CHARACTERIZING ARTIN STACKS

SHARON HOLLANDER

ABSTRACT. We study properties of morphisms of stacks in the context of the
homotopy theory of presheaves of groupoids on a small site C. There is a
natural method for extending a property P of morphisms of sheaves on € to
a property P of morphisms of presheaves of groupoids. We prove that the
property P is homotopy invariant in the local model structure on P(C, Srpd)y,
when P is stable under pullback and local on the target. Using the homotopy
invariance of the properties of being a representable morphism, representable
in algebraic spaces, and of being a cover, we obtain homotopy theoretic char-
acterizations of algebraic and Artin stacks as those which are equivalent to
simplicial objects in € satisfying certain analogues of the Kan conditions.

The definition of Artin stack can naturally be placed within a hierarchy
which roughly measures how far a stack is from being representable. We
call the higher analogues of Artin stacks m-algebraic stacks, and provide a
characterization of these in terms of simplicial objects. A consequence of this
characterization is that, for presheaves of groupoids, n-algebraic is the same
as 3-algebraic for all n > 3.

As an application of these results we show that a stack is n-algebraic if and
only if the homotopy orbits of a group action on it is.

1. INTRODUCTION

In the ground breaking work of Deligne and Mumford [DM], stacks were invented
in order to prove the irreducibility of the moduli of curves. One of the key inno-
vations enabling them to prove this was the ability to extend standard definitions
of properties of morphisms between schemes, such as étale, smooth, etc., to well
defined properties of morphisms between stacks.

From our point of view, stacks are best understood as fibrant objects in the local
model structure on the category of presheaves of groupoids on a small site €, which
is denoted P(C, Grpd)r. Stacks are the presheaves which satisfy the analogue of
the sheaf condition when the homotopy theory of groupoids is appropriately taken
into account (see [H1]). Unlike sheaves of sets, the subcategory of stacks does not
have good properties like existence of limits and colimits, though it does naturally
have a notion of equivalence which is modeled nicely by the homotopy category
Ho(P(C,Grpd)r). Studying stacks in this context means working with and in the
entire model category P(C, Grpd)y,.

The aim of this paper is first to define properties of morphisms in the context of
the homotopy theory of stacks and then to apply this to give a generalization and
homotopy theoretic characterization of Artin stacks and higher order analogues.

We now give a more detailed description of the contents of the paper.

For P a property of morphisms between schemes, Deligne and Mumford defined

a morphism between stacks M’ <, M to have property P if for every map of
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schemes X — M the 2-category pullback X x%, M’ is a scheme, and the projection
map to X has property P. One can prove (see [H3, Lemma 2.2]) that in our
homotopy theoretic context, the 2-category pullback is a model for the homotopy
pullback in the model category P(C, Grpd) . It follows that we can define properties
of morphisms in P(€, Grpd);, as in [DM] only replacing 2-category pullback with
homotopy pullback, that is, we require that the projection map X le\/t M’ — X be
weakly equivalent to a map of representables satisfying property P.

In many cases, the property that one would like to extend is not only defined
for maps of representables but for more general sheaves. For instance, if € is the
category of affine schemes one would like to consider the collection of morphisms
corresponding to open subschemes. This is most naturally defined as a property of
morphisms between sheaves on €. Any property of morphisms between sheaves on
C with representable target can naturally be extended to a property of morphisms
in P(C,Grpd)y, as follows:

Definition 1.1 (Definition 2.6). Let P be a property of morphisms in Sh(C) with
representable target. We say that f: M — N € P(C, Grpd), satisfies property P
if for all maps X — N with X € C, the map X x?\[ M — X is weakly equivalent to
a map in Sh(C) which satisfies property P.

Both philosophically and practically, this extended property P is only sensible if
it is homotopy invariant in P(C, Grpd)r. We prove that P is a homotopy invariant
when P is stable under pullback and local on the target (see Theorem 2.8). These
hypotheses are very natural and hold for many of the usual properties. However it is
not always trivial to prove that they hold. An example of this is when €= Aff,..
is the site of affine schemes in the flat topology and the property is being a map
between representables. In this case, the fact that this property is local on the
target amounts to faithfully flat descent.

When P is the property of being a map between representables, P is called being
a representable morphism. In [H3] we extended Deligne and Mumford’s definition
of algebraic stack to an arbitrary site in the following way.

Definition 1.2 (Definition 2.11). We say that M € P(C,Srpd) is generalized
algebraic if

(i) Its diagonal M — M x M is representable,
(i1) There is a cover X — M with X € C.

With the above understanding of properties of morphisms we can give a vastly
streamlined proof of the characterization of algebraic stacks originally proven in
[H3].

Theorem 1.3 (Theorem 2.15). Let C be a site which is local and satisfies descent
for morphisms. Then M is a generalized algebraic presheaf of groupoids if and only
if there is a weak equivalence
(X, Xm) — M € P(C,Grpd) L,
where
o (X,,X,n) is a groupoid object in C,
e the domain map X,, — X, is a cover.

In section 3 we consider the theory of algebraic spaces in preparation for the
following section where Artin stacks are introduced. We recall both Artin and
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Knutson’s definitions of algebraic spaces and compare them with another abstract
definition: we call a sheaf of sets on C an algebraic space if it is also an algebraic
stack in the sense of Definition 2.11. We then present conditions on the site €
which guarantee that the property of having domain an algebraic space is local on
the target. We call this sites stackable (see Definition 3.10). These hold for most
familiar topologies on schemes. We also give conditions under which a property P
can be extended to a well defined property of morphisms with domain an algebraic
space which is stable under pullback and local on the target. We call such properties
covering invariant (see Definition 3.13). In this case we can extend this property
to a homotopy invariant property of morphisms in P(C, Grpd)y, - the property of
being representable in algebraic spaces with property P (Definition 3.15).

In section 4 we recall Artin’s definition of stack and present an abstraction of
this definition to an arbitrary site € and covering invariant property P.

Definition 1.4 (Definition 4.2). We say that M € P(C, Srpd) is P-Artin if

e its diagonal is representable in algebraic spaces, and
o there is a map X — M from a representable X which is locally essentially
surjective and has property P (in the sense of Definition 3.15).

When C is locally finite type schemes in the étale topology and P is the prop-
erty of being a smooth morphism we explain how this gives back Artin’s orig-
inal definition. Next we give a characterization of P-Artin stacks in terms of
simplicial diagrams. Recall that 7,4 denotes the fundamental groupoid functor
s8et — Grpd, which can be applied to a presheaf of simplicial sets to obtain a
presheaf of groupoids.

Theorem 1.5 (Theorem 4.5). Let C be a stackable site and P be a covering invari-
ant property. A presheaf of groupoids M is P-Artin if and only if there is a weak
equivalence
7Toioi)(o — M
where Xo € Cq4 is a simplicial object in C satisfying
(i) Xo is a 2-coskeleton.
(i) do,dy: X1 — Xo have property P,
2
(iii) The Kan maps Xo — XY are covers fori=0,1,2.
k
(iv) The Kan maps Xy — X0 are isomorphisms for k > 2 and all i.

One may consider a presheaf of groupoids M to be a presheaf of simplicial
sets, via the nerve embedding Grpd — s8et. In this context, working in the local
model structure on presheaves of simplicial sets P(C, sSet)r, (see [DI]), we have
the following equivalent statement, which we prove as a Corollary of the Theorem
above.

Corollary 1.6. A presheaf of groupoids M is P-Artin if and only if there is a weak
equivalence
Xo — M € P(C,s8et),
where Xo € Cq satisfying the hypothesis of Theorem 4.5.
When the property P is that of being a cover, the definition of P-Artin indi-

cates a natural inductive definition of n-algebraic stacks: A 0-algebraic stack is a
representable sheaf, a 1-algebraic stack is an algebraic stack as in Definition 2.11,
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a 2-algebraic stack is a P-Artin stack with P the property of being a cover, and, in
general,

e we say that M € P(C, Grpd) is n-algebraic if there is X € € and a cover
X — M which is representable in (n—1)-algebraic spaces ((n—1)-algebraic
stacks which are weakly equivalent to sheaves of sets).
We prove an analogous characterization of n-algebraic stack (Theorem 4.14). A
somewhat surprising consequence of this characterization is that the hierarchy we
have described for algebraic stacks ends at n = 3, i.e. if M is n-algebraic with
n > 3 then M is in fact 3-algebraic.

Theorem 1.7. (Theorem 4.14). Let C be a stackable site in which covers are
covering invariant. A presheaf of groupoids M is n-algebraic, with n > 3, if and
only if there is a weak equivalence

ToidXe — M € P(C,Grpd)
where Xo € Cq is a simplicial object such that

(i) Xe is a 2-coskeleton.
(ii) The following Kan maps are covers

do,dll X1 —>X0
Xy — XN i=0,1,2
Xy — XM i=0,1,2,3.

Furthermore, if M is homotopically discrete and satisfies the above condition then
it is in fact 2-algebraic.

As in the case of Artin stacks, an alternate characterization in terms of simplicial
sets is: M is n-algebraic if and only if there is X, as above and a weak equivalence

Xo = NM € P(C, s8et).

Using the concept of n-groupoid, all of the above characterization results can be
phrased in a uniform way. Recall that an n-groupoid is a simplicial set for which
the Kan condition hold in dimensions < n and hold with unique lifting for & > n.
One can define a simplicial object in € to be an n-groupoid if the Kan maps are
covers for k < n and isomorphisms for £ > n. Then the various characterizations
above say that a stack is n-algebraic if it is weakly equivalent in P(C, sSet), (resp.
P(C,Grpd) 1) to a simplicial representable object X, (resp. the homotopy colimit
of X,) which is an n-groupoid and a 2-coskeleton. These characterizations indicate
that one should call a presheaf of simplicial sets an n-algebraic stack if it is weakly
equivalent to a simplicial representable n-groupoid X,.

In section 5 we prove invariance the property of being n-algebraic with respect
to homotopy orbits under representable group actions.

Theorem 1.8 (Theorem 5.1). Let G be a group object in C with G — % a cover

and let M L. BG be a map. If N — M denotes the homotopy fiber of M ER BG,
then N is n-algebraic/P-Artin if and only if M is.

One of the motivations for this Theorem comes from work in progress with G.
Granja on stacks of ruled surfaces. A ruling of a surface E determines a projection
E — C which is a P'-bundle over a curve C. Let M be the stack classifying families
of ruled surfaces corresponding to a fixed curve C, Since the ruling is unique, a
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family of such ruled surfaces naturally projects onto an underlying C-bundle. This
determines a projection map M — B Aut(C') and the fiber of this map is the stack
of P-bundles over C, (which assigns to X the groupoid of P!-bundles over the
product C' x X). Using the above Theorem one can show that M is algebraic since
the stack of P!-bundles over C' is known to be algebraic (see [B]).

1.1. Notations and conventions. By a Grothendieck topology we mean a col-
lection of coverings satisfying certain axioms (see [MM, Definition 2, p.111]), this
is sometimes called a basis for a topology. In particular we assume that € has
pullbacks. We write P(C, D) for the category of presheaves on € with values in a
category D, write P(C) = P(€, Set), and Sh(C) for sheaves of sets. We will only con-
sider Grothendieck topologies which are subcanonical, that is, where representable
functors are sheaves.

If X is an object in € we use the same letter to denote the corresponding rep-
resentable sheaf. Given a groupoid object (X,, X,,,) we write do,d;: X,,, — X, for
the domain and range maps.

For us a stack is a presheaf of groupoids F' on a small site € which satisfies
descent, or “the homotopy sheaf condition”. This means that for all covers {U; —
X} in € the canonical map

is an equivalence of groupoids. For a description of the model structure on Grpd
and explicit descriptions of homotopy limits and colimits in Grpd, see [H1].

The category of presheaves of groupoids on a small site € admits a model category
structure denoted P(C, Grpd);, in which the fibrant objects are the stacks. This
model structure is the localization of the projective model structure on the diagram
category P(C, §rpd) with respect to the collection of maps {U, — X} where {U; —
X} is a cover in C and U, is the nerve of this cover taken in P(C, Grpd) via the
Yoneda embedding (see [H1]).

We will need the following basic result [H1, Theorem 5.7] characterizing the weak

equivalences in P(C, Grpd);, as the maps F' Y Ge P(C, Grpd) which satisfy the
local lifting conditions.

Definition 1.9. A map F 2. Ge P(C,SGrpd) satisfies the local lifting condi-
tions if:

(1) Given a commutative square
) — F(X)
F - G(X)

there exists a cover {U; — X} and liftings in the diagram as follows

I/ ) F(X) —= F(U)
Al i G(X) G(U,).

-
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(2) For A — B, one of the generating cofibrations in Srpd (see [H1, Section
2.1]) OA! = {x,x} — Al or BZ — «, given a commutative square,

|

there exists a cover {U; — X} and lifts in the diagrams as follows

11 F(X) > F(Uz)
B=~ G(X) G(U;)

Note that condition (1) means that F' — G is locally essentially surjective while
condition (2) says that F' — G is locally full and faithful.

The site Aff 4 consists of affine schemes with covers finite collections of flat
morphisms which are jointly surjective. This is sometimes called the fpqc topology.
For (A,T") a Hopf algebroid, M 4 1 denotes a fibrant replacement (or stackification)
of the presheaf of groupoids represented by (Spec A, SpecI') in P(Aff ¢4, Grpd) 1

2. PROPERTIES OF MORPHISMS IN P(C, Grpd)r,

In this section we will define and study properties of morphisms in P(C, Grpd) .
The main Theorem 2.8 describes hypotheses on the property which guarantee that
it is a homotopy invariant. We then discuss some immediate consequences of this
invariance result.

Definition 2.1. Let C be a Grothendieck topology and P be a property of morphisms
from a sheaf to a representable sheaf.

(1) P is said to be local on the target if F’ Jixe Sh(C) has property P
whenever there is a cover {U; — X} € € such that each U; xx F — U; €
Sh(C) has property P.

(2) P is said to be stable under pullback if given F — X with property P
and Y — X € C it follows that F xx Y — Y has property P.

We begin by discussing some examples of such properties.

Example 2.2. (i) A map F — X € Sh(€), with X € C, is an inclusion if it
is a monomorphism of sheaves. The property of being an inclusion is stable
under pullback and local on the target.

Proof. The property is clearly stable under pullback. We will show that given
F — X, if {U; — X} is a cover and F; = F xx U; is a subsheaf of U; for
each i then F is a subsheaf of X. Let a,b € F(Z) and assume the images
of a,b agree in X(Z). Thinking of these as morphisms a,b : Z — F we can
take pullbacks and obtain maps a;,b; : U; X x Z — F; whose composites with
the inclusion F; — U; are equal. By hypothesis F; — U; is a subsheaf hence



(i)

(iii)

(v)
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a; = b;. Tt follows that the images of a and b in each F(U; x x Z) agree. As
{U; xx Z — Z} is a cover and F is a sheaf, a equals b. O

A map of sheaves f: F' — X is representable if F' is isomorphic to a repre-
sentable functor. This property is always stable under pullback since we are
assuming that € has pullbacks and the Yoneda embedding preserves pullbacks
but it is not always local on the target.

Recall [H2, Definition 5.1] that a site € satisfies descent for morphisms
if the presheaf of groupoids X +— Iso(C/X) is a stack. If C satisfies descent
for morphisms then representability is a property which is local on the target.

Proof. Suppose we have a cover {U; — X} and pullback squares in Sh(C):
Vi—>F

|

UZ‘*)X

where each V; — U; € €. We have canonical isomorphisms V; x ¢, (U; xx Uj) =
Vj xu, (Us xx Uj) over U; xx Uj;. The universal properties of fiber products
guarantee that these isomorphisms satisfy the cocycle condition and so descent
for morphisms implies that ' =Y for some Y € C. a

Note that Af f ;4 - Affine schemes with the flat topology - satisfies descent
for morphisms by [SGA, Theorem VIIL.2.1].
A collection {F; — X} € Sh(C) is a cover if each F; is isomorphic to a
representable sheaf U; and the collection of maps {U; — X} is a cover in
C. Let C be a site satisfying descent for morphisms. We will say that the
topology on C is local if the property of being a cover is local on the target.
Faithfully flat descent implies that the flat topology on affine schemes
ASf f1a¢ 18 local and it is easy to see directly that the étale and Zariski topolo-
gies on schemes are also local.
Let € = Aff 4 An inclusion F' — X is an open (closed) subscheme if
F is isomorphic to a sheaf represented by an open (closed) subscheme of X.
These properties are clearly stable under pullback and local on the target.
Note that because an open subscheme of an affine scheme might not be
affine, the inclusion of an open subscheme is not necessarily a representable
morphism.
Let C = Aff e, F1 — X is flat if F' is represented by a scheme Y and the
induced map of schemes Y — X is flat. This property is stable under pullback
and local on the target.

From now on P will always denote a property of morphisms from sheaves to
representable sheaves on € which is stable under pullback and local on the target.

Definition 2.3. We say f: M — N € P(C,Grpd) is sheaf representable if for
all maps X — N with X € €, the map X xgi[ M — X is weakly equivalent in
P(C,Grpd)r to a map in Sh(C).

Notice that since sheafification of a presheaf of sets is a weak equivalence in
P(@, Grpd) 1, sheaf representability is the same as presheaf representability (defined
in the obvious way).
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Lemma 2.4. A presheaf of groupoids F is weakly equivalent in P(C, Srpd)r to a
sheaf of sets if and only if the natural maps

F — mo(F) — Sh(mo(F))
are weak equivalences.

Proof. The condition is clearly sufficient. Conversely, the local lifting conditions
(Definition 1.9) imply that the map F — Sh F' is a local weak equivalence for any
presheaf of groupoids (see also [H1, Proposition 5.9]).

Thus Sh F' is also weakly equivalent to a sheaf of sets. Applying the local lifting
conditions to such a zigzag of weak equivalences one easily checks that Sh F' is level-
wise homotopically discrete, i.e. Sh(F') — mo(Sh F) is a levelwise weak equivalence.

Using the fact that Sh(F') is levelwise homotopically discrete, it is easy to check
that the map

F— 7T0(F)

also satisfies the local lifting conditions. O

tF -t xe P(C, Grpd)y, is a morphism with X € C and F' is weakly equivalent
to a sheaf of sets then the above Lemma provides a functorial factorization of f

F =5 Sh(my(F)) — X

where the first map is a weak equivalence and the second is a morphism in Sh(@). Tt
follows that sheaf (or equivalently presheaf) representability of M — N is equivalent
to requiring that X x’?l\f M be weakly equivalent to a presheaf of sets for all maps
X — Nwith X € C.

If we fix a sheaf representable map f: M — N then there are factorizations,
functorial in maps X — N,

(2.5) X xh M —S o (X xB M) —= Sh(mo (X xB M)

l

X.

Definition 2.6. Let P be a property. We say that f: M — N € P(C,SGrpd)y,
satisfies property P if for all maps X — N with X € C, the map X x4 M — X
is weakly equivalent to a map in Sh(C) which satisfies property P.

Note that satisfying a property implies sheaf representability and in turn, sheaf
representability corresponds to satisfying the empty property of morphisms. More-
over, M — X satisfies property P iff M — my(M) is a weak equivalence and the
induced map of sheaves Sh(my(M)) — X satisfies property P in the original sense.
In particular, for F € Sh(C), a map F' — X satisfies property P in the sense just
defined iff it does in the original sense.

Example 2.7. An especially important case is when the property P is having
representable domain. Then a morphism f: M — N satisfying property P is called
a representable morphism.

Notice also that the previous definition makes sense even without the requirement
that the property be local on the target and stable under pullback. However when
this is not the case then this notion will fail to behave as expected. In particular,
being local on the target and stable under pullback guarantees that having property
P is a homotopy invariant in the following sense:
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Theorem 2.8. Let P be a property of morphisms of sheaves with representable
target which is stable under pullback and local on the target.

(i) Given a commutative square in P(C,Grpd)r,

N —— N

|,k

M—M

with « and § weak equivalences, the morphism f satisfies property P if and
only if ' satisfies property P.

(i) Given a homotopy pullback square in P(C,SGrpd);, with B locally essentially
surjective

N —2= N

fl lf’
B
M——M
the morphism f satisfies property P if and only if ' satisfies property P.

Proof. We prove (i): it is obvious that f’ satisfies property P if and only if f' oo =
B o f does, so it suffices to see that f satisfies property P if and only if 3o f does.
Given X — M, X € C the map X ng/t N—-X X}Jift/ N is also a weak equivalence.
It follows that if § o f satisfies property P then so does f.
Now assume f satisfies property P and X — M’ is a morphism with X € C.
Using the local lifting conditions one can find a cover {U; — X} and for each i a
lift making the diagram commute up to homotopy

Ui-—=>M
b
X —M.

Since f satisfies property P, we see that U; ng,t N — U, satisfies property P, and
since the diagram is homotopy commutative it follows that the pullback of the
morphism X xg/[/ N — X to U; also satisfies property P.

To finish the proof we must check that, as a property of maps from presheaves
of groupoids to representable sheaves, P is local on the target. For each i, we have
the following commutative diagram

U; xé‘v[, N —> 7T0(Ui X;Lv[/ N) — Sh(ﬂ'o(UZ X]Ji/[/ N)) —U;

| i | |

X xh, N ——mo(X xh, N) —= Sh(mo(X xhy, N)) — X.

Using our functorial model for the homotopy pullback, the outer rectangle is a
pullback square. As sheafification preserves fiber products, the rightmost square
must also be a pullback square. As P is local on the target, Sh(mo(X x%, N)) — X
satisfies property P and so it suffices to check that X x%., N — mo(X xk, N) is a
weak equivalence.
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Using the local lifting conditions, it is enough to check that given an automor-
phism a € X x}ji/[, N(Z), there exists a cover V; — Z such that the image of « in
each V; is an identity. As U — X is locally surjective, U x%, N — X xh N is
also locally surjective on automorphisms. Since automorphisms on U x?v[, N are
locally trivial, the same is true on X x2, N'.

The proof of (ii) is essentially the same as the proof above so we leave it as an
exercise for the reader. (]

Recall that if C satisfies descent for morphisms then the property of being rep-
resentable is local on the target (see Example 2.2(ii)).

Corollary 2.9. Let C be a site satisfying descent for morphisms. Then

(i) The property of being a representable morphism is homotopy invariant in
P(ev 97’pd)L.

(i) If in addition the site C is local (see Example 2.2(iii)) then the property of
being a cover is homotopy invariant.

Example 2.10. Let C = P(Aff 4, 9rpd)r. Then being a representable mor-
phism and being a cover are both homotopy invariant notions.

2.1. Generalized algebraic stacks. Deligne and Mumford defined algebraic
stacks in [DM] to study the moduli of curves. Their definition can be naturally
abstracted to the following which we recall from [H2].

Definition 2.11. We say that M € P(C, Grpd) is generalized algebraic if

(i) Its diagonal M — M x M is representable,
(i1) There is a cover X — M with X € C.

An immediate consequence of Theorem 2.8ii) is:

Lemma 2.12. Let C be local and satisfy descent for morphisms. If there exists
X — M a cover with X € C, then M is generalized algebraic.

Remark 2.13. Observe that being generalized algebraic as stated is only a level-
wise homotopy invariant. Though 2.11(i) is a homotopy invariant of M if C satisfies
descent for morphisms, 2.11(ii) is only a levelwise homotopy invariant. This sub-
tlety is the source of an inaccuracy in [H2]. The correct statement of the main
theorem of [H2|] should be that of Theorem 2.15 below (this is actually what is
proven in [H2]).

Given a local weak equivalence M’ — M the pullback M’ x%, X — M’ is a
cover in the extended sense but the domain is no longer necessarily a representable.
Using the local lifting conditions we can find a cover {U; — X} such that each U;
factors through M’ but this only provides us with a collection of maps

{Ui = M’}

which is a cover (in the sense that the pullback along representables is a collection
of maps weakly equivalent to a cover in €), instead of a single map as the definition
requires.

Example 2.14. Assume that € has finite coproducts, and that the collection of
maps {U; — [[U;} is a cover. Let y denote the Yoneda embedding. The natural

map
H y(Ui) — ?/(H Ui)
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is sheafification and hence is a weak equivalence in P(C, Grpd)r. However, [[y(U;)
is not generalized algebraic as there can be no surjective map from a representable
Z to it since ([Jy(U;))(Z) = [ hom(Z, U;).

Morally speaking, the problem with the definition as stated is that although
being a cover is a homotopy invariant being a representable is not. On the subcat-
egory of stacks (fibrant objects in P(C, Grpd)y) this problem does not arise since
the notions of weak equivalence and levelwise weak equivalence coincide.

The main result of [H2] was a homotopy theoretic characterization of generalized
algebraic stacks. Using Theorem 2.8 we can give a very simple proof of this result.

Theorem 2.15. [H2, Theorem 4.3] Let C be a site which is local and satisfies
descent for morphisms. Then M is a generalized algebraic presheaf of groupoids if
and only if there is a weak equivalence

(Xo, X)) — M € P(C,Grpd),
where

o (X,,X,,) is a groupoid object in C,
e the domain map X,, — X, is a cover.

Proof. Assume M is generalized algebraic and let X,,, be the representable weakly
equivalent to X xﬁ(,l X. Since X — M is a cover it follows from the the local
lifting conditions (see Definition 1.9) that the induced map (X, X,,) — M is a
weak equivalence.

Conversely, let (X,, X,,) — M be a weak equivalence. One can calculate that
the presheaf (X,, X,,) is generalized algebraic and the natural map X, — (X,, X,)
a cover. Since C is local and satisfies descent for morphisms, Corollary 2.9 implies
that the properties of being a representable morphism and a cover are homotopy
invariant. It follows that the diagonal of M is also representable and the composite
X, — M is a cover. O

Example 2.16. The site C = Af f 4, is local and satisfies descent for morphisms.
It follows that the generalized algebraic presheaves in P(Aff 4, Grpd)1 are the
presheaves admitting a weak equivalence from ones that are corepresented by flat
Hopf algebroids.

A pair (X,, X,,) as in the statement of the previous Theorem is called a pre-
sentation for M. Since (X,, X,,) is cofibrant in P(C, Grpd); we can deduce the
following Corollary:

Corollary 2.17. Let C be a site which is local and satisfies descent for morphisms.
A presheaf M is weakly equivalent to a groupoid object (X,, Xp) in C, whose domain
map X, — X, is a cover, if and only if its fibrant replacement is a generalized
algebraic stack.

In particular, this Corollary says that a stack M is generalized algebraic
if and only if it is weakly equivalent to a groupoid object (X,, X,,) in C,
whose domain map X,, — X, is a cover.

When the target is generalized algebraic, there is a simple criterion for checking
when a morphism has property P, which follows easily from Theorem 2.8(ii).
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Corollary 2.18. Let C be a local site satisfying descent for morphisms, M be

generalized algebraic and X — M a cover. A morphism M’ 7, M has property
P if and only if the pullback

M le\/l X—-X
is weakly equivalent to a morphism in € with property P.

3. ALGEBRAIC SPACES

Algebraic spaces were introduced by Artin in order to study algebraization prob-
lems. We recall the definition.

Definition 3.1. An algebraic space is a sheaf of sets on Aff. which can be
written as the coequalizer of two étale maps

R=U
U,Re Aff, which define a categorical equivalence relation R — U x U (see [Bo]).

The previous definition is the original one given by Artin in [Ar] except that he
requires that R ~— U x U be a closed subscheme, instead of just a monomorphism.
Knutson gives a different definition in [Kn] which is weaker. Although it is phrased
slightly differently, it is easy to check that Knutson’s definition is equivalent to the
above when one replaces U with an arbitrary quasi-separated scheme and require
that R — U x U be quasi-compact.

The weakenings of the various definitions are strict. One can see this by con-
sidering algebraic spaces which are schemes. Artin’s definition guarantees that
the scheme is separated and quasi-compact, while the definition above allows for
quasi-compact schemes which are not separated and Knutson’s definition allows for
schemes which are not even quasi-compact.

In terms of the discussion in the previous section an algebraic space can be
interpreted in the following way.

Proposition 3.2. Let C be affine schemes with the étale topology. A sheaf of sets S
is an algebraic space if and only if it is a generalized algebraic presheaf of groupoids
in the sense of Definition 2.11.

Proof. Suppose S is given by (U, R). Then (U, R) is a groupoid object in € and, by
assumption, the projection maps R — U are covers. It follows that (U, R) represents
a generalized algebraic presheaf. Since R is an equivalence relation, this presheaf
of groupoids is levelwise homotopically discrete and hence weakly equivalent to its
7o which is in turn equivalent to .S, (its sheafification).

Let F be a sheaf of sets which is a generalized algebraic presheaf of groupoids.
Then there is an affine groupoid scheme (X,, X,,) with do,d; : X,, — X, étale
covers and a weak equivalence (X,,X,,) — F. Since F is a sheaf of sets we have
that X,, — X, x X, is a monomorphism of sheaves in the étale topology and
therefore also a categorical monomorphism in affine schemes. Hence X,,, defines an
equivalence relation on X, whose quotient is F'. ([l

Example 3.3. Let U = A} \ {0} with k a field of characteristic not equal to 2 and
consider the Z/2-action on U given by multiplication by —1. This gives rise to a
groupoid object (U,Z/2 x U) in affine schemes which is homotopically discrete (as
there is no isotropy for the action). The corresponding equivalence relation is the
inclusion of the diagonal union the anti-diagonal in U x U and the quotient map is
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the squaring map Aj \ {0} — A} \ {0}. This equivalence relation is closed and the
corresponding algebraic space is just the scheme A} \ {0}.

Remark 3.4. Recall that a scheme X is separated if the diagonal map X — X x X
is a closed embedding. By analogy we say that an algebraic space is separated if
the diagonal map is closed (i.e. has the property extending the property of being
a closed subscheme). It follows from Corollary 2.18 that an algebraic space is
separated iff the map R C U x U is a closed subscheme, and so Artin’s definition
of algebraic space is just Definition 3.1 plus the condition of being separated.

Example 3.5. Consider the following variation on the above example. Z/2 x U is
a coproduct of two copies of U which we label as Uy and U;. Consider the affine
groupoid (U, Uy [[(Uy \ {£1})). The equivalence relation this generates is as before
with the exception that the points (1,—1) and (—1,1) are missing from R. The
corresponding algebraic space is again a scheme - a punctured line with a double
point - which is not separated.

Example 3.6. Let k be a field of characteristic not equal to 2 and consider the
sign action of Z/2 on Aj. The action groupoid is not homotopy discrete since 0 has
Z/2 isotropy and so does not give rise to an algebraic space.

Instead of the action groupoid we can look at the equivalence relation it deter-
mines R C A} x A} (R is the union of the diagonal and the anti-diagonal). Since
the projection maps R — Al are not étale this does not give a presentation of an
algebraic space. In fact, one can check that the coequalizer of the sheaves R = A},
is not an algebraic space.

To obtain an algebraic space we can remove the non-trivial isomorphism of the
point 0 in the action groupoids. The corresponding equivalence relation is the map
R = AL TTAL\ {0} — A} x A} where the first factor is mapped by the diagonal
and the second by the anti-diagonal. We will show that this algebraic space is not
a scheme.

The map R’ — A} x A} factors through R and R" — R is an epimorphism of
schemes, but it is not an epimorphism of sheaves. Since it is an epimorphism of
schemes, the coequalizers in schemes of R = A} and R’ = A} agree (if they exist).
If k is algebraically closed one can check that the coequalizer as a ringed space (and
therefore as a scheme) is the squaring map s: A, — Al determined by the map of
rings k[z] — k[z] sending z to x2.

However this is not the coequalizer of R’ = A} in the category of sheaves, since
the fiber product of

AL 5 AL S AL
is not equal to R'. Therefore the algebraic space determined by R’ — A} x A} is
not a scheme. Note that this algebraic space is not separated.

3.1. Generalized algebraic spaces. Proposition 3.2 suggests the following gen-
eralization of the notion of algebraic space to an arbitrary site.

Definition 3.7. A generalized algebraic space is a generalized algebraic
presheaf of groupoids which is a sheaf of sets.

Example 3.8. (1) When C = Aff, a generalized algebraic space is just an
algebraic space as in Definition 3.1.
(2) Artin’s definition of algebraic space [Ar] corresponds to a separated alge-
braic space over € = Af fq (see Remark 3.4).



14 SHARON HOLLANDER

(3) Let € be the category of schemes with some topology. Recall that a scheme
is quasi-separated if the diagonal is quasi-compact. We say that a gener-
alized algebraic space is quasi-separated if its diagonal is quasi-compact in
the sense of Definition 2.6. If (X,, X,,,) is a presentation for the generalized
algebraic space F', Corollary 2.18 says that F is quasi-separated if and only
if the map X,,, — X, x X, is quasi-compact. Thus Knutson’s definition [Kn]
of algebraic space is that of a generalized algebraic space over € = Sches
which is quasi-separated.

(4) Let € = Aff,; denote the site which consists of affine schemes and cov-
ers finite collections of jointly surjective flat maps. In this site any cover
{Spec R, — Spec S} can be replaced by a cover consisting of one open
USpec R; = Spec(J[ R;) — SpecS. Separated algebraic spaces are those
presented by unicursal flat Hopf algebroids [Ra, Appendix A].

Remark 3.9. Schemes are obtained from affine schemes by gluing affine schemes
along Zariski opens. Given X and {U; — X} a Zariski cover by affine schemes, X
is the coequalizer of the discrete groupoid (][ U;, [[U;;). If X is quasi-compact one
can assume that the U; form a finite family. Then [[U; is again an affine scheme.
If X is also separated then the U;; are also affine and hence X is equivalent to a
groupoid in affine schemes.

One is led to suspect that schemes are generalized algebraic spaces for the Zariski
topology. This is not the case. A Zariski cover X — Y is necessarily an isomorphism
so a groupoid whose domain map is a Zariski cover is isomorphic to one where all
the structure maps are the identity. It follows that the algebraic spaces for affine
schemes in the Zariski topology are just the affine schemes.

To obtain the category of schemes as an instance of generalized algebraic spaces
over affine schemes one needs a local topology on affine schemes where an epimor-
phism [JU; — X, with each U; — X a Zariski open, is a cover.

For this purpose we define the local Zariski topology Af f; 7., in which a covers
are finite collections of jointly surjective maps {¥; — X} such that for each z € X
there exists an open affine neighborhood U, such that Y; xx U, = [[, V; where
each V; is an open affine subset of U, and J is finite.

It is easy to check that this is a local topology which sits between the étale and
Zariski topologies and relative to which quasi-compact separated schemes will be
algebraic spaces.

We now give conditions on the site C so that the property of a morphisms of
sheaves having domain a generalized algebraic space is local on the target and stable
under pullback. This will play a role in the next section when we characterize Artin
stacks.

Definition 3.10. We call the site C stackable if C is local, satisfies descent for
morphisms, and the following condition: Any cover {U; — X} has a subcover
{V; = X} of cardinality k such that

e coproducts of cardinality x exists in C,

e [[;V; — X is a cover, and

o {V; =11, V;} is a cover.

The topologies we usually work with on affine schemes, such as the étale or
flat (fpqc) topologies are stackable. Here covers are finite collections and finite
coproducts exist in Af f. Most topologies on arbitrary schemes are also stackable.
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There one sometimes considers infinite covering families, but infinite coproducts
also exist.

Proposition 3.11. Suppose C is stackable. Let F — X be a map of sheaves and
{U; — X} a cover such that F x x U; are generalized algebraic spaces, then F is a
generalized algebraic space.

Proof. Using the notation of Definition 3.10, let Y = Hj Vi. Then Y — X is a
cover of X and since [[V; is also the coproduct of the sheaves V; we have that
FxxY = ]_[j F x x Vj is an algebraic space.

Clearly F' xx Y — F'is a cover in the sense of Definition 2.6. Taking a cover
U — F xx Y with U € €, we have that the composition U — F' is again a cover
and hence F' is a generalized algebraic space (see Lemma 2.12). O

If @ is stackable, the property of morphisms from sheaves to representables having
domain a generalized algebraic space is local on the target. This property is clearly
stable under pullback so we can extend it to a homotopy invariant property of
morphisms in P(C, §rpd) (by Theorem 2.8) which is called being representable in
algebraic spaces.

Definition 3.12. A map f: M — N € P(C,S9rpd)., is representable in alge-
braic spaces if for all X € C, the pullback X x?\/ M is weakly equivalent to a
generalized algebraic space.

Since the notion of generalized algebraic space is relative to a site, it will cause
no confusion if from now on we abreviate generalized algebraic space by algebraic
space.

3.2. Morphisms between algebraic spaces. Certain properties of representable
morphisms can be extended to morphisms which are representable in algebraic
spaces. As a first step, we define what it means for a morphism from an algebraic
space to have property P.

Definition 3.13. A property P (always assumed stable under pullback and local
on the target) of maps in C is said to be covering invariant if:

e A map f: X — Y has property P whenever there is a cover {U; — X}
such that the composites U; — Y have property P.

o Iff: X — Y hasproperty P and {U; — X} is any cover then the composites
U; — Y have property P.

Example 3.14. Suppose € = Aff;. Then the properties of being étale, flat,
smooth, finitely presented, finite type are covering invariant.
If € = Af [ tpqc the property of being flat is a covering invariant.

Definition 3.15. Let P be a property which is covering invariant and F an al-
gebraic space. A map f: F — X with X € C has property P if for any cover
7: U — F with U € C, the composite f o j has property P.

The above definition is in fact equivalent to one where one only requires the

existence of a cover. The proof is a simple exercise.

Lemma 3.16. Let P be a covering invariant property of morphisms in C and F an
algebraic space. A morphism f: F — X has property P if and only if there exists
a cover j: U — F such that f o j has property P.
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The proof of the following result follows easily from the previous lemma.

Proposition 3.17. Suppose C is stackable and P is a covering invariant property.
Then the property of morphisms in Sh(C) with representable target given by

e having domain an algebraic space, and
e having property P in the sense of Definition 3.15

is stable under pullback and local on the target.

It follows that, when € is stackable and P is a covering invariant of morphisms,
then P extends to a homotopy invariant property of morphisms in P(C, Grpd)y,
which we call being representable in algebraic spaces with property P.

Remark 3.18. In [Kn] a map F' — F of algebraic spaces is said to have property
P if it lifts to a map with property P, U — U’ between some covers of the respective
algebraic spaces (see [Kn, I1.2, Definition 2.1]). It’s a simple exercise to check that
this definition coincides with the definition of property P when C = Af f,.

4. GENERALIZED ARTIN STACKS

In this section we will recall Artin’s definition of algebraic stack and present an
abstraction of this valid in an arbitrary site. We will then give a homotopy theoretic
characterization of the abstracted definition.

Artin defined an algebraic stack [Ar, Definition 5.1] (now called an Artin stack)
as a stack over the site Schg; of schemes in the étale topology such that
e the diagonal A: M — M x M is representable in algebraic spaces,
e there is a smooth and surjective map X — M from a scheme X.
Artin also imposed some finiteness conditions which come down to working in the
subcategory of schemes which are locally of finite type.

Example 4.1. A simple example of such a stack can be obtained from the action
of any smooth group scheme G on a scheme X. The pair (X, G x X) is a groupoid
object in schemes and so represents a presheaf of groupoids. Let M denotes the
stack associated to this presheaf (i.e. its fibrant replacement in P(8chet, Grpd)r).
It is easy to compute that X x% X ~ G x X. Applying Theorem 2.8(ii) we
see that the locally essentially surjective morphism X — M is both smooth and
representable. We may apply this theorem again to show that the diagonal of M
is representable in Schg.

Replacing Schg; in the above definition with a stackable site € and smoothness
with a covering invariant property P we can abstract the above definition as follows:

Definition 4.2. Let C be stackable and P be a covering invariant property. We
say that M € P(C, Grpd) is P-Artin if
e its diagonal is representable in algebraic spaces, and
o there is a map X — M from a representable X which is locally essentially
surjective and is representable in algebraic spaces with property P.
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4.1. Characterization of P-Artin Stacks. In this subsection we give the char-
acterization of P-Artin stacks. We begin with the following Lemma which is an
immediate consequence of Theorem 2.8 and Proposition 3.17 (see the proof of The-
orem 2.15).

Lemma 4.3. A presheaf M is P-Artin if and only if there is a weak equivalence
from a presheaf of groupoids (X, F) —~ M with X representable, F weakly equiv-
alent to an algebraic space, and F' — X having property P.

We will need some notation for the statement of our main theorem. Let A[n] €
s8et be the standard n-simplex. We write A} for the subsimplicial set obtained by
removing the i-th face from A[n]. This can be written as a coequalizer in sSet:

(4.4) 1T An-2= [] ARr-1]

0<k<j<n,k#i#j 0<j<n,j#i

Given a simplicial object X, in a category € with fiber products we will write X

for the equalizer of
H anl = H Xn,Q
0<j<n,j#i 0<k<j<n,k#i#j

dual to (4.4). There are natural maps X,, — X given by H#i d;, which are
called Kan maps.

Recall also that given a simplicial set X, 7,;4X denotes its fundamental groupoid,
which is the groupoid with object set Xy and morphisms generated by X7 subject
to the relations

o sox = id,, for z € X
e doyodsyy = dyy, for y € Xo.

The coskeleton, cosk, is the right adjoint to the forgetful functor €, = A" —
@AY where A% is the full subcategory of A with objects {0,...,n}. A simplicial
object is called an n-coskeleton if it is isomorphic to a diagram in the image of the
functor cosk,,.

Theorem 4.5. Let C be a stackable site and P be a covering invariant property.
A presheaf of groupoids M is P-Artin if and only if there is a weak equivalence
ToiaXe — M
where Xo € Cq4 is a simplicial object satisfying
(i) Xe is a 2-coskeleton.
(ii) do,dy: X1 — Xo have property P,
(iii) The Kan maps Xo — Xf\? are covers fori=0,1,2,
(iv) The Kan maps Xy, — X?f are isomorphisms for k > 2 and all i.

Proof. Suppose that M € P(C,Grpd) is P-Artin and let X — M be a locally
essentially surjective map from a representable as in the definition of P-Artin.
Letting F' = X x/; X we clearly have that (X, F) defines an object in P(€, Grpd)
which is weakly equivalent to M in P(C, Grpd).

Let Y — F be a cover. We have two maps Y — X given by composition of the
cover with the projections X x 7\4 X — X. They are essentially surjective and, by
definition of P-Artin, have property P. Let Xg — X be a cover such that

Xo XS F
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(with A the diagonal) factors as a map Xg 2y, Setting F’ = X, x, X, we again
have that (X, F’) is a presheaf of groupoids coming with a weak equivalence to
(X, F). Notice that the natural map F’ — F is a representable morphism and so
X1 = F'x Y isrepresentable. Then X; — F’ is a cover, the maps dg, d; : X1 — X
have property P and there is a common section sg: Xg — X7 which has as factors
the diagonal map Xy — F’ and A: Xy — Y.

Now let X5 and d; : Xo — X7 be defined by requiring that the following be a
pullback diagram

dy

(4.6) X5 X1
\L(dzde) \L
Xy xxy X1 —= F' xx, F' 27— p

where v: F' xx, F' — F’ is the composition map in the groupoid (Xo, F’) and
X1 xx, X1 is the pullback taken along the two projections X; — F/ — X. Thus
X, consists of lifts to X of triples formed by a pair of composable arrows in (X, F)
and its composite.

We can define two degeneracy maps sg, s1: X1 — Xa, respectively, as the fiber
products of (id, sodp): X1 — X1 X x, X1 (respectively (sody,id)), and the identity
map X; — Xj. Clearly the simplicial identities are satisfied in the truncated
simplicial object thus defined.

Since (Xo, F') is a groupoid, if in (4.6) we replace the map (da,dp) : Xo —
X1 Xx, X1 by either (dy,ds) or (da,dy), the map dy : X — X3 by the remaining
boundary map, and v by the appropriate operation in the groupoid (Xo, F’), then
we still obtain a pullback square.

As X; — F' is a cover, the same is true of the map Xo — X3 xx, X1 in (4.6)

which is the Kan map X, — Xﬁ\ i in the statement of the Theorem. The argument
in the previous paragraph implies that the remaining two Kan maps are also covers.

Finally, we define the simplicial object X, as the 2-coskeleton of the truncated
simplicial object defined above (which is possible since € has pullbacks). Explicitly,
X3 will consist of lifts to X; of triples of composable maps in the groupoid (Xo, F’)
together with lifts of all of their composites, and similarly for higher k. It is then

clear that the Kan maps X — X?ﬁ are isomorphisms for k > 2.

An easy application of the local lifting conditions now shows that the map
ToidXe — (X0, F') is a weak equivalence in P(C, §rpd)r, which concludes the proof
of necessity.

Now assume that we are given a simplicial object X, satisfying the conditions
of the statement. It suffices to show that 7,;qX,e is P-Artin, that is, we can take
the weak equivalence in the statement of the Theorem to be the identity and M =
ToidXe-

Set F' = Xo x, Xo = mor(M). There is an obvious map X; — F. As the Kan
maps Xo — X Xx, X; are covers, they are also epimorphisms of sheaves and so
X1 — F is locally surjective, i.e. X; — sh(F) is an epimorphism of sheaves. By
assumption, the two composites X; — F — sh(F) — X, have property P so, by
Lemma 4.3, it remains for us to see that

e [ is weakly equivalent to an algebraic space, i.e. sh(F) is an algebraic
space,
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e X; — sh(F) is a cover.
By Theorem 2.15 to see that sh(F') is an algebraic space it suffices to check that
X1 Xgp(ry X1 is representable and X X g,(py X1 — X7 is a cover. It then follows
that X7 — sh(F) is also a cover.
We have the following pullback square

Xo xx, Xo Xo

dgﬂ‘Qi dong\L

X1 —— X1 Xx, X1
Sod())(ld

where the top left hand corner is the pullback of the map dy: Xo — X; and
so: Xo — Xi1. By assumption, the right hand map (one of the Kan maps) is a
cover, so dgmo is a cover, and a similar argument shows that d;ms is also a cover.
The proof will therefore be complete when we prove that

dyxd
(4.7) Xo xx, Xp T2,

is an isomorphism, or equivalently, as X1 X p,(p) X1 = sh(X1 xr X1), that

X1 Xsn(r) X1

(4.8) Xo xx, Xp (Dxd2)mz,
is a local weak equivalence.

Note that X x x, X2 consists of triangles with degenerate 0-face. The Kan condi-
tions on X, in dimensions 2 and 3 imply that (4.8) is locally surjective. Concretely,
given two 1-simplices in X; with common source which map to the same arrow in
F, there is locally a 2-simplex in X, with degenerate O-face having the 1-simplices
as its remaining edges.

To see that (4.8) is a monomorphism, notice that two elements in Xy xx, Xs
with the same image in X7 X g X7 are two triangles with the same boundary. Since
X, is a 2-coskeleton we can find an element in X3 having the given triangles in
X5 as two of the faces and the two remaining faces degenerate. The assumption

X1 XFX1

2
that the Kan maps X3 — Xf\ * are isomorphisms says that the element in X3 is
determined by any of its horns. Considering the horns obtained by removing the
face corresponding to each of the given triangles in X5 we see that these must be
equal. O

In particular, a stack M is P-Artin if and only if it is weakly equivalent
to the fundamental groupoid of X, € C,, satisfying the hypothesis of
Theorem 4.5.

Recall that the local model structure P(C, sSet)r, can be obtained as a localiza-
tion of the projective model structure with respect to hypercovers [DHI]. Here weak
equivalences can be described in terms of local lifting conditions for presheaves of
simplicial sets described in [DI], [DHI]. We will need a special case which applies to
locally fibrant simplicial presheaves. A presheaf F' € P(C, sSet)y, is locally fibrant
if the Kan lifting conditions hold locally, that is, if given a commutative square

OA} —— F(X)

l

An
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there exists a cover {U; — X} and lifts in the diagrams as follows

0N} —— F(X) —— F(U;).

/7
—
~
—
—
—
—

Am T
Explicitly we will apply the following:

Proposition 4.9. [DHI, Proposition 3.1] A map F — G between locally fibrant
simplicial presheaves is a weak equivalence if and only if given a commutative square

OA" — F(X)

|

A" — G(X)

there exists a cover {U; — X} and lifts in the diagrams as follows

OA" — F(X) —— F(U;)

|4

A" —— G(X) —— G(U;).

The hypothesis on X, in the statement of Theorem 4.5 guarantees that X, is a
locally fibrant presheaf of simplicial sets. The presheaf Nm,;qX, is levelwise fibrant.
One can apply the previous Proposition to see that the map

Xo = N7piaXe € P(C, s8et),

is a weak equivalence. We obtain as a corollary the following variation on Theorem
4.5 in P(C, s8et)r,.

Corollary 4.10. A presheaf of groupoids M is P-Artin if and only if there exists
a simplicial representable Xo € Cq4 satisfying the hypothesis of Theorem 4.5 and a
weak equivalence

Xo¢ = NM € P(C, s8et).

4.2. Higher analogues of Artin stacks. Let € be a stackable site (see Definition
3.10). In this section we will define and analyze higher analogues of Artin stacks.
For the sake of simplicity we will restrict attention to the case where the property P
in Definition 4.2 is simply being a cover, though similar results can be obtained for
other covering invariant properties. We necessarily assume throughout this section
that to be a cover is a covering invariant property in C.

When P is the property of being a cover we will call a P-Artin stack a 2-algebraic
stack. By analogy with the definition of algebraic space we will call a discrete 2-
algebraic stack a 2-algebraic space. This suggests a hierarchy of definitions which
we will now present.

Definition 4.11. Let M € P(C,Grpd)r,. A map X — M is called a 0-representable
cover if M € C and the map X — M is a cover in C.



CHARACTERIZING ARTIN STACKS 21

(1) We say that M’ — M is an n-representable cover, n > 0, if for all
Y — M, withY € C, Y xh M’ is weakly equivalent to an (n—1)-algebraic
space and the projection map Y le\,l M — Y is weakly equivalent to a
cover, in the sense of (3) below.

(2) M isn-algebraic, n > 0, if there exists an n-representable cover X — M,
with X € C. A sheaf of sets which is n-algebraic is called an n-algebraic
space.

(8) If F is an n-algebraic space, n > 0, a map F — X, with X € C, is a
cover if for all n-representable covers Y — F, with Y € C, the composite
Y — F — X is a cover in C.

Remark 4.12. In the first item of the Definition, requiring that Y xﬁ,l M’ be
weakly equivalent to an (n — 1)-algebraic space is the same as requiring that Y x’/’w
M = mo(Y xk M) be a weak equivalence and sh(mo(Y x%, M’)) be an (n—1)-
algebraic space (see Lemma 2.4). It follows that Y x} M’ — Y is weakly equivalent
to a cover if and only if sh(mo(Y x’t, M’)) — Y is a cover in the sense of Definition
4.11(3) above.

Since we assume the site C is local, in Definition 4.11(3) we can replace the
condition that the composite be a cover for all covers, with the condition that this
happens for some cover.

The initial conditions of the induction imply that 0O-algebraic presheaves are
true representables. A 1-representable cover is what we have called a representable
morphism which is a cover. Hence, 1-algebraic is what we have called generalized
algebraic, and a l-algebraic space is an algebraic space. A 2-representable cover
is what we have called a cover represented in algebraic spaces. It follows that a
2-algebraic presheaf is a P-Artin presheaf for P the property of being a cover.

The argument used to prove Proposition 3.11 implies that if C is stackable then
the property of maps of sheaves with representable target of having domain an
n-algebraic space is local on the target (and similarly for the property of being a
cover in the sense of Definition 4.11 (3)). The proof goes by induction using the
fact that being a cover by an (n— 1)-algebraic space is local on the target and stable
under pullback. The fact that having domain an n-algebraic space is stable under
pullback also follows easily by induction on n.

We conclude that being an n-representable cover is a homotopy invariant prop-
erty in P(C, §rpd)r. Therefore we have the analogue of Lemma 4.3 and Theorem
2.15 for n-algebraic presheaves, as follows:

Lemma 4.13. A presheaf M is n-algebraic if and only if there is a weak equiva-
lence from a presheaf of groupoids (X, F) —» M with X representable, F weakly
equivalent to an (n — 1)-algebraic space, and F' — X weakly equivalent to a cover.

Recall that, in the above Lemma, F' is discrete and so one is in fact requiring
that sh(F) be an (n — 1)-algebraic space, and sh(F) — X a cover. The Lemma
implies that if M is a stack, it is n-algebraic if and only if it is weakly equivalent to
a presheaf of groupoids (X, F') with X representable, F' an (n — 1)-algebraic space,
and F' — X a cover.

We have the following characterization of n-algebraic presheaves of groupoids.
It implies that if M is n-algebraic with n > 3, then it is in fact 3-algebraic.
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Theorem 4.14. Let C be a stackable site and suppose covers are covering invariant
in C. A presheaf of groupoids M is n-algebraic, with n > 3, if and only if there is
a weak equivalence

WoidXo - M
where Xo € Cq is a simplicial object such that

(i) Xe is a 2-coskeleton.
(i) The following Kan maps are covers

do,dy: X1 — Xo,
A2 .
Xo — Xo%,1=0,1,2.
Xy — XN i=0,1,2,3.

Furthermore, if M is homotopically discrete and satisfies the above conditions, then
it is in fact 2-algebraic.

Remark 4.15. Since X, is a 2-coskeleton, and skaA =, sko A™ for n > 3, the
Kan maps
X, = X0 n >3,

are isomorphisms. It follows that the analogue of hypothesis (iv) of Theorem 4.5
is also satisfied here. Ome sees that the hypothesis on X, given in the previous
Theorem 4.14 and those of Theorem 4.5 fit into a family indexed by an integer k
such that the Kan maps are required to be isomorphisms above dimension k& and
covers up to dimension k (here k = 3 and in Theorem 4.5 k = 2).

Proof. We begin with an n-algebraic stack and construct the desired simplicial
object. As in the proof of Theorem 4.2 we can construct a truncated simplicial
presheaf (F3,Y7,Ys) whose fundamental groupoid is M and where d; : Y7 — Yj are
covers. Here F} is defined as the pullback (V) Xy, Y1) x ' Y] where F/ =Y le\,l Y, is
(n —1)-algebraic and Y1 — F” is an (n — 2)-representable cover. Now Fj is (n — 2)-
algebraic and the covering Kan maps Fj — Y7 Xy, Y7 are (n — 2)-representable
covers.

We can find an (n — 3)-representable cover Uy — Fj, and a cover Uy — Y7 so
that the degeneracies Y7 = Fj lift to maps U; — Us. We can then choose a cover
Up — Yp so that the degeneracy Yy — Y7 lifts to a map Uy — U;.

Now set Xy = Uo, X, = (UO X.’/l\/l UO) X g Ul, and Xy = ((Xl XXOXI) X g Xl) XF2/
Us. We claim that X5 is representable. This is because the map

(Xl XXO X]_) X Fr Xl) — F2/

is representable, as Fj = (Y7 Xy, Y1) X/ Y7 and the map is induced by the maps
XO —>Y0,X1 —>}/1 e C.

One can check that this choice of X; defines a 2-truncated simplicial object in
which all the existing Kan maps are covers. Let X, be the 2-coskeleton of this
truncated simplicial object. By construction, the fundamental groupoid of X, is
weakly equivalent to M. The only thing left for us to check is that the Kan maps
out of X3 are covers.

Let F = X x", X, and recall that X; — F is a (n —2)-representable cover. Let
Fy = (X1 Xx,X1)xrX1. This consists of the collections of triples of elements of X;
which form commutative triangles in the groupoid (Xo, F'). Notice that Xo — Fj
is an (n — 3)-representable cover.
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Letting X, = cosky(F2, X1, Xo), we have (X])3 = X:A?. This is because I,
consists of lifts to X; of commutative triangles in the groupoid (Xj, F') and to
give a collection of such triangles that form the horn of a 3-simplex is to give the
1-skeleton of 3-simplex (6 elements of X7) such that 3 out of the 4 faces commute
in (Xo, F'). But this implies that the remaining face commutes also, and so these
faces form the boundary of a 3-simplex in X, which is the same as a 3-simplex in
X/, it being a 2-coskeleton.

3
Since X, is a 2-coskeleton, X3 is the pullback of X5 with Xf\  over its boundary
(X.)?2%. Observe that F — (X,)?2” and so X3 is also the pullback in the square
below

(4.16) X ' X,

| |

3 3 d;
XN ——= XN e x> B

It follows that X3 — X f\ ? is also an (n — 3)-representable cover, but since these are
actually representables it is just a usual cover in C.

This completes the proof of the first direction.

For the other direction, assume X, is a simplicial object in € satisfying the hy-
pothesis of the Theorem. It suffices to consider the case when M is the fundamental
groupoid of X, in P(C, Grpd)r. Let F' = X, X?\A Xo be the presheaf of morphisms
in M. There is an induced map X; — F' and the composites X; — X are covers,
so we need to show that F is weakly equivalent to a 2-algebraic space, that is sh(F)
is a 2-algebraic space and the map X1 — sh(F') is a cover. Since X; — sh(F) is
an epimorphism, this amounts to showing that X; x ,(ry X1 is a 1-algebraic space
(algebraic space) and the projection maps X1 X 4p,(p) X1 — X are covers.

The Kan conditions on X, imply that the first map

(4.17) Xo xx, Xo = X1 xp X1 — X1 Xgpr) X1

sending a 2-simplex with a degenerate dy edge to its two non-degenerate edges is
locally surjective. It follows that the composite is an epimorphism of sheaves and
we will prove that it is a cover.

Before doing this, observe that the composite of this map with the projection 7o
onto X7 fits into a pullback square

(4.18) Xo Xx, X2 Xo

ldgﬂ‘g J{dOXdQ
sodp xid

X3 —= X, X X, X;i.

and so da7my is a cover. A similar argument shows that the composite of m; with
(4.17) is also a cover. It follows that if X; x,,(p)y X1 were algebraic then the
projections X1 Xp () X1 — X1 would be covers, and so we are left to show that
(4.17) is indeed a 1-representable cover, i.e. that the fiber product

(419) (XO X X, XQ) XXlxsh(F)Xl (XO X X, X2)

is representable and the projections onto each of the factors are covers in C.
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Since X1 Xp(r) X1 = X1 x Xi, the pullback in (4.19) agrees with the pullback
taken over X7 x X; and so is representable, and consists of pairs (o1, 02) of 2-
simplices which agree along the boundary and have degenerate 0-edge. We will
use this description of (4.19) to build the boundary of a 3-simplex with these faces
which will allow us to see that the projections onto the factors are indeed covers.

Taking s1dyo1 and spsodpdpor we obtain 2-simplices which, together with o
and o9, form the boundary of a 3-simplex. This construction gives us a pullback
square

(4.20) (4.19) - — — > X, = (X,)?87

|
™1 | \L
\V q
Xo X x, Xg —— (X.)Ai

where the bottom horizontal arrow sends o1 to the horn formed by (o1, s1d101, sosododoor).
Since the right hand vertical map is a cover by hypothesis, so is the left vertical
map.

This completes the proof of the second direction.

Finally, if M is locally homotopically discrete, then sh(F) — Xy x Xy and so
X1 Xen(ry X1 = X1 Xx,x X, X1 18 representable. We have already shown that the
projections X7 Xgp(ry X1 — Xj are l-representable covers, but since the source is
representable now it is actually a cover in €. It follows that sh(F') is an algebraic
space and so M is 2-algebraic. O

In particular, a stack M is n-algebraic, n > 3 if and only if it is weakly
equivalent to the fundamental groupoid of X, € C,, satisfying the hy-
pothesis of Theorem 4.14.

As in Corollary 4.10, the hypothesis on X, together with Proposition 4.9 guar-
antee that the map X, —— N7,;aXe € P(C,s8et)r, is a weak equivalence.

Corollary 4.21. A presheaf of groupoids M is n-algebraic, with n > 2, if and only
if there is a weak equivalence

Xo — NM € P(C,s8et),
where Xo € Cq is a simplicial object satisfying the hypothesis of Theorem 4.14.
4.3. oo-algebraic stacks. It is natural now to consider the following definition:

Definition 4.22. We say that X — M, X € C is an oo-cover if it is locally
essentially surjective, and
o setting M1 =X X.}/L\/l X, there is a locally essentially surjective map X1 —
M1 with X7 € € such that the composite X1 — X is a cover in C.
o Setting Mo = X3 xﬁ/ll X1 there is a locally essentially surjective map Xo —
My with Xo € C such that the composite Xo — X1 is a cover in C.
e and so on indefinitely.
We say that M € P(C, Grpd), is oo-algebraic if it admits an co-cover.

The argument in the proof of Theorem 4.14 immediately implies the following
result.

Corollary 4.23. If M is co-algebraic then it is 3-algebraic. If M is also homo-
topically discrete then it is 2-algebraic.
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Example 4.24 (Quasi-compact quasi-separated schemes). Let € be affine schemes
in the local Zariski topology (see Remark 3.9) and let X be a scheme which is quasi-
compact and quasi-separated. We explained in Remark 3.9 how a quasi-compact
separated scheme is an algebraic space in C.

If a scheme is not separated there is no guarantee that intersections of open affines
are again affine. However, since X is quasi-separated, intersections of open affines
are still quasi-compact, which tells us that X is co-algebraic in €. By Corollary
4.23, X is actually 2-algebraic. This means that there are local Zariski covers by
affine schemes Y — X and Z — Y xx Y such that Z Xy« ,v Z is affine.

Since every local Zariski cover may be refined by a Zariski cover and X is quasi-
compact, we may assume that ¥ = [[U; with {U; — X} a finite affine cover,
and similarly we may assume that Z = ]_[ijk Vijk where {Vi;r — U,;} are finite
affine covers. Then the fact that Z Xy vy Z is affine says that the intersections
Vijk N Vi are affine for all ¢, 5, k, k'

This property of quasi-compact separated schemes is new, to the best of our
knowledge.

4.4. n-groupoids and stacks in simplicial sets. The characterizations of dif-
ferent sorts of algebraic stacks given above can all be described within a single
framework if one considers the concept of an n-groupoid.

Definition 4.25. A simplicial set X, is called an n-groupoid if
(i) The Kan maps X; — X?g are epimorphisms for all j and 1.
(i) The Kan maps X, =, Xﬁ\? are isomorphisms for all m > n and all i.
Notice that a 1-groupoid is a simplicial set which is the nerve of a groupoid.

Definition 4.26. Let C be a site. We call a simplicial diagram Xo in C an n-
groupoid in C, if

(i) The Kan maps X; — X8 are covers, for all j and i.
(i) The Kan maps X, =, Xf\i are isomorphisms, for all m >mn and all i.

In light of this, we can reinterpret Theorem 4.2 as saying that the 2-algebraic
stacks are those weakly equivalent to 2-groupoids in € which are also 2-coskeletons.
Likewise, Theorem 4.14 says that, for n > 3, n-algebraic stacks are those weakly
equivalent to n-groupoids in € which are also 2-coskeletons. This is in line with
what one might expect given the characterization of algebraic (1-algebraic) stacks
in terms of groupoids (1-groupoids) in € (note that groupoids are already 2-
coskeletons).

If X, is a 2-coskeleton, then being an n-groupoid, n > is the same as being a
3-groupoid. This explains why the hierarchy ends at 3.

If we consider presheaves of simplicial sets, this is no longer the case. These char-
acterizations motivate a definition of an n-algebraic m-stack as a presheaf of sim-
plicial sets weakly equivalent to an n-groupoid in € which is also an m-coskeleton.

5. AN APPLICATION

In this section we use Lemmas 4.3 and 4.13 to show that the homotopy orbits of
a representable group action on an algebraic stack is again an algebraic stack.

If G is a group object in € we write BG for a stack weakly equivalent to (x, G),
where x € C denotes the terminal object.
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For the next result we assume as usual that C is local and satisfies descent for
morphisms. If n > 1, we assume in addition that C is stackable and that covers
and property P are covering invariant.

Theorem 5.1. Let G be a group object in C with G — % a cover and let M L Ba

be a map. If N — M denotes the homotopy fiber of M EN BG, then N is n-
algebraic with n > 1, respectively P-Artin, if and only if M is.

Proof. Given a group G and a fibration of groupoids H —— G, there exists a
groupoid F' and a G-action on F' so that p admits a functorial weak equivalence
from the projection map

Grg(F) p_) G,
where Grg(F) is the Grothendieck construction for the G-action on F. Moreover,
p’ is a fibration and so F is both its fiber and homotopy fiber (see [H4, Theorem
2.1] for details).

We may assume f : M — BG is a fibration and A is its fiber over x (which is
fibrant). Let M’ — (%, G) denote the pullback of f along the natural weak equiv-
alence (%, G) — BG. Applying the functorial weak equivalence above levelwise, we
can find a presheaf of groupoids F', an action of the presheaf of groups represented
by G on F, and a levelwise weak equivalence

GrgF — M’

of fibrations over (%, G). The fiber of M" — (%, G) over « is also A/ and so we have
a commutative diagram with weak equivalences as indicated

~

F N

l levelwise \L
MN - GTG (F) level?uise MI loZal '/l/l
(*,G) — (x,G) -—>= BG

local

Since M"” — M’ is a levelwise weak equivalence the induced map on fibers F' — N
is a levelwise weak equivalence also, and so F' is also fibrant.

Assuming N is n-algebraic (resp. P-Artin) so is F, and so there is a representable
X and amap ¢ : X — F which is an (n—1)-cover (resp. locally essentially surjective
and satisfies property P). Let X,,, = X x. X. Writing F' = (F,, F},,), the composite
map
X — GrgF =M" = (F,,F,, xQ)
is still locally essentially surjective. One can compute that
Xxh, X~X, xG

and so X x’]W, X is also (n — 1)-algebraic. The projection map X xi‘w, X -X
factors as the composition X X?W/ X — X x X — X and hence is an (n — 1)-cover
(resp. locally essentially surjective and satsifies property P). It follows that M” is
n-algebraic (resp. P-Artin) and hence so is M.
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Conversely, if M is an n-algebraic (resp. P-Artin) stack, then there is a rep-
resentable X € € and an (n — 1)-representable cover (resp. locally essentially
surjective map satisfying property P) X — M. Since x — BG is representable, the
pullback X ><']3G * is represented by some F € €. The map F — X is a G-bundle
and is therefore also a cover, since G — * is a cover. It follows that £ — M is
also a cover (resp. locally essentially surjective and satisfying property P). Since
it factors through A/ and F — A is a levelwise weak equivalence, we may assume
that E also factors through F'.

cover X

cover (P) cover (P)

<= -t

HM
Now one can compute that
(ExVEYxG 5 (ExhEYxG=Ex%, EEx\,E

which by hypothesis is (n — 1)-algebraic and an (n — 1)-representable cover of E
(resp. locally essentially surjective and satisfying property P). Since the property
of being (n — 1)-representable cover (satisfying property P) is local on the target, it
follows that E x% F is also (n — 1)-algebraic and is an (n — 1)-representable cover
of E (resp. locally essentially surjective and satisfying property P). [
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