting Hamiltonian vector fields and X are given by

a1 = ai(as — az), aj = ai(agas — azag),
ap = az(ay — az), ay = az(agsay — azas),
az = ag(az — as), az = ag(asaz — asay),
a4 = as(az — as), ay = as(aiaz — asay),
as = as(as — ay), ag = as(azas — aaz).

The principal balance of ¢ for whicha; anda, have a pole corresponds, according
to Sect. 5, to the following solution of the indicial equations:

@?, a4, a,a®) = (-1,1,0,0,0),

and its first few terms are given by

1 1
mz_;+a_§m2+w+yy+aaﬁ

1 1
@=;+a+?¥—ﬂ—bﬁ+O@L
az =yt + 0(t?), (25)
as =58+ 0@t?),
as = Bt + O(?).

Herew, B, y ands are the free parameters. If we look for Laurent solutions that corre-
spond to the divisor to be added/®y; we find by substituting the above Laurent solution
inK =k, L =1, aiarazasas = 1,

200 + 6 =k,
205+ B —y =1,
yBs = -1,

which means that the Laurent solution depends on two paramgtensg §, bound by
the relation

1
(k 6)6+,3+ﬁ8—l, (26)
which is an (affine) equation for the theta divisor, i.e., Fqr it is easy to see that this
curve is birational to the curve (24). The other four principal balances are obtained by
cyclic permutation from (25).

‘Pr; can be embedded explicitly in projective space by using the functions with a pole
of order at most 3 along one of the translates of the theta divisor and no other poles.
Since the theta divisor defines a principal polarization on its Jacobian, the vector space
of such functions has dimensioR 3= 9, giving an embedding if*®. One checks by
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direct computation that the following functionsg, . . ., zg form a basis for the space of
functions with a pole of order at most 3 along the divisor associated with the Laurent
solution (25) (the first two functions are obvious choices from the expression (25), while
the others can be obtained from them by taking the derivative along the two flows):

z20=1
1 = aiap,
22 = aiapay,

73 = apaz(a1 + as),

74 = a1aza4(az + a4 + as),

75 = aiazas(al — az),

26 = arazas((as + ag)ay — (asq + as)az),
27 = aZabaaas,

2 2
zg = a1asas((as + as)” + azas).

The corresponding embedding of the Jacobidrfiis then given explicitly on the affine
surfacePy,; by (as, ..., as) — (zo: - -+ : zg). By substituting the five principal balances
in this embedding and letting— 0 we find an embedding of the five cuniés ..., I's

(in that order) which constitute the divisor 38¢) \ Py;:

(0:0:0:1:0:25:252: 88 : —8%)
(B82: —B28%:0: —p28%: Bs : B8 : B82:0:1— B83)
(1:0:88:0:B8(k—258):88%: —B5(B+8%—k8):0: 25k —6))
(B25:0:B8: —B8: BS(k —8) : —B82: 1+ BS2(8 — k)

D=8 —B82(B— (8 —k)?)
(B8%2:—5:0:80—k):BS:—B8:—ps%: —1:1).

(B.9) —

The points on the divisor that correspond to the above Laurent solutions are the ones
for which 8 ands are finite; notice that all these pointsIif{ are different. In order to
determine the coordinates of the other points and the incidence relations between these
points and the curveB; we choose a local parameter around each of the three points
needed to complete (26) into a compact Riemann surface:

@ 8=1u, B=1/u?1+0®);
(b) §=1u, B=udL+0®);
© B=1/u, §=—u?*1+0@).

Substituting these in the equations of the five embedded curves we find the following 5
points (each one is found 3 times because it belongs to three of the ¢ujves

p1=(0:0:0:1:0:0:0:0:0),
p2=(0:0:0:0:0:0:0:0:1),
p3=(1:0:0:0:0:0:1:0: —k),
psa=(1:0:0:0:0:0:-1:0:0),
ps=(0:0:0:0:0:0:0:1:-1).
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Fig. 2.

With this labeling of the pointg; we have thal’; contains the pointg; _1, p; andp; ;1.
As a corollary we find a Sconfiguration on the Jacobian, where the incidence pattern
of the 5 Painlevé divisors and the 5 poipisis as in the following picture (to make the
picture exact one has to identify the two points labetgdas well as the two points
labeledp4 in such a way that the curvé®s andI"4 are tangent, as well as the cuniés
andTs).

Obviously the order 5 automorphism

(a1, az, as, aa, as) — (az, az, as, as, ai)

preserves the affine surfac®; and maps every curvE; and every pointp; to its
neighbor. Since this automorphism does not have any fixed points it is a translation on
JadT';), and since its order is 5 it is a translation ovéb bf a period. Notice also that

with the above labeling of points and divisors the intersection point betWeandl; ; »

is pi+1 (so they are tangent), while the intersection points betwgendT;; 1 are p;
andp; 1. Dually, the divisors that pass throughare precisely;_1, I'; andI'; 1. The

usual Olympic rings are nothing but an asymmetric projection of this most beautiful
Platonic configuration!

References

1. Adler, M. and van Moerbeke, P.: The complex geometry of the Kowalewski—Painlevé analysis. Invent.
Math. 97, 3-51 (1989)

2. Adler, M. and van Moerbeke, PAlgebraic completely integrable systems: A systematic approach. Per-
spectives in Mathematics, Academic Press (to appear)

3. Adler, M. and van Moerbeke, P.: The Toda lattice, Dynkin diagrams, singularities and Abelian varieties.
Invent. Math.103, 223-278 (1991)

4. Courant, T.: Dirac manifolds, Trans. Am. Math. S8t9, 631-661 (1990)

5. Fernandes, R.L.: On the master symmetries and bi-Hamiltonian structure of the Toda lattice. J. Phys. A:
Math. Gen26, 3797-3803 (1993)

6. Fernandes, R.L. and Santos, J.iRegrability of the periodic KM system. Rep. Math. Phyd0, 475-484
(1997)

7. Dalaljan, S.G.: The Prym variety of a two-sheeted covering of a hyperelliptic curve with two branch
points. (Russian) Mat. Sb. (N.S98 (140), no. 21(10), 255-267, 334 (1975)



196 R. L. Fernandes, P. Vanhaecke

8. Griffiths, P.A.: Linearizing flows and a cohomological interpretation of Lax equations. Am. J. L&th.
1445-1484 (1985)
9. Giriffiths, P.A. and Harris, JPrinciples of algebraic geometry. New York: Wiley-Interscience 1978

10. Kac, M. and van Moerbeke, P.: On an explicitly soluble system of nonlinear differential equations related
to certain Toda lattices. Adv. in MatB, 160-169 (1975)

11. Kuznetsov, V. and Vanhaecke, P.: Backlund transformations for finite-dimensional integrable systems: A
geometric approach. nlin.S1/0004003

12. Mumford, D.:Tata lectures on theta. |I. Boston: Birkhduser Boston Inc., 1984

13. Mumford, D.: Prym varieties I. IrContributionsto analysis, Ahlfors L.V. Kra |. Maskit B. Nirenberg L.,
Eds., New York: Academic Press, 1974, pp. 325-350

14. Pedroni, M. and Vanhaecke, P.: A Lie algebraic generalization of the Mumford system, its symmetries
and its multi-Hamiltonian structure. J. Moser at 70, Regul. Chaotic Byh32—-160 (1998)

15. Vanhaecke, P.: Linearising two-dimensional integrable systems and the construction of action-angle vari-
ables. Math. Z211, 265-313 (1992)

16. Vanhaecke, Plntegrable systems in the realm of algebraic geometry. Berlin—Heidelberg—New York:
Springer-Verlag, 1996

17. Vanhaecke, P.: Integrable systems and symmetric products of curves. M22f, 93—-127 (1998)

18. Veselov, A.P. and Penskoi, A.V.: On algebro-geometric Poisson brackets for the Volterra lattice. Regul.
Chaotic Dyn.3, 3-9 (1998)

19. Volkov, A.: Hamiltonian interpretation of the Volterra model. J. Soviet Math46, (1576-1581) (1989)

20. \olterra, V.:.Legons sur la Théorie Mathématique de la Lutte pour la Vie. Paris: Gauthier-Villars et Cie.,
1931

21. Weinstein, A.Thelocal structure of Poisson manifolds. J. Differ. Geom. 18, 523-557 (1983)

Communicated by M. Aizenman



