pop header will be provided by the publisher

Preliminary Notes. Introduction in Topological String Theory

on Calabi-Yau manifolds

Albrecht Klemm*1

1 UW-Madison Physics Department
1150 University Avenue
Madison, WI 53706-1390

Received 15 November 2003, revised 30 November 2003, accepted 2 December 2003
Published online 3 December 2003

Key words List, of, comma, separated, keywords.

PACS 04A25

Copyright line will be provided by the publisher

Contents
1 Motivation 4
2 Overview 5
3 Semi-classical approximation and super symmetric localization 9
3.1 Asimplesupersymmetricindex . . . .. . ... 10
4 Supersymmetric nonlinear o-models 12
41 N =(1,1)nonlinearo-model . . . . ... ... .. .. ... 12
4.2 Compactifications with N = (2, 2) world sheet supersymmetry . . . . . .. .. ... ... 14
43 The(2,2) non-linearo-model . . . . ... ... .. .. ... 14
5 Twisting the N = (2, 2) theories and cohomological field theories 16
5.1 Generalities on the physical observables . . . . . .. ... . ... ... ... . ...... 18
5.2 Afirst look at the metric (in)dependence and topological string theory . . . . . . ... .. 20
5.3 Afirstlook at the deformationspace . . . . . . . . .. .. ... ..o 22
5.4 Conformal Field Theory pointofview . . . ... ... ... ... ... ... . ...... 24
5.5 tt* equations, special geometry and contactterms . . . . . ... ... ... . ... 28
5.6 SUIGEIY . . . e 35
6 The topological A-model 37
6.1 A model without worldsheet gravity . . . . .. ... ... ... .. ... . . ... ..., 38
6.2 Coupling the A model to worldsheetgravity . . . . ... ... ... .. ... ....... 41
6.3 Topological gravity . . . . . . . . . . .. e 41
6.4 Kontsevichmodel . . . . . . . . . . . 45
6.5 Physicalapproachto2d gravity . . . . . . . . . . . . 47
6.6 Integralsoverthe Hodgeclasses . . . . .. ... . . .. . ... . ... 49
6.7 Themodulispaceof maps . . . . . . . . . . . 50
6.8 Ideaoflocalisation . . .. .. . . .. . . ... 51
6.9 Toricstringbackgrounds . . . . . . ... 53
6.10 Harvey-Lawsonspecial LagragianBranes . . . . . .. . ... ... ... . . ... . ... 58

* Corresponding author: e-mail: aklemm phsyi cs. wi sc. edu, Phone: +001 608 252 3242, Fax: +001 608 252 3242

Copyright linewill be provided by the publisher



4 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds
6.11 Localisationinthe modulispaceofmaps. . . . . . . ... ... ... ... . . ...... 58
6.12 Localization of open string amplitudes . . . . . . . . ... ... Lo oL 61
6.13 Localizationon O(=1) @ O(=1) = Ptand O(=3) = P2, . . . ... ... ... ..., 62
6.14 BPS invariants for branes wrapping Curves . . . . . . . . . .. o 62
6.15 BPS count, heteroric string and modular functions . . . . . . ... ... ... ... ..., 65
6.16 Geometric interpretation of the BPS numbers and their relation to Donaldson-Thomas in-

Variants . . . . e 66

7 Large N transitions and the topological vertex 70
7.1 Chern-Simons Theory as Gauge Theory description of the Open String . . . . . . . .. .. 70
7.2 Geometrictransitions . . . . . . . 71
7.3 The closed string geometry for large N Chern-Simons theoryon T*S% . . . . . ... . .. 73

8 The topological B-model 76
8.1 The topological B without worldsheet gravity . . . . ... ... ... ... ... ..... 77
8.2 First order complex structure deformation . . . . . ... ... ... .. .. . .. ..., 78
8.3 Unobstructedness of the complex deformationspace . . ... ... ... .. ... .... 79
8.4 Kodaira-Spencer gravity as space-time action for the B-model . . . . ... ... ... .. 81
8.5 The periods and infinitesimal deformations of the complex structure . . . . . ... .. .. 82
8.6 Special Kdhlergeometry . . . . . . . . . .. 84
8.7 Picard-Fuchs equation from the symmetries of the ambientspace . . . . . . ... ... .. 87
8.8 Picard-Fuchs equation from the Dwork-Griffith reductionmethod . . . . . . . . ... .. 89
8.9 Explicite periods and monodromies . . . . . .. ..o 91
8.10 Integralityofthemirrormap . . . . . . . . . . . . . . ... 92

8.11 Solutions to the Picard-Fuchs equations for all complete intersection in toric ambient spaces 93
8.12 Rational expressions for the threepoint couplings in generic complex structure parameters . 95

8.13 Coupling the B model to topological gravity . . . . . ... ... ... ... .. ...... 96
8.14 The holomorphicanomaly . . . . . . . . . . . . . . 98
9 Complex-, Kéhler- and Calabi-Yau manifolds. 101
9.1 Complexmanifolds . . . . .. ... . .. . . e 102
9.2 Kéhlermanifolds . . . .. .. . . . . 104
9.3 Characteristic classes of holomorphicvectorbundles . . . . ... ... ... ....... 107
9.4 Axialanomaly . . . . . .. 110
9.5 Atiyah-Singerindextheorem . . . . . . . . .. .. 111
9.6 Familyindices. . . . . . . . 114
9.7 Metric Connectionand Holonomy . . . . . . ... .. .. ... . ... . . . . ... ... 114
9.8 Calabi-Yaumanifolds . . . . . . . . ... .. 115
9.9 BergersList . . . . ... 119
9.10 Examplesof Calabi-Yauspaces. . . . . . . . . . . . i 119
References 123

1 Motivation

Two major challenges that Superstring/M-theory faces today is the enormous number of apparently con-
sistent solutions and the difficulty to extract detailed physical consequences in even one of them.

The hierarchy of physical properties that one needs to know ranges from basic questions about the light

spectrum of particles to more sophisticated effective interaction terms due to collective effects like instan-
tons. In the presence of supersymmetry there is a corresponding hierarchy of more and more sophisticated
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topological and geometric invariants of the string geometry, which have the potential to calculate the an-
swers to these questions. The rich physical structure, which organizes this approach at the first levels, is
topological string theory. 1t contains per definition part of the geometry of supergravity as its limit.

Leaving philosophical speculations about the first challenge aside, it might just reflect our erratic un-
derstanding of non-perturbative string theory. A successfully strategy to decipher these non-perturbative
properties is to combine the mathematical rigidity of supergravity and topological string theory with phys-
ical consistency arguments. This bootstrap like approach revealed mirror duality, string duality, exact large
N-duality and holography. These concepts enhanced the ability to grasp the physical consequences of
string theory, which settled conceptual issues of quantum gravity, that are outside the range of perturbation
theory. M-theory is an attempt to provide a unified description of non-perturbative string theory and is
defined by various limits. Two questions are out. First whether we can develop our understanding of the
topological sub sectors and the geometry of these limits sufficiently. Secondly is the mathematical struc-
ture rigid enough to predict with some ingenuity from the knowledge of the limits the non-perturbative
completion.

2 Overview

A starting point for studying string theory in such a non-trivial space time geometry M is the non-linear o
model. The correlation functions, for simplicity we consider the partition function Z first, are given by a
variational integral

Dh .
Z(M) = D 1S(z,h,M)
(M) / Vol diff.weyl. ¢ (1)

over all embeddings of the world-sheet ¥ in M
T:X > M ()

and the world-sheet metric h. The dependence of such correlation functions on the topology and geometry
of M, which is treated here as a classical background, might be taken as a first step to describe stringy
geometry. It is of direct practical importance as it determines the effective action in 4d for string compacti-
fications on M. Of particular interest will be the dependence of terms in the low energy effective action on
the geometric moduli of M. Understanding this depends on the geometry is a prerequisite for quantizing
the latter.

However in the generic case correlation functions like (1) are far too complicated to handle. Here we
want to study the exceptions. One can be found within super symmetric compactifications of critical string
theory. Using diffeomorphism and Weyl invariance, maintained for the critical case in the first quantized
version, the dependence on the degrees of freedom of the world-sheet metric ~ simplifies drastically even
in the quantum theory. The world-sheet super symmetry gives rise to nilpotent operators @, which define
a theory whose physical operators are cohomology classes w.r.t. @. It is called topological string theory.
The reader might wonder how formal the expression (1) is. Certainly we have suppressed all fermionic
degrees of freedom in S. The full actions will be spelled out in Sec. 4. However even if we kill some
suspense let us remark that the expression for the integration over A, which is just as in the bosonic string
in (1), is surprisingly accurate for our purpose. It turns out the fermions, which we need to add play merely
the réle that the ghost system plays in the bosonic string.

Physically this reduction to the topological sub sector of the theory can be thought as a semi-classical
approximation of (1) in which the variational integral is replaced by integral over the moduli space M of
the classical solutions §S/dz = 0. E.g. for the Polyakov action these are the minimal area maps. The
path integral measure collapses to a measure on M, which depends merely on the topological properties
of the map (2) and on the cohomology classes of the inserted operators. This defines so an intersection
theory on M. The intersection numbers are topological invariants of the classical solutions. Examples are
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the Gromov-Witten invariants, which are symplectic invariants of M. o models with (2, 2) world-sheet
super symmetry, realized on Calabi-Yau manifolds Mg, allow for two possibilities to pick @, leading to
what is known as the A and the B topological string model[207]. Exchanging this choice underlies the
mirror duality and which leads to two different ways to solve both models. The B-model approach is
more effective. Open topological string theory exists as well. Preservation of at least one world-sheet
@ operator restricts the boundary conditions on Calabi-Yau three folds with STU(3) holonomy either to
special Lagrangian branes for the A-model and holomorphic submanifolds for the B-model. It had been
observed in 1992 that the open topological models are reductions of open string field theory and that this
reduction leads to Chern-Simons theories on the branes [199].

The remarkable fact is that in super string theories the restriction to the classical solutions leads to
exact calculations of certain low derivative terms in the effective supergravity action in 4d. This ability to
perform exact calculations including non-perturbative effects is typically reflected by non-renormalization
in the effective theory. For example in N = 2 super symmetric gauge theories the protected terms are the
kinetic terms of the moduli fi eldst, which give the exact ¢ dependence of the gauge couplingsas well as of
the masses of the BPS states. Both terms are calculated by genus zero g = 0 topological string amplitudes.
In N = 2 supergravity theories one obtains in addition from g > 0 topological string amplitudes the exact
moduli dependence of the coupling of the anti-self-dual graviphoton field strength F'_ to the anti-self-dual
part of the Riemann curvature R, i.e. the coupling [, . d*zF, (t)ng_2R_ AR_T20][8]. InN =1
theories one can get the superpotential from disk amplitudesand the gauge kinetic termsfrom the annulus
amplitudes. Higher genus open string amplitudes appear in the effective action of C' deformed gauge
theories [170].

Reconstruction of these exact terms in the low energy effective action of a field theory by solving the
topological string theory in a suitable chosen geometry M is called geometrical engineering. In general
one would like to understand emergence of nearly flat 4d space-time M3 ; within My ; dynamically. Often
one considers My 1 = Mg x M as ansatz. In generalizations like wrapped geometries [187] or com-
pactifications with RR/NS background fluxes on M [174], which preserve at least N = 1 supersymmetry
one can still use topological string methods to calculate the protected terms. Mg being compact leads to
traditional compactifications including non-trivial supergravity solutions, as e.g. black hole solutions on
Ms 1. The gauge sector in M3 4 can be studied even for non-compact Ms if gravity can be consistently
decoupled. This is similar to the decoupling of bulk gravity in brane world scenarios with non-compact
transversal directions.

The second class of exactly solvable examples are non-critical string theories [87][54]. Here the un-
derstanding of the infinite symmetries is much more advanced and has lead to the solvability of the string
theories with ¢ < 1 or equivalently d < 2 dimensions, including the Liouville direction, for the bosonic
case. Super symmetric versions exists a well. For the non-critical case the quantization of the two dimen-
sional metric degrees of freedom gives rise to the Liouville sector, which augments (1) in the quantum
theory. The theory consist of ghost-, matter- and Liouville sector and has an nilpotent operator ) with an
induced cohomological structure[202], which is strikingly similar to the one in the topological sector of
the critical string. The choices of matter are (p,¢) minimal models for ¢ < 1 and the free boson for the
¢ = 1 limiting value[132]. The infinite symmetries which underly the solvability of non-critical string are
well understood. An elegant way to summarize the structure is to say that log(Z(¢)) is the 7(¢) function
associated to a vacuum orbit in an infinite Grassmanian, which is physically described by an infinite 2d
fermion system.

Major insights in ¢ < 1 strings have been obtained via the double scaled matrix model [87][54]. The
finite N x N matrix model, for which i.g. several realizations exist, provides a discretization of the string
world sheet o in terms of ribbon graphs. A vertex of valence p represents a regular p-gon in the dual
discretization of X and it is simplest to fix p = 3. More importantly the dual p-gons of a graph give a
discretization of the space of metrics on ¥ modulo isomorphism. The continuum limit can be understood
as an improving approximation of the world-sheet and its metric by graphs with an increasing number
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V' of the vertexes. The key intuition is that for a larger number V' of p-gons the metric is approximated
increasingly accurately by the deficit or surplus angels in gluing the tiles and moreover that the number of
graphs which approximate a metric in a given isomorphism class becomes a good measure on the space
of metrics. Therefore integrating over metrics can eventually replaced by counting contributions of the
sum of graphs, just as the Feynman graph expansion of the matrix model. The continuum limit requires a
regularization procedure in which one takes N to infinity while tuning the coupling(s) of the matrix model
to a critical value g — g, so that a parameter t = N(g — gc)(QT) stays finite[54] [203]. The double
scaling limit regularizes the total area, whose unregularized value goes like (A) = (V) ~ ﬁ [23] as
the number of p-gons goes to infinity. One can show[23] that a genus g contribution is suppressed with
NX as N — oo and enhanced with (g — g.)>~7/2X as g — g, where x = 2 — 2g. The double scaling
definition of ¢ is chosen to counterbalance these effects and to get a finite all genus expansion in ¢.

A qualitative different relation to matrix models is provided by the Kontsevich model [203][140]. It
describes the (2, 1) pure 2d gravity case® by an hermitian matrix model whose ribbon graphs model the
cell decomposition of the moduli space M , ,, of the world-sheet with n descendant operator O; insertions.
The matrix model partition function calculates correlators (O, ... O,.) as topological intersections numbers
on M, . The cell decomposition replaces close string insertions by holes and strongly resembles the
formalism of open string field theory. The couplings ¢, of the operators Oy, are given in terms of symmetric
functions of the hermitian matrix eigenvalues, i.e by the Miura variables ¢; = trX*. Results for a given
correlator (O, ... O,.) are exact as long as the rank N of the matrix X is large enough to provide enough
independent symmetric functions for the ¢.

Exact calculations in higher dimensional topological strings have been boosted by mirror symmetry
[37] and in non-critical string theory by the double scaled matrix model approach and the Kontsevich type
matrix model. The subjects have never been independent as one needs to couple the topological A and
B theories to worldsheet gravity to get the F, amplitudes for g > 1, see [20] for the B-model. The
solution of pure 2d gravity is used explicitly in the calculation of the A-model amplitudes by localization
[141] together with Hodge integrals[68][135]. A more surprising link between the topological string on
the conifold and the ¢ = 1 string at the selfdual radius [103] has been pointed out in [89].

Two more recent developments motivate to revisit this connection. Dijkgraaf and Vafa observed in 2002
that the exact terms in the effective action of N = 2 and N = 1 supersymmetric gauge theories can be
calculated also by an hermitian matrix model. Even though this has been explained in the meantime within
the supersymmetric field theory framework, it is natural to relate it to topological string calculations by
geometrical engineering and in fact it was discovered in this way. This leads to a matrix model descrip-
tions of the topological string on non-compact Calabi-Yau and the quest for an unified description of the
integrable structure behind topological strings in various dimensions[2].

A second motivation comes from the study of open/closed string duality. In the context of non-critical
string theory the Kontsevich model has long been considered to be the simplest example of gauge the-
ory/string duality. The gauge theory part describing the open string sector is played by the finite N-
Kontsevich matrix model, while the closed string part is played by the non-critical topological string
coupled to (1, p) matter. Recent progress in solving the Liouville approach to critical string theory and
classifying its boundary conditions revealed that the Kontsevich matrix model emerges as the action on the
FZZT brane. This was anticipated from the B-model description of open string theory on local Calabi-Yau
spaces[2]. It can also be shown by calculating the exact loop-operator in the double scaling limit of the
matrix model[155] [109] or by doing a reduction of cubic string field theory[82] on FZZT branes.

An simple example of open/closed string duality in the case of critical topological string theory had
been proven by Gopakumar and Vafa in 1999. The closed string side is played by the topological string
on the non-compact Calabi-Yau geometry of two complex line bundles over the compact space P! namely
E' = O(—1) @ O(—1) — PL. The topological open string geometry is reached from E’ by contracting
the volume ¢ of the P' and then deforming complex structure of the emerging singular geometry to the

1 It has an extension to the coupling of 2d gravity to (1, p) matter [140][205][204].
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smooth cotangent bundle E = T*S3 of S3. The latter is a Lagrangian submanifold L in E w.r.t to a
natural symplectic structure on £ and Witten’s picture [199] of open topological string relates it to Chern-
Simons theory on S®. Exact solvability of topological Chern-Simons gauge theory on S3 is provided by
its relation to the 2d WZW model[201]. The closed topological string on E’ can be solved exactly by
localization [68]. This solvability on both sides provides a luxury, which is not readily available in the
analogous situation in the ADS;/CFT string/gauge theory correspondence, namely to check explicitly
that the partitions functions of gauge- and closed string theory are the same in the large IV expansion of
Chern-Simons theory when the volume of the P! is identified with ¢ = Ng2s.

Beside the partition function, which is a topological invariant of the three manifold L, Chern-Simons
gauge theory is famous for calculating topological invariants associated to Wilson line expectation values
along knots or links inside L. What is the topological string question answered by these quantities and what
are the new parameters associated to the Wilson line ? An particular answer for the unknot in S3 are open
string amplitudes ending on a non-compact branes K which meets the P! of E' in an S* [169]. The new
parameter is the area of minimal disk ending on the S, which is non-contractible within K. The geometry
of E' and K has a systematic generalization. E’ contains the algebraic torus 7 = (C*)? as an open subset
(one C* for each line bundle and one for the P*). Moreover (C*)? acts on E’ with the natural extension of
the multiplicative action of (C*)3 on itself. Varieties with this property are called toric varieties[81][167]
[50][47], here in three complex dimensions. They are characterized by the degeneration of the 7" action,
representable here as linear trivalent graphs embedded in three real dimensions. The vertices represent
C?2 patches and the graph caries the information about the transition functions. K is characterized by
the property that is is a Lagrangian which is invariant under (C*)? € T. Non-compact toric Calabi-Yau
manifolds with invariant non-compact special Lagrangian branes are a simple natural class of backgrounds
on which all open and closed topological string amplitudes be calculated by localization w.r.t. the torus
action. The question how to understand these general amplitudes comes back to Chern-Simons gauge
theory. The answer is provided by the trivalent topological vertex, which solves the problem for the open
topological amplitudes among three stacks of invariant non-compact special Lagrangian branes in a C3
patch, and gluing rules for connecting these amplitudes on a patch to global amplitudes compatible with
the global T" action. As maybe expected the answer for the vertex is related to the amplitude of a link of
three unknots in S2.

The exact calculations in the topological sector of string theory have been an indispensable guide to the
non-perturbative behavior of critical string theory. Virtually everything known about dualities involving
strong coupling regimes is known from the analysis of the topological sub sectors of the corresponding
theories. An overview over the dualities in this context is given below

Topological theories come with integrable structures, which reflect their often not immediately appar-
ent symmetries. M-theory gives hints, but the non-perturbative formulation of string theory is illusive.
Exploring possible non-perturbative completion of the topological string is a very serious chance in this
context.

On various aspects of the dualities depicted here there have been recently very good lectures. In par-
ticular on the connection between matrix models and topological string in [158] and on the connection to
Chern-Simons theory and aspects of open/closed duality in [159]. Older physical application of topologi-
cal string theory using many of the above connections are review in [134] and newer can be found in [163].
Most of the material presented here can be studied in more detail in [105]. [197] is an introduction with
the virtue of assuming very few prerequisite. An particularly important field on the borders of the material
we present and yet don’t reach is categorical mirror symmetry, see [181][125][150] and [11] for physically
motivated reviews.
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String—String Duality

f #

Type Il Heterotic
open closed closed
I Kaehler Gravity Vector multiplets
<3 .
- kS .?gegpjm Simons Gromow-Witten Treshold Correction
2 |E || Gopakumar-Vafa non-—perturbative
C:)U < S—dualit sector
e = | holomorphic Chern- ] .
g S | Simons Theory Koda_lra Spencer Hyper multiplets
= 2 | Donaldson-Thomas. | Gravity _
= T | Invariants Family Indices no nonperturbatlve
M | Matrix model Ray-Singer Torsion corrections

i A

Large N—Duality
open/closed Duality

Fig. 1 Dualities relevant for the topological string of type Il on backgrounds with two and heterotic string
in backgrounds with four covaraint constant spinors.

3 Semi-classical approximation and super symmetric localization

Let us sketch the reduction of supersymmetric critical string theory to its topological sector. The two
dimensional o-model action S(z,h, M) = fzg d?0L(z,h,G, B,...) depends generically on the metric
G of M, the NS-two form field B on M and eventually other background fields. A possible attempt

to make sense out of (1) is to expand the action around the classical solution of the equation of motion
dS

ox T=T.1

(521 25
2 02z

S(x,h, M) = S(zci, h, M) + o 3)

T=Tcl

The quadratic semi-classical approximation in §z in (1) leads then

_ Dh iS(z,h,M)
2(M) = / Vol diff weyl, 02

(52)2 82S(zp,he, M)

Z eiS(:ccz,hc,M)/’DéweiTT 4)

Telyhe
— Z eis(wcl,hc,M)det—%62S($017h67M)
02z )

Tershe

Here assumed that the determinant can be regularized and we have to consider all classical solutions, which
are minimal embeddings of the world-sheet into M. It is useful to organize these contributions in a sum
over different topological classes of such embeddings as indicated in (4). In the closed string case these
classes are labeled by the genus of the domain X, and the cohomology class H2(M,Z) of the image
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[z(X,)]. However depending on the case it might be that there are families of classical solutions of a given
topological type parametrized by moduli of the minimal embedding and eventually the complex structure
of h called h. . Inthis case one has to integrate over a suitable measure over this moduli space, which is not
indicated in the sums in (4). Naturally the semi classical approximation will be good all the configurations
“localize” close to extrema of the classical action.

It is a general fact that in supersymmetric extensions of (4) there is an exact localization to classical
configurations for correlation functions with a suitable fermion zero mode structure. This has its origin
simply in the rules of Grassmann integration over the fermionic fields ¢,

/wl...wnd¢1...d¢n:1, /wl...@...wndwlmd@bn:o. (5)

For a field configurations for which the supersymmetric variations do not vanish for all variations of the
fermionic fields one can use the supersymmetry transformation to eliminate fermions from the action. By
the second identity in (5) the fermionic measure will then produce a 0. Putting the argument around the
only contributing field configurations are the ones for which the fermionic variations are stationary, but
these are the classical configurations as we will see.

3.1 A simple supersymmetric index

This mechanism is independent of the dimension and can be demonstrated already in the 0d case, i.e. for
an ordinary integral Z = [ dazdepy dipge— 5@ ¥1:%2) gver the bosonic variable z and Grassmann variables
1 and 1. The action

S, 1, 92) = 5(OW)? — hni, ©

where h(z) is an arbitrary function of z. One checks easily that action {Q, S} := S = 0 and measure
0(dzdydyps) = 0 are invariant under the following supersymmetric transformations

d0r = el + 2y

1 = €20h (7
Sy = —€'Oh.
Away from the fix points of the fermionic transformations, i.e. for dh # 0, we can set ! = €2 = —%

and use the supersymmetry transformation to eliminate the first fermion, i.e. with £ = z 4+ Jz and zﬁ, =
¥i + 01, i = 1,2 one gets S(2,0,12) = S(z,41,12). So in the hatted variables there is no ), to “soak
up” the d«& integration and the integral vanishes. To be more explicit we transform the integration measure
also to the hatted variables. Since the transformation is singular we consider a nearby transformation
€2 = (a(z) —1)%:, ! = — 2% and send a — 0 after transforming the integral. Note that [ +dy = 1 is
invariant under ¢ — ¢ = a(x)v, therefore d«& = édw. In the transformed integral one finds beside terms
which go to 0 with « only a term which is total derivative w.r.t. dz integral and vanishes at the boundary.

Since the integral gets contributions only from the critical points of h’'(z.) = 0, we can collect the
contributions near those points by considering h(z) = h(z.) + % (z — z.)?, with . = h"(z.), which
yields a Gaussian integration. The partition function

1 1 L2 2

Z= —— [ dedyydippe S@¥r¥2) = — / dzdep; dipy e 3% (2 2e) +rep192
o / rdips EZEZC o Yrdipe 8
R (2.) 8

|h!" ()|~

Zc
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becomes a primitive version of a supersymmetric index. It counts sum of zeros of h'(x) weighted with +1
(—1) for positive (negative) slope at h'(z.). If h'(z) is continuous a +1 zero of h'(z) can only disappear
together with a —1 zero under deformations of A'(z), which leave the behavior of h'(z) for |z| — oo
invariant, see Fig. 2. That means that Z is an invariant under such deformations and can be thought as
a topological invariant of h(z). This idea extends to interesting indices, see Secs. 9.4 and 9.5. We can

f=h’ f=h’ f=h’

Z=1 Z=-1 Z=0

Fig. 2 Deformation invariance of the simple index

0 -0%h
0%h 0

D) = [I1, dvr exp (—%wiDijzpj) as well as usual bosonic Gaussian integration as the expression

interprete (8) by defining D = ( ) and the fermionic integral definition of the Pfaffian

9
Z \/Det ©
We might further interprete (8) by defining g(z) = 1/h"(2)? and f(z) = h'(z) and the meromorphic
differential
1 gdz 1 gdz
2= 2mi f  2mi g—h ’ (10)

which we want to integrate over P!. It has a pole of first order at infinity and Z is the residuum at this of
this pole which can be 0, £1. We can express now Z as the follwing residuum expression

7= [o=X i) )

where I" encircles all finite critical point and we take always the positive branch of the root. In this formal-
ism the critical points are the analogs of the Calabi-Yau manifold. It is a far shot, but conceptually true, that
the solution the B-model by the period integrals can be viewed as generalization of this example from zero
to three complex dimensions in which in particular (10) is identified with (266,267) and (280) the analog
of the first integration to Z. A model, almost as simple as the above, with a manifold and a holomorphic
vector bundle was used in [17] to proof the vanishing of instanton contributions to NV = 1 superpotentials
in (0,2) compactifications.

An important lesson from these simple examples is that the fermionic integral and the fermionic sym-
metries decide crucically about the contribution of the expression. Less subtle then the above argument,
which involves supersymmetry, is the following general consideration. An operator D, e.g. the Dirac op-
erator, usually pairs the fermions ) D1 in the action. If this operator has zero eigenvalues, some fermions
disappear from the action and the integral becomes zero as above. Fortunatly fermions are geometrical non
trivial sections and their zero modes are captured by “easy” cohomological information of the geometry
much like the zero modes of the Laplacian count harmonic forms, which are related to cohomology. The
Atiyah-Singer index theorem links a net count of the zero modes to topological invariants, which are often
quite easy to evaluate. This idea is made more explicite in Sec. 9.4 and 9.5.
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12 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds

4 Supersymmetric nonlinear o-models

Essential features of the 0d topological toy model carry over to super symmetric o-models and other
supersymmetric theories. A 1d (supersymmetric) o-model is simply a 1d field theory associated to a
manifold M such that the fields are coordinates (and supercoordinates) of M, which depend only on one
variable. It is natural to think this one variable as the time and the whole setup as (supersymmetric)
guantum mechanics on M. In 2d dimensional & models, the case relevant to string theory, the coordinates
(and supercoordinates) of M depend on two variables the WS coordinates of the string and o-model fields
can be viewed as amap z : ¥ — M from the worldsheet ¥ to the targetspace M.

As in the 0d toy case we search in these models for field configurations which are fixpoints under some
super symmetry transformation. The super symmetry generators become nilpotent operators 2 on the
Hilbert space of the filed theory. The cohomology of @ is a natural structure to extract topological invari-
ants of the classical bosonic configuration space. In more interesting situations indices can occur, which
are invariant under some deformations, but are family indicesw.r.t. others. Physically the family indices
can be particular correlation functions. Their dependence on certain geometrical deformation parameters,
e.g. of the target space metric, can often be exactly calculated e.g. in an all genus string loop expansion.
This is the main physical benefit from topological theories. Apart form this more interesting geometry
there is only one new conceptual issue in the 2d case and that are potential anomalies of the 2d quantum
field theory on the WS.

The original references for the following are [206][146] and especially [207]. We have adopted the
conventions from the review [105]. There is a well known dictionary between properties of the worldsheet
theory and properties of M. In particular if M is a Kéhler manifold the o-model will have (2, 2) worldsheet
supersymmetry [216]. The inverse statement is not quite true, i.e. one can construct more general geometric
backgrounds that allow for (2, 2) worldsheet supersymmetric o-models[83].

In order to have superconformal invariance M has to be a Calabi-Yau manifold. A Calabi-Yau manifold
is Kéhler manifold with vanishing first Chern class of its tangentbundle ¢; (T M) = 0. This is equivalent
to the statement that there exists a hermitean metric g for which the Ricci curvature vanishes R;; = 0.
This in turn is equivalent to the statement that the holomomy group of M is contained in SU(3). We call
a Calabi-Yau threefold a manifold where the holonomy is the full SU(3) (or a least SU(2) x Z), which
implies that there are exactly two covariant constant spinors on M. This leads to N = 2 supergravity
theories in 4d for the compacification of type Il on M. Many of the above facts and concepts are reviewed
in detail in Sec. 9. We will start the discussion of the symmetries of the actions at the classical level and
comment then on the potential anomalies and their cancellation.

4.1 N = (1,1) nonlinear o-model

Let us first treat the N = (1, 1) case. For this case the target space needs to have just a Riemannian metric.
We parametrize the map = : ¥ — M by !, where I...,d where d is the real dimension of M. The
worldsheet is parametrized by z, z, hence z is given in local coordinates as z(z, z) The fields of the o
model have the following transformation properties under worldsheet and targetspace reparametrizations.
With K and K the canonical and anti-canonical bundle of ¥ and 7'M the complexified tangentbundle of
M one has WS-fermions which transform as ¢! € T(Kz @ z*(TM)) and ¢! € T(K? @ z*(TM)),
where I" denotes sections of the indicated bundles. The Lagrangian of the non-linear 2d o-model is then
given by

1 ) ) 1
L=2t / d?z (591-7 (2)0,2'0z2” + 591J¢£ D7 + 591J¢-I|_D2¢-{- + ZRIJKleiwi%waL) .
=
12)
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The covariant derivatives D (D) are obtained using the pullback of the Levi-Civita connection from M
as

0 oz’
Dzlﬁi = %wi + Efﬂxwf (13)

and Ryskr is the Riemann-Tensor of M. Here we assumed a flat world-sheet or a local trivialization
of Kz, so that no spin connection appears in (13). Soon global properties of Kz and K2 become all
important.

With Grassmann valued supersymmetry parameters e_ € I'(K~2) and e, € I'(K ) one checks at
the classical level the following supersymmetry transformation

ot = —e,zb_li_ + e pl
oyt = ie_0x! + e KT oM (14)
Sl = —ie 0z’ + e ETL M.

These equations (14) are quite similar to (7) and we would like to define nilpotent operators from the
supersymmetry transformations. The obstruction is that there are no global trivial sections of K T orK—:
unless g = 1. This means that there no global supersymmetry transformations on the worldsheet unless?
g=1

In the case of the worldsheet beeing a torus one can chose globally defined sections e_ € T'(K~2)
and e, € T'(K~2) to obtain globally defined supersymmetry generators Q2 = 0 and Q2 = 0 on the
Hilbert space . E.g. we can chose e both to be in trivial sections of K~z and K2 respectively.
In view of (14) we have to chose corresponding trivializations for 1% € I(Kz ® z*(TM)) and L €
I'(K 2 @ z*(TM)) and this simply means that the fermions will have periodic boundary conditions on 7°2.
These boundary conditions are called twisted boundary conditions. ¢ _ and @ are globally defined and
Q+|¥)y = Q_|¥) = 0 for & € H forces the cohomological states to be in the E = 0 super symmetric
ground state of the Hamiltonian [208]

H = 1Q1,Q ) = 5(dd* +d%d). (15)

Generically the non-trivial information in the double twisted model is the Witten index. It is simplest
written in the operator formalism

x(M) = Tr(-1)"¢"+ "~ = Tr(-1)", (16)

where F = Fy + F_ and F/F_ count the left/right moving fermion numbers so that {(—=)¥*,Q+} =0
while [(—)f¥, Q4] = 0. The o model cohohomology is equivalent to cohomology of M, much in the same
way as we will made explicit in Sec. 6.1 and 8.1. Since (162) is the Laplacian and the fermion number,
measured by (—1)¥, corresponds to the form degree, the Witten index is equal to the Euler number x (M)
of M [208]. The insertion of (—1) kills the information about the time evolution and spatial exitation of
the string. The latter fact reduces the model to constant maps, i.e. supersymmetric quantum mechanics on
M, i.e. the index can also be obtained starting with a 1d supersymmtric & model on M. The consideration
that leads to the index is referred to as quantizing the zero mode sector. If further global quantum numbers
are present one can get slightly finer information then just the Euler number, by inserting the corresponding
charge operator in the trace. These ideas play a r6le in extracting BPS numbers for instance associated to
branes see Sec. 6.16.

2 The quest for covariant constant spinors is familiar on the target space in order to obtain spacetime supersymmetric compact-
ifi cations. It requires restricted holonomies, see section 9.9, which is equivalent to the familiar ¢ (TM) = 0 condition for N = 2
(N = 1) Il (heterotic) compactifi cations 6d internal manifolds.

Copyright linewill be provided by the publisher



14 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds

Much more detailed information survives in the string context if one choses only e, to be in a trivial
section. The corresponding index is called the eliptic genus®

E(M) = Tr(=1)F+gf+g"- = Tr(-1)F+g"- . 17)

Here only the left moving states are forced in the left moving groundstate. The trace over the right moving
states explores information which goes far beyond cohomological information of M. It can be defined
for 2d supersymmeric field theories and is conformally invariant even if the underlying field theory is not
[211]. It requires (—)F+ not to be anomalous, which is essentially equivalent to M being spin [213]. It
carries information, which is robust under certain deformations. In the case of the o model on M £(M) is
the Dirac index of the loop space of M [209, 210]. This index varies with the volume parameters of M,
but is independent of the complex structure of M and is the first example of the promised family indices.
There are further simple refinements possible, if as below in the N = (2, 2) theories F_ comes from an
U(1)r current F_ = § J. If the latter is not anomalous one can insert (—1)%- in the trace in (17) and
even if the U (1), is broken to Zx (17) with exp(‘Z F_) inserted is still an index. A theme of the lecture is
to explore more sophisticated family indices mainly in the N = (2, 2) context and even at genus one there
are further refinements such as (323).

4.2 Compactifications with N = (2, 2) world sheet supersymmetry

The additional structure that allows to define more general family indices for the (2, 2) worldsheet theories
are rightand left U (1) g/, symmetries, so called R-symmetries. Since the nilpotent () operators are derived
from the supersymmetry transformations and since there are no covariant constant spinors for world sheets
of genus g # 1 there will be no well defined supersymmetry operators on general ¥, without further
modifications. For the topological theory to make sense at all genus g we “change” the transformation
properties of the fields, so that the supersymmetry transformation becomes a scalar operator on the world
sheet. This modification is implemented by twisting the world sheet Lorentz group either by the vector
Ul)y =UQ) +U(1)g or the axial U(1)4 = U(1)r — U(1)g symmetry. To do this we first gauge
the R-symmetries. Then we combine the U (1) gauge connection with the spin connection to a twisted
world sheet spin connection. Contrary to the U(1)y the U(1) 4 current develops an quantum anomaly
proportional to [;, z*(c1 (T'M)). Therefore the B model, which is obtained by twisting with the U(1) 4
connection, is only well defined on Calabi-Yau manifolds (ci1(TM) = 0), while the A model, which is
obtained by twisting with the U (1)y connection can be considered on any K&hler manifold.

4.3 The (2,2) non-linear o-model

Let us now study this mechanism in the Kahler case, which has at the classical level a N = (2, 2) super-
symmetry and hence the necessary U (1) symmetries. The action is given by

S =9t / a2z (—gﬁa,,xiaﬂxf +ig; 0L DAL + gyt Dol + Rﬁj;wiwizpiwi) . (18)
)

Here we have split the index I into 4 and ¢ according to the Kahler decomposition of the CY metric. Such a
metric can locally be written as g;; = 8;0;K (x%, %) and its Levi-Civita connection in Kahler geometry is
pure in the indices T}, = g*70; g, ; as discussed in more detail in Sec. 9.2. On a non-flat Riemann surface
3 one has the connection

Dzl =0:4% + %wsdiﬁ_ + I}, 0z2% 9t

. o (19)
Dz¢1 = z'@bl_ - %wzlbl + F}glazxk'ébl— ;
3 Unfortunately there many notations common to distinguish the left- and right moving sectors in this context unbarred/barred
for euclidean worldsheets, R/ L, +/— and without tilde/with tilde are maybe most often used.
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where w, and w; are the components of the spin connection of 3.

In superfield formalism one can can write L = 2t [ d6*K(X¢,X7), where the chiral field X¢ has
components z¢, 4 , F¢. F is an auxiliary field that has has no kinetic terms and can be eliminated from
the action by its equation of motion F' = ngjwiw’i. This offshell superfield formalism is particularly
useful when one couples a holomorphic superpotential W (z*) to the action, which only possible for non-
compact target spaces M. This formalism is worked out in detail including the off-shell supersymmetry
transformations in [146] and reviewed in [105]. For notational brevity we restrict ourselves to the onshell
formalism.

Classically there are now twice as many super symmetries, one set for the holomorphic and one set for
the antiholomorphic space time indices. They are generated by e, € I'(Kz), e_ € I'(Kz) and 5. The
latter are sections of the same bundles but have opposite charges under U(1) 4 and U(1)v

Sxt = —e,wi + e Y

dat = 5—7#1 — et

oYl = 2ie_0pat + ey, T
(5¢7+ = —2ie,8+x; + €+¢5—F§m¢in
Sl = —2iey0_z’ + ey Ti Y™
oYl = 2ieyd_al + ey T YT

(20)

The relation between the existence of two supersymmetries and the decomposition of the exterior derivative
on Kéhler manifolds into a holomorphic and antiholomorphic derivative d = 8 + 8, which gives rise to the
Hodge decomposition of cohomology groups into H?:9(M), has been discussed first by [216]. The fields
z?, ¥, i and i transform as before under WS transformations. W.r.t. the spacetime transformations
one has now simply a splitting of T M¢ into T*°M & T M with i referring to T7*°M and 7 referring to
TO'M,s0e.g. ¢ € T(K* ®z*(T"°M)) e.t.c. All transformation properties are summarized in table 1.

The action of the U(1)y and U(1) 4 are conveniently formulated in superfield formalism, i.e. expand
any field in Grassmann valued 8+,6—,8%,8~ complex fermionic spinor coordinates on which complex
conjugation is given by (§%)* = 6+ . The WS Lorentz transformation acts on ¢t = 2% and s = z! (with
(1,1) signature) and on spinors as

20 N cosh~y sinh-~y 20
z! sinhy coshy x!
gF —etip*
6+ o erigE

(21)

Since the fermionic variables anticommute w.r.t. to each other the Taylor expansion in them contains only
24 terms

(I)(:L': 0:&7 éi) = l'(t, S) +0+¢+ (t, S) +97¢7 (ta 3) +é+¢+ (ta S) +07777Z7 (ta S) +0+97A+757 t+...

(22)

In this sense one can think superspace as a thin space in the fermionic directions, which contains no second
order derivative information in a given fermionic direction. The relation to calculus with differential forms

is very obvious. The action of the vector U(1)y and axial U(1) 4 symmetries on all component fields is

induced from
e v . Bz, 0%, 0%) s e P(z, e ¥0F ei2fT) )
ePFa . B(x,0%,0%) — ePIAD(z, eTPHE TBhE) )

Copyright line will be provided by the publisher



16 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds

Let us denote now the four supersymmetry operators corresponding to €* and e* transformations Q+
and @+ respectively. A general supersymmetry transformation is then generated by the operator

=i, Q_ —ie_Qq —ie_Q_ +ie, Q4 , (24)

where (Q*)t = Q4 and 6t = —4.

More generally for any infinitesimal field transformation d¢¢ we will denote the infinitesimal transfor-
mation on the field operator Oy by g Oy = [Q, O4]+, Where @ is the corresponding generating operator.
Let M be the generator of two dimensional Lorentz rotations SO(1,1). It is convenient to make the Wick
rotation z° = —iz? and we call Mg = iM the generator of the compact Euclidean rotation group U(1) g.
Beside the supersymmetry generators one has on the WS H the generator of (euclidean) time translations,
P generator of translations. Furthermore there are the R-charge operators associated to the U(1)y and
U(1) 4 currents called Fy and F4. These generators fulfill the algebra

Qi= Q2=Q1=Q2=0,
{Q+,Q+} =H=P, {Q+,Q-}={Q+,Q-} ={Q-,Q+} ={Q+,Q-} =0,
[ME, Q%] =FQx, [ME,Q+] = ¥Qx, (25)
[Fv,Q+] =-Qx, [Fv,Q+] = Qx,
[Fa,Q+] =7FQx, [Fv,Q+]==%Qx,

It becomes soon important that Q- and Q- have opposite charges under the R symmetry groups. As
already stated F'4 is present at the quantum only for Calabi-Yau manifolds, the conformal case, while Fy
is generically present. See [146] for a further discussion of this algebra.

5 Twisting the N = (2, 2) theories and cohomological field theories

Twisting amounts to a modification the Euclidean rotation group U (1) g by a generator of the global U (1)
R-symmetry groups and define the new generator of the Euclidean rotation group U(1) g as M, = Mg+
R. As explained our goal is to make some of fermionic ) operators scalar w.r.t. M, so that they are well
defined on all genus world-sheets. These “scalar” operators can then be used to define a cohomological
theory on an arbitrary Riemann surface. The term twisting is familiar in the orbifold context, where it
means to modify the boundary conditions of a field along cycles of the worldsheet by an element g of a
global symmetry group G, e.g. for the torus with a A cycle of length 27 a field is periodically identified
by ¢(x + 27) = gé(z). The analogy is appropriate since also in the above case we change the boundary
conditions of some fermionic fields to become periodic. We encountered such twisting already in the
discussion of Witten index and the elliptic genus.

Here the twisting is implemented by gauging the U (1)-R symmetry group and adding the corresponding
gauge connection Aff to the spin connection, so that the transformation property of the spinor fields depend
now on their R charge. In important consequence of gauging the U(1)-R symmetry is that the gauge field
modifies the energy momentum tensor, see (29). Since we are dealing with a 2d quantum field theory this
program of gauging the R symmetry might be obstructed by anomalies. The potentially dangerous terms
in the action are the fermion kinectic terms ig; ;10* D, + ’ig;z-’(ﬁiDg’Lﬁi in (18). As explained in Sec.
9.4 (and is wellknown from the standard model) the vector U(1)y will never be anomalous. The anomaly
density for the axial current is calculated also in Sec. 9.4 and from (19) we see that we have a Dirac
operator on X, coupled to a connection of a bundle, which is the pullback by = of the holomorphic tangent
bundle to ¥ written as z* (T M). The Atiyah-Singer index theorem (380) for the twisted spin complex
gives us then the anwer that the axial U (1) 4 current violation is

/2 B, = 2 /E o1 (& (THOM)) = 2 /2 2 (e (TYOM)) = 2[C] - &1 (T M) . 26)

Copyright linewill be provided by the publisher



pop header will be provided by the publisher 17

Section before wisting | Section (+) twist | Section (—) twist
x z*(TM) z*(TM) z*(TM)
Y (T @ K2 z* (T0) (T @ K
P (T @ K2 2 (TOY) @ K z*(TO1)
Pi e (TY0) @ K3 z* (T0) (T @ K
%51 :c*(TO’l) ® K3 w*(TO’l) QK m*(TO,l)

Table 1 Space time transformation of the non linear o-model fields after + and — twist. Classically and in non-
anomalous theories one can chose the twisting on the left movers 1" , 2" and the right movers «% , 9% independently.

Before Twisting A twist (—, +) B twist (+, +)

Uy Ua U(Dg spin U(l)y spin U(l)y spin

T 0 0 0 1c | = 0 1 T 0 1
Pt -1 1 1 K% | 0 1¢ oL 2 K
P 1 1 -1 K: |y 0 1c|—-L@ +n) 0 1¢
YL 1 -1 1 Kz |t 2 K| Lo-n) 0 1¢
Pi -1 -1 -1 Kz | pi -2 K i -2 K

Table2 Space time transformation of the non linear o-model fields and charges after A and B twist. We also indicate
the names of the fields in the A and B model.

This breaks the U(1) 4 symmetry generically to a Z,. For a discussion of the U (1) 4 anomaly in the linear
o-model context see [213].

The most important consequence of the above result is that on a Calabi-Yau manifold where ¢; (T M) =
0 we can twist by the U(1) 4 and the U (1), symmetry as both are anomaly free. In the (2, 2) theory we
have therefore two fundamentally different possibilities to twist

A — Twist : MEI :ME+FV

B—Twist: Mg = Mg+Fy4. (27)

The tables below record how the twisting changes the WS transformation properties of the fields. We do
this first for the the so + and the — twist first. In the above notation of table 1 the A twist corresponds to a
(—, +) twist, i.e. to a combination of the (—) twist on ¢»_,+_ and the (+)-twist on ¢ , 1, while the B
twist is (+, +) twist, i.e. a combination of the (4) twist on ¢y, ) and the (+)-twist on ¢, , . There
are the possibilities of an (4, —) twist and an (—, —) twist making Q 4 and Q g nilpotent operators. They
lead to the definition of conjugated cohomological sectors and considered for them self to no new theories.
However as explained in Sec. 5.5 the combined geometry of the sectors conjugated to each other leads to
an interesting geometry, the so called tt* geometry.

The effects on the fields and the supersymmetry transformation can be summarized in the tables 2 and
3 respectively.

As it is clear from the table 3 and (25) the following combinations

Qa =Q-+Q4
Qp =Q-+Q«

are now scalar, nilpotent operators which can be used to define two different cohomological theories, the
topological A- and the topological B-model respectively. Mirror symmetry exchanges the — twist with

(28)
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Before Twisting A — twist B — twist

Ul)y UQ)a U()g spin | U(1)y  spin | U(1)'y spin

Q_ -1 1 1 K3 0 1¢ 2 K
Q. 1 1 -1 K3 0 1¢ 0 1¢
Q_ 1 -1 1 K3 2 K 0 1c
Q4 -1 —1 -1 K3 -2 K -2 K

Table3 Space time transformation of the supersummetry generators after the A and B twist

the + twist on the +_,+)_ side. Even before twisting Q 4 and Q 5 define cohomological theories on the
plane the torus, where covariantly constant spinors exist. One can also choose to twist only the say 1 _, 9 _
side. The indices of so called half-twisted models are the closest analogs of the elliptic genus (17) at higher
genus [207][212]. This indices are shared between the A and the B model and contain information about
the couplings of 12727 in the heterotic string with standard embedding.

If we denote the gauge current, which corresponds to the gauge variations 6Af} by Jff. It will modify
the energy momentum tensor to

A~

1
Tuv = Tuw + 7 (QONL + €ONT) - (29)
In the action of the gauged theory of covaraint theory the world sheet there is a coupling
1 - 1
AS:/J“wuz—/Jw+Jw:—/R¢+totalder., (30)
b)) 2 b)) 2 b))

to the spin connection w. In the second equality we bosonized the U(1) g current 3¢ = J and integrated
partially. Contact terms of operators with the this expression will play a role in determining properties of
the correlation functions.

5.1 Generalities on the physical observables

One calls an operator achiral operator or (c, ) operator ¢ if

[@B,¢] =0. (31)

Chiral and twisted chiral superfields play an important role in formulating the general (2,2) worldsheet
theory, see [213]. The lowest component ¢ of chiral superfield ® obeys [Q 1, ¢] = 0 and is a hence a chiral
operator. An operator ¢ is called twisted chiral or (a, c) if

[Qa,9] =0. (32)

The lowest component v of a twisted chiral superfield % obeys [Q4,v] = [@—,v] = 0 and is hence a
twisted chiral operator. [Q ,¢ ] = 0and [Q_, ¢_] = 0 define left chiral- and antichiral operators while
[Q+, ¢+] = 0and [Q., ¢4] = 0 define right chiral- and antichiral operators.

The key concept is now to define a cohomological theory whose observables are the equivalence classes
[¢] of @ closed operators. To be closed the operators have to fulfill [(), ¢] = 0 and the equivalence relation

is as usually up to exact operators £ = [Q, A]+, i.e.

¢~ d+1Q,Al+. (33)
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If the vacuum is annihilated by @, which is the case if () comes from a unbroken symmetry as above, then
the correlation function of the ) closed operators does not depend on the representative of the class

(1. (Bk +{Q,A}) ... Pn) = (b1...0n) £(0[P1,... Pr—1APpt1 .. 90 Q]0)
<¢<0|Q<§51,>- - Pr—1A g1 - .. Pn|0) (34)
= 1---On

Above the =+ signs are uncorrelated and the two terms vanish independently if the vacuum is () invariant.
The analogy of the definition of topological correlators with cohomological intersections fM wi AL A
(weg +dN A ... Awy = fM w1 A ... Awg A ... \wy is not just formal in the case of the (2, 2)-sigma
model as we will see.

An important property of these operators is that they form position independent rings. Using the algebra
(25), the properties of the twisted chiral operators and [{ 4, B}, C] = {[A4,C], B} + {4, [B, C]} it is easy
to see that e.g.

2o+ 52)¢ =[H+P),¢=1{Q+,Q+},6] = ... = {Q5.[Q+. 4]}
ok —32) ¢ =1H-P),¢=[{Q-,Q-},4]=...={Q5,[Q-,¢]}

and similar for the A model. Combining (34) and (35) one sees that the correlation functions of the twisted
chiral operators do not depend on the position of the insertions of the operators, which is also true for the
chiral operators. The ring structure comes from the operator product expansion. It is obvious respects
the symmetry that the OPE of two (twisted) chiral fields is (twisted) chiral again and by (35) position
independent. One defines the structure constants of the ring in a basis of the ring ¢y, as

i.e. identifying an element on the right hand side up to exacts term. The ring satisfies the usual associativity
CiiCly, = ClRCL;. The unit ¢ = 1 is always (twisted) chiral, so C§; = CJ, = dF.

The position independence (35) and its realization on p-form operators can be formulated in a covari-
ant way as the so called descend equations, see [56] for a review. If O = ¢ is a Q closed position
independent 0-form operator, one can define the following non-local n-form operators

0 =[Q,00]
do® — {Q, (9(1)}
do = @, 0(2)]
do® =o0.
Using (35) and the corresponding relation for the A-model one can find the descend operators explicitly
noting that @ _dz (Q_dz) and Q dz (Q dZz) are covariant combinations

A —mod. 01(41) = idz[Q—’ 01(40)] - idé[Q-ﬁ-: 01(40)]’ 0542) = dng{Q-i-a [Q—: O,(c;))]}a

(35)

@37)

38

B—mod. O% =idz[Q_,0®] —idz[Q4,0V], 02 =dzdz{Q,,[Q-,0%]}. <o

The descend equations truncate, because of the anti symmetrization in the world-sheet indices. The Qg

and Q 4 operators define the (a, a) and (c, a) ring states which we call @55?) and @ﬁf) respectively. Their

descendants @g’” and @S’z) are defined as in (38) with the barred and unbarred () operators exchanged.
As an easy exercise one checks that (’)g) (@5,9) and (’)ﬁf) @ff) are Qp (@p) and Q 4 (Q 4) exact.

The significance of the descend p-form operators is that one can integrate them over closed p-cycles C),
of the WS (or more general the topological field theory space-time) to obtain non- local operatorsO(C)p) =
Je, O O®), which are automatically @ closed, because of Stokes theorem [Q, O(C))]+ = Jo,1Q ow, =
Jo, do®=1 = [, . O®=1) = 0. Reversed use of Stokes theorem shows that the topological equivalence
class of O(Cp) depends onIy the homology class of C,,. For a p — 1 chain S with C), — C;, = 95 the
difference O(C,) — O(C) = [, OW) = [ dOW =[Q, [, OPTD], is Q exact.
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5.2 Afirst look at the metric (in)dependence and topological string theory

In a topological theory the correlation functions are not only formally position independent, but decouple
formally from variations of the worldsheet metric A#¥. Classically the energy momentum tensor T}, =
ﬁ 62% is the generator of those variations. From the first order variation of the weight factor e one gets
a dependence of a correlation function on metric variations ¥

5r(0), = (O /)E Vhd2e6h* T, ), (39)

In a topological theory 6,(O), = 0 does not require that T),,, = 0, but in virtue of (34) that it is exact

T;w = {Q;G;w} . (40)

This structure ensures general covariance or topological invariance. 1t plays a key role in covariant quanti-
zation of string theory, where @ = 0 is the BRST operator and the part of G, is played by the antighost
field b,,. It is also is the starting point of closed string field theory formulations [199]. One can have
topological invariance independently of conformal invariance and also independently of the decoupling
between ghost and matter sector [199]. For instance the A model relies on this structure and can be defined
on Kéhler manifolds on which the & model is not conformally invariant.

In string theory we integrate the world-sheet metric h of 3, over all possible choices #H,. Some re-
view references for the following short account of the metric dependence are [?][74][55][173] from the
physical and [119] from the mathematical perspective. Classically the integral over A is invariant under
diffeomorphism and Weyl- and conformal transformations of the metric

00" 90"
06, 06y

has(5) = exp[2w(0)] heg - (41)
These “gauge” invariances are present at quantum level in critical string theory, which requires an anomaly
cancellation for the latter. The integral over the metric hence contains huge gauge orbits over the diffeomorphism-
and the Weyl group, which we we divide from the path integral measure and consider

M, = LGT\H, /(diffy x Weyl), = LGT\T, . (42)

Large gauge transformations (LGT) refer to discrete diffeomorphism of X, not connected to the identity the
so called mapping class group LGT = Cﬁiﬂﬂo , which does not affect the dimension or other local properties
of M,. Focussing on the latter means considering the Teichmdiiller space 7, = H,/(diffo x Weyl).
Locally near a reference metric h2, we can lineralize the problem and once this is done it is easy to
see the key property that this moduli space is fi nite dimensional. Infinitesimal Weyl and diffeomorphism

transformations are read of from (41)

Shab = 2(5whab - Vaéab - Vb(SUa

= (20w — Vb0 ) hap — 2(P100)ap )

with (P60 )ap = %(Vaéab + Vpdo, — hay Ve00°). The scalar product for the linearized metric deforma-
tions &k, near A'S) is

G = <5ihab|5jhab> = / dQU\/E 5ihab 67 het ) (44)
b))

where §i b := p(0)acpO)bdsip 4 js compatible with the first order approximation. It has a straightforward
generalization for other tensors on X transforming in (®7_,TY) ® (®}_,T*X) and allows us to define the
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adjoint of linear operators such as P;, see Sec. 9.4. Locally 7, is parametrized by the linear changes 6
of the metric, which are orthogonal to 6k, Of (43), i.e. 0 = (6hap|0has) = (Ghas|(20w — V - 60)hgp) —
2(0hap|(P100)ap) = (h%®8hap| (20w — V - 8)a) — 2((P]6h)s|60,). Up to a small subtlety (dependence),
which we discuss below, the free variaton of o, and (26w — V - §o) span T*X and the space of functions
on X so that the required orthogonality enforces the conditions

h®8hay =0,  (P]éh), =0. (45)

The first is tracelessness of dh,; and in a hermitian gauge choice h%. we see in Sec. (??) that the second
means holomorphicity of dhyp. l.e. §h,,(2) = ¢(2)., are components of holomorphic quadratic differen-
tials. Holomorphicity of a quadratic differentials in one complex dimension is equivalent to harmonicity
and the spectrum of the Laplacian is finite on compact X, which establishes the key property.

It is easy to connect this to the discussion in Sec. 8.2. If we pick a metric h%. we can define from
¢* the components of the so called Beltrami differentials uZ = h**¢%.. Holomorphicity of ¢ implies that
u;dz% € H(TY) is aharmonic representatives. Sec.8.2 uses Cech-cohomologyto ignore trivial changes
of the metric by complex reparametrizations, which relates by (334) to the gauge condition (Pfdh)b =0.
To summarize can span the tangent space 7'M of the complex moduli space by p* Z(z)dZ% and the

cotantgent space 7* M by ¢,(z'§) dzdzwithk = 1,..., h1(TX). For the a hermitian choice A of the metric
the pairing (44) becomes a Kahler metric G7 = [, d*z(h**)?¢'¢* 7 called the Weil-Peterson metric.

ker PI dh4 moduli space

~ ker P1%
dhg

gauge orbits

Fig. 3 Schematic of the objects in the linearisation of the metric variations

Let us come to the small subtlety mentioned obove. If §a2 in is the kernel of P, i.e. (P1do )., = 0 we
may pick a 6w s0 that (§h,s|8has) = 0, without restricting 8h4s. Such vector fields do, in the kernel of P,
are elements of H°(T'S), appropriatly called conformal Killing fields, as they don’t change the conformal
class of h,p. So appart from restricting changes of the metric to complex structure changes only, which
is the main effect of the divison by the gauge group, we have to subtract these null vectors because they
appear in the numerator of (42). Hence the expected dimension of M, is h* (T'Y) — h°(T'E), which we
calculate in Sec. (9.3) by Hirzebruch-Riemann-Roch (365) to be 3g — 3.

To avoid the peculiarities of h°(TX) # 0 (3 and 1 for g = 0 and g = 1) consider g > 1 and let
z*=:m% a=1,...,39— 3 the complex structure variables of X. We can describe then a first oder defor-
mation of the metric modulo Weyl and diffeomorphisms as ;. d20vVhEhW T, = I dzzu;@ 25meT,, +
2 Z6maTy; and if we insert that in (39) we conclude that

%(0)9 =(0 /E A?zul*T,,), = (OT), (46)
and similarly 8‘% = (OT*),. Eq. 40 is strictly true, so the argument that cohomological states and the
vacuum are @ closed would make topological string theory completely metric independent and therefore
triviall However the argument involving the invariance of the vacuum fails, because the measure on the
moduli space of higher genus Riemann surfaces, which is part of the vacuum definition is not @ closed. It
is a real 69 — 6 form p, for surfaces of g > 1 and the argument fails in a very specific way. If we act with
on it, it gives an exact form, as we will see in detail in Sec. 8.13. This is like a descend equation, but with
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exterior derivative in the moduli space direction. By Stokes or rather Dolbeaults theorem the contribution to
the integral can then only come from the boundary of M 4, which represents degenerate Riemann surfaces.
If the vacuum is not () closed we cannot trust the argument about position independence either. In the
moduli space M, , with insertion of n operators the codimension one locus, where two operators coincide
is part of the boundary components. Its contributions has to be taken into account by so called contact
terms. Most of what topological string theory is about is organizing the contributions of these boundaries.
The questions which boundaries do give contributions leads to the stable compactifications on M, ,, in
which only the boundary components are included, which are in complex codimension one. These facts
will govern the coupling of the A and the B-model to WS gravity as discussed in Sec. 6.2 and 8.13.

This section sketched the leap that one can take in topological string theory from a hopeless looking
path integral to essentially a combinatorial problem. The linear approximations to the moduli space of
¥, scratched the surface of this subject by one € to be exact. We have not etablished global properties
including existence. We will say more about that for Calabi-Yau manifold in Sec. 8.3 and leave the reader
in the case of Riemann surfaces with the literature [119].

5.3 Afirst look at the deformation space

What is of importance is that integrals of the two form operators fE (952) defined in the Sec. 5.1 can be
added to the topological action as deformations

S = /E d2?Lo+ Yt /E o, (47)
i=1

After the A twist we can define zero form operators (’),S?)J = wizx‘x?, which have (U(1)y,U(1) 4) charges

(0,2), see Tab. 2 . This charge is offset by Q,Q_ in (38), as seen from table (3) so that Oﬁf)J is
neutral. As we shall see these operators are associated to to elements in H1:1(M1) (108,109). Similarly

the operators associated to elements in A € H'(M,TM) (218) in the B-model OS’) = w;;niei have
(UQ)y,U(1)4) charge (2,0) which is offset by Q4,Q_ so that Of) in (38) is neutral. Derivatives

w.rt. to ¢! bring down such operators in the correlation functions and neutrality implies that arbitrary
derivatives do no violate any selection rule. Generically this extends the theory to a family of theories.
In the above discussion we omitted the consideration of w;;xx? < H*°(M) in the A-model and bi-
vectors w6,;0; «» H°(M, A*T M) as these cohomology groups are trivial on manifolds with strict SU (3)
holonomy*. Perturbations w.r.t. the full set of operators have been considered in [207][16].

It is interesting to recover this first order condition of the CFT from the spacetime point of view, see
[34, 33], where we use the linearization approach from the last section now for the space time moduli.
We know that the geometrical background has to be Calabi-Yau manifold to allow for a conformal field
theory °. The exactly marginal deformations @(*+!) must correspond hence to first order deformations of
the geometry, which preserve the Calabi-Yau condition. l.e. to deformations of the background metric
9uv + 89, (and B-field b,,,, + 6b,,,), which do not change the Calabi-Yau condition® R, (g) = 0, i.e.

R,W(g +6d9)=0. (48)

In analyzing this equation we have to eliminate the d¢g, which come from coordinate transformations. Coor-
dinate transformations or equivalently diffeomorphism of M are generated by vectors fields V'#, compare

4 A slight modifi cation of the twisting procedure makes the descend operators to these fi elds neutral [126]

5 Thereis an interesting extension of these considerations for non-conformal N = (2,2) o-models involving massive (non-
marginal) deformations.

6 Strictly speaking one should ask for perturbations, which leave the Ricci-form R inthe ¢1 (M) = 0 cohomology class. Though
the representatives of the deformations in the cohomology classes would be different, the counting would be the same, see Sec. 9.8.
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Sec. 8.2. An actual change of the metric dg,,, is orthogonal to diffeomorphism generated by the vector
field in the following sense [ |/gdg"* (V .V, +V,V,)d™z = 0, which is equivalent to the gauge condition
V#dg,, = 0, compare (44) and (45). Expanding with this constraint (48) to linear order around R(g) = 0
one gets

VPV 69 — 2R,",70gn0 = 0 (49)

Using the splitting of a Kahler metric in holomorphic and holomorphic indices one can analyze dg;5, and
8gi; separately. Note that dg;; is real, while dg;; with 8g;; = Jgq; is complex. From (352) it follows
that dg;7 is Ag4 harmonic and dg* = dgidz7 = giﬁégkjdzj is Ag harmonic. In other words the first order
deformations factorize and correspond to elements in (M) and H'(M,T M) respectively. These are
also among the deformations of the A- and B-model as mentioned above and further discussed in the
following Sec. 6.1 and 8.1.

Let us first discuss the two moduli space associated to H:1 (M). In a basis of (1, 1)-forms wéf?l), we
expand a Kéhler form

hll
k=1

in terms of the real Kéhler parameters ¢, > 0. The range of ¢, is bounded by the inequalities, which ensure
positivity of the volumes of curves C, divisors D and M, i.e.

/w>0, /w/\w>0, /w/\w/\w>0. (51)
c D M

These conditions describe a real cone in Ril’l, which is called the K ahler cone. The parameters 4, are

identified with the areas of dual curves C}, to wgf)l), which shrink to zero area at the boundaries of the

Kahler cones’. In the o-model (106) it is natural to complexify the parameter ¢, to t7 = fck (w—iB)
by adding the integral of the antisymmetric tensor field B € H'''(M) to t;. Moreover due to mirror
symmetry one has a natural choice of the complex parametrization of the complexified Kahler moduli
space Mg, simply the complex structure parameters of the mirror tg“s

As it is clear from the fact that the deformations dg;;, dg;7 change the (¢, 7) type of the metric, the moduli
space H'(M,T M) is associated to complex structure deformations. It is fair to say that most of what we
know about the moduli space of (2, 2) theories comes from the theory of complex structure deformations.
In particular it can be shown that the first order deformations of the complex structures elevate to finite
deformations. This more thoroughly discussed in the Sec. 8.2 and 8.3.

Let us conclude the description of emerging picture of the deformation spaces. We have found that
the U(1) 4,y neutral world sheet two form operators O%zl ,, With Wi, € HY' (M, Z) and 0 with

A € HY(M,T M) correspond geometrically to complexified Kéhler and complex structure deformations
of the Calabi-Yau metric and are expected to be exactly marginal from the CFT point of view. In the
low energy effective action of type Il A/B string theory these marginal deformations arise as vacuum
expectation of complex scalar fields labeling the vacuum manifold of the N=2 supergravity in 4d. The
general structure of this vacuum manifold for abelian gauge groups U (1)#Y and U (1)## is that it is
locally of the form Maxv % Quum, Where M is a complex special Kéhler manifold for the scalar fields
in the vector multiplets[51][52][49][73] and Q is a quaternionic manifold [41] for the scalar fields in
the hypermultiplets. The subscripts indicate the real dimension of the moduli space. lIts relation to the

7 Atthe boundary of the K ahler also a divisor may collapse. In this case ¢, is still the area of acurve Cy, in D.
8 As acorollary all singularities of M g occur at complex codimension one and the cone structure disappears completely.
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perturbative sector of the Il A/B string compactifications on a Calabi-Yau 3 fold M is as follows
MEAM) = MEthon X Qlfsaansy  Mis (W) = M2y X Qili w1y - (52)

One very far reaching definition of the mirror conjecture is that type I1A and type I1B compatifications are
completely identically if A and W are mirror pairs. This in particular implies M{ZA(M) = MIEA(W).
The best studied object is M%EI(W) since it is literally the complex moduli space of W. The enhancement
of the Calabi-Yau metric moduli space from the complex to the quaternionic space Q of Kahler multiplets is
due to the moduli of Ramond forms. The additional quaternionic dimension in @ comes from the universal
dilation, whose scalar components (S, C') contain in particular the type Il dilation S.

5.4 Conformal Field Theory point of view

A most remarkable fact is that for all 145 Calabi-Yau threefolds defined in weighted projective space
subject to the constraint (403) and for which the defining polynomial is of Fermat type

5
P=> a™ (53)
i=1

with m;w; = d, Vi and Ele w; = d there is a well founded conjecture for an exact conformal field
theory description, which captures the full perturbative sector and not just the topological part of it. The
CFT description is based on an orbifold of tensor products of minimal N = 2 super conformal field theories
found by Gepner [84]. The description is valid only at one point in complex structure and complexified
Kahler structure moduli space the so called Gepner point. In the complex moduli space the constraint (53)
literally describes this special point. In the complexified Kahler moduli the point can also be described
by (53) after dividing by phase symmetry groups such as (265,274), which identifies (53) with the mirror
manifold. It is far away from the large volume limit.

The purpose of the present section is to describe the topological sub sectors in CFT language and to link
them to the full perturbative spectrum of the string.

As it is well known [173] Vol. Il N = 2 supergravity and N = 1 heterotic string Es x Ejg string
compactifications with standard embedding require and N = (2,2) supersymmetry. Onlya N = (1,1)
symmetry is gauged. The N = 2 chiral part of a superconformal algebra on the worldsheet has beside the
chiral component of energy momentum tensor® T'(z) = > nez =3 With conformal dimension and U (1)
charge (h, Q) = (2,0) an U(1) current J(2) = 3=, , z221 with (h, Q) = (1,0) and two super currents

GE=Y,crus % with (h, Q) = (2, £1). The shift v can take arbitrary real values. The short distance
z 2

9 The standard notation in CFT is quite different then the one common in the discussion of o models that we used in Sec. 4. One
UsesinCFT z = 0! +ic? and z = 0! +i0? whereo? = ic? isthe euclidean time. Correspondingly one indicates the left moving
sector which carried a + index in Sec. 4 by quantities without bar and the right moving carrying before — with quantities with bar.
Moreover the unbarred or barred super charges are now distinguished by — and + respectively, eg. Q@+ < Gy, Qt & G(‘f,
Q- & Gy and Q- « GT.
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operator expansion is

T(2)T(0) ~ 355 + &T(0) + L0T(0),
T(2)GF(0) ~ 522G*(0) + LaG*(0),
T(2)J(0) ~ %J(0)+18J(0),
Gt (2)G(0) ~ 25+ %J(0) + 2T(0) + 10J(0), (54)
Gt (2)GT(0) ~ G~ (2)G~(0) ~ 0,
J(2)G*(0) ~ £1G*(0),

J(2)J(0) ~ 32,

Let us recapitulate the standard procedure in 2d QFT which recovers the algebra of charge operators from
an operator algebra such as (54). To the operator A(z) we assign charge operators A = 5500 dz &(2)A(2),

where Cy is a contour around the origin 0 and §, dz := [, 3. In particular for £(z) = znTh(4—1

2w’

the charges are the modes A,, of A(z). The transformation of the operator B(w) under (d4, ) is generated
by the commutator with A,. In radial time ordering the commutator is given by the following contour
integrals

(6a)B(w) = [A¢, B(w)] = 74 L EERAR)Bw) - 74 . EERAR)BW)
|2]>]w]| [z <]w| (55)
=7§ dz £(2)A(2) B(w) ,

see Fig. 4. The spatial transformations d, corresponding to conformal transformations'® z — z + £(2)

z z i
@ @W ;
— —_— X
C 0> CO <

Fig. 4

are generated by T'(2), i.e. ¢ = d7,. One can integrate (55) with ¢, . dw zm+hEB)-1 to recover as
residuum the mode algebra from N

[Lm,Ln] = (m —n)Lpgn + %m(m2 — 1)m,—n,
[Lm7G7#] = (% —7‘) Gi+r7
[Lma Jn] = —nJm+n;
{GT_!_G;} = 2Lr+s + (7' - S)Jr-i-s + % (7"2 - i) 67‘,—83 (56)
{ijGj} :{G:aGs_}:Oa
[Ta, GF] =G,
[Jm; Jn] = %6m,7n;
10 These are hol omorphic in 2d.
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with L}, = L_,,, J} = J, and (G) = G7,.. In case that the N = (2,2) CFT theory is the internal part
of a string compactification it must have ¢ = ¢ = 9 to cancel the Weyl anomaly. It represents the internal
manifold M. In fact d := dim C(M) = £. The generalized GSO projection restricts the internal U (1)
charges to odd integer values for space time bosons and half integer values for space time fermions, see
[84, 173] for more details.

If we consider now the (4, —) twisting®! [66][56]

. 1 . 1
T(z)=T(z) &' §6J(z) — Lo =L+ §J0 (57)
then the modifications of (54) occur in the following short distance expansions
T(2)T(0) ~ ZT(0)+ La7(0)

T(2)GE(0) ~ 32 FLG*(0) + LaG=(0)

) (58)
T(2)J(0) ~ %J(0)+ 58J(0) F 3%,

GH(2)G=(0) ~ 25+ 2J(0) + 27(0) + 1£13.7(0).
Let us point out the salient features of the operator product expansions in (58)

e Since the central term in the first OPE vanishes no ghost system is required to quantize the world
sheet theory.

e By the second OPE either Gt (+-twist) or G~ (—-twist) become a spin one currents, so either Q =
G{ = § Gt or G; = $ G~ becomes conformal, i.e. scalars that are defined on every genus world
sheet. The opposite super currents G~ (+-twist) or G (—-twist), become spin 2 fields.

e The above conformal zero modes are recognized as building blocks for nilpotent operators Q 4, .
Qa = G{ + Gy inthe case of the (+, —) twist defining the (c, a) twisted chiral ring as cohomology.
Qp = G§ + G{ for the (+, +) twist defining the (c, ¢) chiral ring. The relation to geometry of M
is'? for the A-model Q4 + d and the for the B-model Qg « & as discussed in more detail in the
Sec. 6.1, 8.1.

e The third OPE shows that J(z) has an anomalous transformation. By arguments familiar from the
BRST quantization of the bosonic string this gives rise to an anomaly in the divergence of the current,
see (383) for a derivation, which can be covariantly written as

/V“J _ —/;\/ER _ —d/cl(Eg) —d(2g - 2). (59)
Y

For d = £ = 3 this comes precisely with the same anomalous coefficient —3 as the ghost current in

the BRST quantization of the bosonic string j, = — : be :, see [173]. Integration the anomaly in the

divergence of the current leads to a U (1)-charge violation of d(2g — 2) on a genus g Riemann surface.

e The last OPE finally is like the one between the BRST current and the b ghost. Integration around a
contour to isolate G, yields for the + twist

{Q,G7 ()} =T(2), (60)

which echos the main equation {@ grst, b(2)} = T91™(2) in the BRST quantization of the bosonic
string. We have seen already that G~ has (h,Q) = (2,—1), which are precisely the conformal
dimension and ghost charges the b(z) ghost.

1 3/ marked by a prime are correlated in (29,58).
12 For Calabi-Yau manifolds this identifi cations can be viewed as convention and is reversed in [20].
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To summarize we have for the (+, +) twist [20] exactly the same structure as in the bosonic string if we
identify

(G*(2),J(2),T(2),G (2)) ¢ (JprsT(2),4g = — 1 be: (2), T™H9(2), b(2)) (61)

and similar for the anti chiral half. This implies also @ g «++ @ prsr and the ghost number becomes U (1) 4
charge.
The degenerate ground states in the Ramond-Ramond sector fulfill [151]

G¥ly) =0. (62)

These Ramond-Ramond ground states have by (56)
h=— =2 (63)

An operator @ with charge @ in the theory can be decomposed into a part @ which is neutral under

the U(1) current and a charge carrying part, i.e. O = @e"Q\/g‘ﬁ, where we bosonize the current as
J= \/gaqﬁ [178, 151]. Hence there is a natural operation, which shifts the U (1) charge of every operator

ei@VE6 Ly ¢i@-a)VE6 |t is easy to see that this operation induces a family of algebra automorphisms
known as spectral fow [178]

L,— L, =L,+al,+ %a%én’o

Jn =l = Jn+ 2acdno (64)
GF = (GF) =G

The Ramond ground states are related by (64) with a = i’% to states in the NS sector with
GE[) = Lnly)) = Jol) =0,  7>0, n>0, andG*,|y) =0 (65)

Only the + in (65) correlates with the one in @ = +'% and one has (+) for chiral and (—1) for anti chiral
states. It is easy to see that (65,56) imply

1 c
h=+5Q, lQl<z=d. (66)

Massless space-time scalars are have (Q, Q) = (£1,41). The states in the chiral- and anti chiral rings
with this property are related to the cohomology of M. The (c, c) ring corresponds to H21(M) and the
(¢, a) ring corresponds®® to H''(M). The above spectral flow operators with a = +1 relate space time
superpartners with each other and are identified with internal part of the spacetime susy operators [84].

The main point in Gepners construction is to identify the internal ¢ = ¢ = 9 theory with an orbifold
of a tensor product of minimal (2, 2) superconformal field theories. The factor theories are constructed as
cosets of supersymmetric, WZW models, see [131] for a general discussion. WZW models and cosets are
an important source of rational CFT beyond ¢ > 1. In the simplest case based ona (SU(2) x U(1))/U(1)
coset the central charge is

G=—F  LeN. (67)

13 The (a, a) and (a, ¢) rings correspond to conjugated fi elds and contain no independent information.
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Primary states |I,q, s) of the algebra (54) are labeled in the minimal models by integers which have the
following standard range™*

0<I<F,

0<|g—s[<I

. { 0,2 Neveu — Schwarz — sector } (68)
~ | £1 Ramond — sector

l4+qg+s=0mod?2
and have conformal dimension and charge

o (I+2) s? _ q s
= m g, Q— — + —. (69)

k+2 2

Above we discussed only the right moving part of the theory. There is a remarkable A — D — FE classifi-
cation, behind the question how to combine the x4, and x7,, , characters to a modular invariant one loop
partition function [31]. Note that above only I # 1. That is because all possible shifts of ¢, s w.r.t. g, 5 are
obtainable in a separate step by orbifold constructions w.r.t. to simple current symmetries. The simplest
way to get a modular invariant theory is to start with a left right symmetric theory with states |, g, s; 1, g, s),
this corresponds to the A-series. Considering only this series there are 145 possibilities to build a tensor
product theory with ¢ = ¢ = 2?21 cr; = 9. Note that at most one &; is allowed to be zero, because of
the ¢ = 9 condition. This is the same number as ¢ (Ths) = 0 Fermat hypersurfaces in WCP*, i.e. with
> i1 wi = d, see Sec. 9.10. In fact identifying m; = d/w; = k; + 2 it is easy to see that both enumera-
tions lead to the same diophantic problem. The simplest possibility is k; = 3 fori = 1,...,5. This leads
tod =5 w; = 1,4 =1,...5, the Quintic in P*. Gepners orbifold construction divides the symmetric ten-
sor product by a symmetry group which is generically the subgroup G' = Zieast com. muit. {k:} X (Zy)™H1
among the group generated by the simple currents and constructs a modular invariant orbifold. The effect
is that the factor theories and the space-time part are either all in the NS-NS sector or all in the R-R sector
and that the charges in the internal NS-NS sector become odd integers [84, 85]. It then easy to see that
states in (¢, ¢) ring from the invariant sector'® of the orbifold are of the form &, Ili,1:,051;,1;,0). For the
tensor product model that corresponds to the quintic this leads in view of (68) to 101 elements. The count-
ing is the same that leads to the 101 independent complex structure deformations under Eq. (264), which
are identified with elements in H2!(M). All states in the (a, c) ring are from the twisted sector. They are
more complicated to count but one checks that they yield the number of independent elements in H 1 (M).
It is also straightforward to identify the orbifold action, like e.g. (265,274), that leads to the mirrors W of
the manifolds A in (53) in the conformal field theory context and to check that it indeed exchanges the
(¢, ¢) with (¢, a) ring [96, 76]. A fascinating idea has been to use Cardy states [176] to classify D-branes
as boundary conditions in the rational CFT at the Gepner-point and compare with geometric pictures of
D-branes [28] in particular the triangulated category of coherent sheaves over M for the B-branes or the
category of special Lagrangian submanifolds of M for the A-branes respectively.

5.5 tt* equations, special geometry and contact terms

The ¢t* equations describe the geometry of the ground states of N = (2,2) two dimensional theories.
The construction does not require necessarily conformal invariance, but rather the following structure. A
nilpotent operator @ and its adjoint Q1

{Q."y=H (70)

14 For the orbifold procedure the following equivalences areimportant g ~ ¢ mod 2(k+2),s = smod 4 and|l, q,s;1,q,35) ~
lk—1,q,85k —1,§+k +2,5+2).

15 genera there might be (¢, ¢) states in the twisted sectors but for the smooth hypersurfaces, such as the quintic, there are
none.
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and a conserved fermion number. @ and its adjoint QT define rings of cohomological operators R and
R* respectively. The advantage of the approach is that it derives the relevant geometry with minimal
assumptions. E.g. special Kahler geometry follows just with an additional requirement on integral charge
conservation for the A-model the B-model and even the more exotic cases introduced in [83]. To make
contact with the previous sections this can be realized as

[ Qs =Q_+Q4+, R=(a0) f_{QL =Q_-+Q+, R*=(ca)
Q—{QB 0 +Q.. R=(o 2 TV0h =0 +qs. R =(aa) P

As explained we have to twist the theories by identifying the corresponding A gauge connection with the
spin connection. Since only the fermion number must be conserved [44] one needs only a Z> anomaly
free subgroup of the U(1) g-currents. The ¢t* geometry is applicable to N = (2,2) 2d field theories with
marginal (conformal) but also relevant (non-conformal) deformations. While these theories might not have
a geometrical target space realization, it is still'® useful to think of a formal correspondence to the deRham
(Dolbeault) conomology on a manifold M with (Q, Qf, H) ~ (d,d*, A)

The Ramond-Ramond vacuum states, compare (62), are defined by

Qla) = Qf|a) =0. (72)

Such states play the rdle of harmonic forms. We call the space of vacua H. The operator state cor-
respondence of 2d QFT associates to every operator ¢ € R acting on a any vacuum state « a state
|¢) = ¢|a). In order to avoid too many indices we call the zero-form operators O(®) = ¢ and the
two form operators O = (. Since |¢)s = ¢|a) is closed, Hodge decomposition (348) applies
[#)a = |0)a + Ql¢-)a + Q|4+ )q and by that we get a map

Iy : B = |0)a (73)

from R to H. If « is fixed and as will soon see there is preferred choicewe can find a canonical map from
the ring R to the Ramond-Ramond groundstates. Moreover every ¢ € R induces a map

: o) ~ [do)a (74)

from H to 4. Everything we said from Eq. (72) on, could have been said verbatim for the conjugated
sector defined by Q. In particular we get for the same choice of o a second basis of #, which we call
[2), 7=1,...,7. If one has unbroken U(1) g,z symmetries as in Sec. 5.4 one could single out |a) as the
lowest charge state in the Ramond-Ramond groundstate.

The following path integral argument requires only conserved fermion number. In the operator approach[7][56]
to 2d field theory one defines a state the Hilbert space H of 2d theory by the path integral over a half sphere
HS? boundingan S*. Parametrize the S* by @ and denote the fields generically by ¢(6). The path integral
is a functional of the boundary field configuration ¢(¢) € L? on the S* and defines a state |¢) in H as
in (76). Anti periodic boundary conditions for fermionic states on contractible loops as S' on HS? are
the natural boundary conditions in the path integral so that (76) does not yield periodic Ramond-Ramond
states in H. However the connection Af} of the gauged U (1) R-symmetry couples to the fermion number
with charge % i.e. acts like a spin connection w,. When one transports the fermion along the S*, the
connection is integrated to a Wilson loop phase rotation acting on the fermionic state as

ewifsl wdz _ ewistg dw _ ewistg 2—1:1\/5 — eﬂistg c1(T) — _1’ (75)

which rectifies the periodicity. A projection to the Ramond-Ramond groundstates at the boundary can now
be achieved by attaching a cylinder of length T to HS2, see Fig. 5. Call the combined surface H;S2. The

18 For o mode on M this formal correspondence becomes an actual correspondence.
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“evolution” of a state |¢) defined by the original boundary S of HS? to the far boundary is described by
e HT|@). If the length T of the cylinder goes to infinity only the groundstates in 7 survive, because they
have 0 as energy eigenvalue of H, cff (63).

After this preparation we can define the path integral version of a projector (73)

. lim _

=g [ Do T 00— (76)
The T' — oo limit makes the projector only sensitive to cohomological information of ring states ¢ € R
or ¢ € R*. Exact pieces have non-zero energy and are completely suppressed. Note that II(1) = |0)
defines a preferred vacuum state. We call the image of a basis ¢; € R, i = 0,...,r with &y = 1 in H the
topological basis i) = II,(¢;). By the operator state correspondence we can also represent the rings (36)

on the vacuum states

¢ilj) = Cfi|k) (77)

[0> [i>

i 0D ( U(a

T— o T— o

Fig.5 Path integral projectors to the Ramond-Ramond ground states H

The path integral (76) with insertions of ¢; € R* defines the anti-topological basis |z) = II,(¢;). The
two basis of 7 namely |i) and |z) must be related by a linear transformation, the real structure,
i) = M{Ji) . (78)

The CPT theorem of the 2d field theory states that the effect of complex conjugating all expressions in (76)
sends |i) — [2), i.e. |2) = M7 |j) which implies M M* = 1. One has a topological bilinear pairing

(il7) = ni; (79)
and an hermitian bilinear pairing called the ¢t* metric
5 = 955 (80)

which are in an obvious way related by the real structure
9'"'ni; = Mj . (81)

Note that (i| # (|4))*. Both bilinear pairings can be defined by the path integral as in Fig. 6. These objects
are topological to different extend. Changing the representative of the @ cohomology class |i) +— [i)+Q|))
or (j| = (4| + (AQ will do nothing in (i|j) as |j) and (i| are Q closed. Due to (35) the pairing n;; is
independent of the position. That is true for all length/diameter ratios of the cylinder, i.e. the cylinder is not
needed at all in the definition. For the pairing g;; with (z| — (2] + (\Q' and |i) — |i) + Q|\) the argument
does not apply as |5) is not QT and (7| not @ closed. However from (70) and Q|\) # 0 ({\|Q1 # 0) follows
that these exact states have positive energy. The only states with zero energy are R-R vacua. l.e. in the
case of g; ; we need the T' — oo limit to define a topological quantity.

Locally the tangent space of the (¢, ¢*) moduli space is spanned by elements from R (¢) and R*(¢*). Itis
clear that the pairing 7;; depends only on the ¢ moduli. Moreover one shows that as metric it is completely
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ni = <ili» ¢
G =<1> @G) 0) 9

T—o

Fig. 6 Path integral representation of the topological pairing #;; and the topological-antitopological pair-
ing gg;-

flat, i.e. all components of the curvature tensor vanish similar as in d < 1 strings [60]. One can therefore
find coordinates which make the metric n;; constant. This defines the moduli dependent basis of R. As it
is clear from the construction of the basis |) and |z) via the projection of moduli dependent elements in the
rings R and R* they will depend on the moduli m = (¢,¢*). In the Landau-Ginzburg approach [193] n;;
is explicitly defined in terms of the Landau Ginzburg superpotential as

X)X A dX”
ni; = Res[¢id;] = 2m / $X o A —Z¢ )det 1 [8:0,1W] . 82)

Another approach to define n;; is via the supersymmetric Schroedinger equation [42]. We will not dwell
deeper into the derivation of (82), except for remarking that it is a zero dimensional analog of the Griffith
residuum expressions (266,280) used in Sec. 8.7 to define the periods, with the identification W = P.
The tt* equations describe how the vacuum states in H vary over the moduli space parametrized by m.
One calls the corresponding bundle also #. Let e, be a basis, i.e. a section in #, and denote its connection

A%, = g""(ex|0sley)- (83)

If the basis of # changes by a “gauge” transformation [e,) — [e]) = A,sles) then the connection
undergoes a gauge transformation A — A—'AA + A~1dA. Let us consider the perturbation

S:/d2z£+ ti/d2z0i+ F/d"’z@i, 84
: 0 Z ) Z g (84)

where the two-form descendants are called O; := 0§2). It is easy to show that the following mixed
indices of this connection vanish in the holomorphic basis. Consider e.g. A;; using (81) we can write

Al = i*(k|0;|5) = n*(k|05|j). By (38) we can write [;, O; = [@, A] and since ¢; is Q closed we can
write 0;|7) = I, ([Q, Al¢;) = QIIL(Ag;) = Q(A[7)). Since (k|Q = 0 is closed this expression vanishes

Al =0. (85)

Similarly one shows that A}~ = ™ (1|0;7) = 0.
The metric connection is characterized by

0= Digiz = Okgiz — Ok (il)[7) = (il%17) = (B {e)1J) - (86)
From this and the Dy, derivative, we get formulas for A7 and A7
Al = g0kgms, AL = g™ Ok Gmm - (87)

as hermitian connection of g. Indeed the topological basis |¢) and the anti-topological basis |z) form
holomorphic and antiholomorphic sections of the vacuum bundle over the moduli m and one gets the
vanishing of the following components of the curvature

[DiaDj]:[DTJDj]:O' (88)
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The most important relation comes from analyzing the [Di,l__)i] curvature term. Let us do this for
definiteness for the B model. Since the twisting (58) is so that Q. (2) ~ GT(z) and Q_(2) ~ Gt (2)
have dimension one, we can define

+= fde*(z), Q = fdzé*(z) . (89)

Here we adopt the notation to use the CFT conventions for the twisted currents. The commutators and
anticommutators in the definition of the descendants (38) can be represented by (55) as

O = 0P = {Q4,[Q-, di(w)]} ~ 74 G (2) ¢ dwG (w)di(w) |
) ) ) ) . Cly cl ) . (90)
Or: =02 = (Qr, (O, Fulw)]} ~ 74 GGH2) ¢ dwG (w)di(u)
Cu cr
We calculate [D;, D;] in |I) basis i.e.

[DiaDj]i: = 3iA§-k 93 Al k= = 1'?[(8i(p|)d ]

K) = (B (p)&i[R)]

17 (6 [rr62 {Q,[Q—, 613 T Sz {Q+1Q- 631} )

17T (6 [r753 (@4 [Q— Gal}) T ([ (@4 1Q— 9]} )

= o7 [0(9 Jusy 0004) X (L d564) =11 (¢ S 93) T (Ul 000016 )|

= 0% (9 s 03) T (S @rt)n) = TU (0 i, 0ra8:) T ((firz, B0k )|

- ’P[ (8 Sy ) T (e H) §oy 0)68) =T (8 $ H(2) J, 66) T (S, 68|

(91)
the contours of G~ (2), G~ (z) G*(z), G*(z) are as in Fig. (7). Moreover we consider operators ¢ in the
(¢c,c) and ¢ in the (a, a) ring, e.g. ¢ is Q@+ and Q_ closed. In the language of current algebras that means
that the short distance expansion of ¢(v) with Q (z) ~ Gt (2) and Q_ (w) ~ G (z) has no pole and ¢(v)
can be ignored when deforming I", and I',,. The contours e.g. of the term in the third line can be deformed
as in fig. 7 and the contours of G~ (2), G~ (2) encircling G*(z),G*(z) give the L_; and L_; acting
as @ and O derivatives on ¢; by (35). Similar manipulations apply to the term in the second line of (91).
Applying Gauss’s law in both terms gives the integral over the normal derivative —9.,. The minus sign is
due to the orientation of 7. The normal direction is “time” evolution by H, i.e. 8,, = On¢; = [H, ¢,
which is used in the last line of (91), where H(z) is integrated around ¢; From now on we exploit the

(8%, || e (a @ O@i‘f})

Fig.7 Contour manipulation on X in the evaluation of [D;, D51} .

topological nature of the theory and take ordered limits of ¥
first : Tr, T — o0, second : T — o (92)

as depicted Fig.8. The tubes are all normalized to have perimeter 1. Elongation T'r and T, projects ¢,
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Fig.8 Limits taking in the evaluation of [D;, D;]’, .

and ¢, to the Ramond-Ramond vacuum state (p| and |k) respectively. The procedure of the limits is a
prescription how to deal with short distance singularities and the only such issue in topological field theory
are contact termssee (100) and (142).

The action of H on these states yields zero. The two terms in the last line of (91) are transformed into

each other by exchanging the left- and right infinity. We discuss the —II (qﬁp fHSZ 55) II ((39F H(z) fCR qﬁi)qbk)
explicitly. Vanishing of H|k) means that H may considered as acting on the full state II ((fCR qb,-)qsk). In

Hilbert space notation is denoted as H|(¢$,, #:)|k) and similar IT (qsp stg &7) as (p| stg ¢;5]. We can

move the H integral to the left and since ¢, is projected to the groundstate the non-vanishing contribution

comes from its action on st2 ¢7. If the insertion of ¢; is on the most left part in fig (8) it will also be
L

projected to the groundstate in the 7' — oo limit and annihilated by H. Therefore is remains to consider
the contribution from integral over the middle tubus whase length is parametrized by 7'. This integral is

Jru &5 = fOT dr §, d6¢;. H creates 7, translations, so [H, ¢;] = —0r,¢; and the integration over 7,
becomes trivial. Note that only the lower boundary 7> = 0 contributes. The upper boundaries, where ¢ is
near ¢; in both contributions see Fig. 8, cancels. Therefore

[DlﬁDJ_]f’c

0, s [ (0 Ss 89) TU(( H $ 0000) =T (89 5 H [, 00) T ([, G300
= 0700l (Jro ) H ($0, 01) 10) = 0l (Jo, @) H (S, &) )]

0?5 10l (9, 65) €7 ($ 80) 1) = 01 (S, ) Bie™ 7 (e, 03) IR
(G52}, — (CiCy)j, = ~1Ci, O3l

(93)

This is the main identity within the ¢¢* equations. The others are easier to derive and all are summarized
below in the topological basis

[DiaDj] = _[Cia j]
[Di, D;] = [Ds, D3] = [D;,C5] = [D5,C31 =0 (94)

We can now define a fat [V ;, V;] = [V, V5] = [V3, V5] = 0 connection
V; = D; + aC;, V,=D;+a7'C;. (95)

The sections of the vacuum bundle are identified with the periods in the Calabi-Yau ¢ model context. The
above fat connection goes by the name Gauss Manin connection in this context, see Sec. 8.5. Since
it is flat it seems that the theory is trivial! However flat connections can still have monodromies, over
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non simply connected manifolds, see Fig. 33,34, which are the essential data of our theories. Where
do these monodromies come from? The key is that (52), which is based on a local consideration of the
tangent spaces of metric deformations at a generic point of the moduli space fails at singular degenerations
of the space time Calabi-Yau manifold. At these loci charged Ramond-Ramond states become light, the
simplest example is the charged black hole at the conifold [184], which sits in a hyper multiplet. In the
presence of massless charged states the supergravity argument for the factorization (52) into hyper- and
vector multiplets does not apply either. In fact the logarithm in third period that produces the monodromy
M in (284) can be interpreted as the one loop correction of the vector multiplet gauge coupling due
to the massless hypermultiplet. An intriguing experimentally verifiable occurance of mondromies of flat
connections is the Berry Phasein quantum mechanics [18] see [162] for a review.

The tt* equations describe the essence of the WS super symmetry constraints on the topological corre-
lators. These equations have in general to be supplemented with information about the structure constants
ng and boundary conditions. But already with some U(1) i.e. R symmetry charge constraints they be-
come powerful. E.g. for d < 1 (66) implies || < 1 moreover these theories are rational and have
finitely many chiral primaries in this charge range. We assign to the ¢? of say the (c, c) ring (84) the weight
w; = (1 = Q;) > 0. The last equation (94) called associativity guarantees the existence of a potential
F with Cy;, = D;D; Dy F. As discussed one can chose flat coordinates, which we call for convenience
also ¢* such that Cijr = 0;0;0,F Charge conservation implies that F is homogeneous of degree 2 in the
weights w; of the #¢, i.e. a finite polynomial and associativity determines its coefficients up to an overall
normalization. These constraints imply indeed that there is a completely solvable discrete infinite set of
d < 1 N = (2,2) theories with an ADF classification. For d > 1 there are zero and negative weight ¢
and this simple way of approaching the problem loses its grip.

However if d € Z and the R charges are also integer, we expect from Sec. 5.4 that beside world-sheet
super symmetry also space-time super symmetry constraints the correlators. Let us show that (94) implies
for the Calabi-Yau o models on threefolds d = 3 and odd integer R charges special K ahler geometry. In
the holomorphic basis we use (85) to write [D;, Dj]f = —8;4% = —[C;,C3). With (CE)T = CL; and
hence C%, = gkaJf%gmm we write

;A% =[C;, Cylf =1[Ci, 97" Clglt . (96)

In the case of Calabi-Yau o model the R charge conservation law forbids many correlators, see sections
6.1 and 8.1. In particular go; = g°* = 0 for k£ # 0 and C%) = 6F and C% = 6%. If we specialize (96) to
k = 1= 0 we can write

;A% = 9;(9° digo) = [Cir 97" (C))'gl8

070; 10g(g05)

—g%C% g5 97)
_95
900

As follows from the identification (214,215) in the B-model and (232) or Serre duality (394) the vacuum
states |0) and |0) are associated to the holomorphic (n, 0) and anti-hololomorhic (0, n) forms. In particular

7K_. 7_ "
¢ _z/MQ/\Q— (010) (98)

and comparing (256, 257) with (97,98) we identify the Weil-Peterson metric with a sub-block of the ¢¢*
metric

Gis = gize™ . (99)

In (93) we have related the curvature of of g;; to a bilinear in the 3-point functions and with (99) this be-
comes the special geometry relation (262). In other words ¢¢* in genus 0 implies special Kahler geometry,
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but the main virtue of the formalism is that it generalized readily special Kéhler geometry to higher genus.
This will become essential to solve the B-model.

It is worth mentioning the closely related contact term approachto the definition of the connection (86),
see e.g. [145] for a short introduction. It does use conformal invariance and restricts the analysis to exactly
marginal ring operators. If the operators are exactly marginal for all values of ¢ = {t,%} of marginal
perturbation parameters as (84) then the most general short distance expansion in the basis e, of them is

0u(2)05(0) ~ T8 +T3,8(2)0,(0). (100)
Clearly this expansion is compatible with dimensional analysis, §%(z) = %%. Marginality implies in first
order in ¢ that [ d?2(04(2)0s(1)O.,(0)) gets only contributions from z = 1 and z = 0, which explains
that only the §-function appears on the right of (100) in this order. Exact marginality means that scale
independence, i.e. vanishing S functions, are maintained to all orders in ¢t. To next order follows the
closing on exactly marginal operators, as opposed to arbitrary (1, 1) operators, on the right in (100). The

Zamolodchikov metricis defined as the sphere correlator
Gap = (0a(1)0a(0)) (101)

and because of conformal invariance it does not require a limit as in the ¢¢* case. Taking the derivatives
with respect to perturbations one gets

0G, .
o= / P 2(04(2)05(1)05(0)) = T4, Gss + T4 5Gisa (102)
Y

which establishes T',, as connection of the Zamolodchikov metric. So far the discussion of the contact
terms has been about a general ansatz and in particular all F‘fm could have been zero. However [95] ob-
served first that in order to ensure marginality in superconformal theories with non trivial triple couplings
Ck the contact terms have to be present, which is of course required to get (94). The virtue of the ¢+ equa-
tions is to generalize this analysis to all ring states replacing F‘;B with Agﬁ and non-conformal theories.

As an exercise one may derive the special geometry relation in N = (2,2) SCFT using the contact
term approach as a specializing of the derivation of the ¢¢* equations. The decomposition of «, 3 into j7
comes from the possibility of picking the holomorphic basis in N = (2,2) WS theories. Of course the
real challenge is to understand the occurrence of the monodromies, which we identified as the data of the
theory, which however requires to understand the spacetime Ramond-Ramond states.

5.6 Surgery

As we have seen in the Sec. 5.2 the integral over the metric and positions of insertions points, i.e. the
measure on M, ,, in topological string, induces a specific dependence on the former data because the
measure is not Q-invariant'’, which results in QJvac) # 0.

In contrast one can define form theories, such as Chern-Simons theory, in which the Lagrangian is
simply metric independent[201], see [159] for a review. These theories are topological without any need
to reduce to cohomological sectors and said to be of Schwarz-type, while the ones which need a nilpotent
symmetry operator to define a metric independent cohomology of states are called of cohomological- or
Witten-type. We can consider 2d cohomological field theories, e.g. topological gauge theories on Riemann
surfaces, where we do not integrate over the metric and @ |vac) = 0 is maintained. By definition correlation
functions in such theories are then topological invariants of the defining geometry, e.g. of three manifold-
, knot- and link invariants in the case of 3d Chern-Simons theory and of Riemann-surfaces with gauge
bundles in the second example.

17 somestimes this is called an anomaly.
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Itis a very remarkable fact that all topological types of manifolds*®in dim 2,3 can be obtained by surgery
operations from primitive building blocks. This is wellknown in the case of Riemann surfaces we start by
cutting holes — S* boundaries — into two spheres S and glue them together along the boundaries. This
procedure of cutting and gluing can be iterated and will obviously construct Riemann surfaces of arbitrary
genus, i.e. all topological types. Similarly oriented 3 manifolds can be obtained by starting with two solid
tori T2, i.e. 3 manifolds with boundaries, and glue them together along the 7°2. In this procedure one has a
freedom to identify the 72 boundaries up to a SL(2, Z) identification of the (a, ), (a’,b') cycles along the
two T'2. This procedure can also be iterated by cutting out solid toric from 3 manifolds and glueing along
them along the 72 boundaries with the SL(2, Z) freedom mentioned above. This is surgery operation or
rather it inverse is known as Heegaard splitting.

For physical theories on these geometries a very natural question is how the correlation functions itself
behave under the surgery operations. This can be addressed already in non-topological theories, if the
gluing is compatible with the addtional structure that is needed to define the theory. A wellknown example
is Segals operator approach to 2d conformal field theory, where the gluing is defined over a strip broadening
the S', so that the conformal structure extends to all components. The key properties of the operator
formalism needed here are sketched in Sec. 5.5. In the conformal case the above strip is conformally
equivalent to the infinite cylinders and does not imply a projection to the groundstate and |¢) in (76) is a
state in the Hilbert space # of the conformal field theory. The half disk in (76) can be replaced by any
genus Riemann surface (eventually with insertions) bounding the S*. The gluing of correlators over two
boundaries is simply described by inserting a complete set of states Zij |¢)n:;{;| at the boundary. In view
of the operator state correpondence of 2d field theories we can also write this as Eij #'nij ¢’ , where the ¢’
are inserted in the corresponding correlations functions. The inverse of the gluing process is provided by
splitting all higher genus Riemann surfaces into pants and caps where operators are inserted. It is obvious
that all correlators can be reduced by this procedure to the two point- n;; = ($:¢;)0 = (i|j) and the
threepoint correlator ¢;jx, = (¢:id;Pr)o = (i|P;|k) = Cé'kml on the sphere, cff. (77, 79). Three basic steps
are depicted in Fig. 9.

Very important consistency conditions such as the associativity in the splitting of the fourpoint function
(first case in Fig. 9) result simpliy from the fact that the geometrical surgery is not unique while the
physical amplitudes have to be unique. In particular in CFT this provides important relations among the
conformal blocks of admissible theories. As explained below Fig. (6) the splitting factors through the
decomposition of the Hilbert space H into H = Ho @ HE>o cohohomological non-trivial and trivial
states. l.e. in cohomological theories the insertions Eij ¢'ni;¢’ depends only the cohomological class
[¢?] of the operators ¢¢ and the multiplicity of the representatives can be absorbed in the definition of 5.
Simple topological theories can be solved by the consistency conditions i n a bootstrap approach, see Sec.
5.5 Eq. (95) cff.

7neld,

Fig. 9 Graphical representation of three principal splitting procedures.

o

I
M

18 por simplicty we assume that they are oriented in the following.
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We give the formulas at the level of the corellators for the three basic splitting procedures below

(aPpBeda)o = Cabin® Cjed = Cacif™ Cjbds (103)

<¢a1 oo Pa, )g = Z<¢a1 oo+ Pa, ¢i>h77ij <¢j¢ar+1 t '¢an>g*ha (104)
ij

(Gas -+ Ban)g = D07 (—1)"($idjas - - - Pan bidg1 - (105)
ij

The (—1)% factor that occurs for fermions in the cut loop corresponds to the familiar —1 loop factor for
fermions in the field theory limit. Its occurance in string perturbation theory is explained in [173].

In Chern-Simons theory with gauge group G the relevant Hilbert space H,q is spanned by the conformal
blocks of the W ZW model with gauge group G [201]. The above mentioned SL(2,Z) action is the usual
modular transformation realized on these blocks. The pictures are essentially the one in Fig. 9, with the
difference that we glue over T2 boundary conditions, that the rdle of the insertions is played by Wilson
loops and that the basic object with boundaries is the filled 7' instead of the punctured sphere (disk). In
effect the surgery procedure provides formulas that express all correlations functions for link invariants on
arbitrary 3 manifolds with help of the S, T" modular transformations on the WZW characters in terms of
the basic link invariants on T2 [201].

It should be emphasized that the pictures in Fig. 9 are closly related to string loop expansions, but are
conceptually different. In the theories where the identities apply, there is no need to integrate over the
metric, let alone summing over topologies. On the other hand in string theory there is an expansion over
the genus, but the identities are modified due to contact and boundary terms.

Nevertheless the above surgery approach plays an important réle in the calculation of topological string
amplitudes. Obviously a surgery procedure in non-trivial higher dimensional space-time geometry would
be a very important step towards summing over space-time topologies as required by quantum gravity. In
the last two years notable progress has been made in developing such space-time surgery for non-compact
Calabi-Yau manifolds. Let us list some typical situations

¢ In the local Calabi-Yau geometry O(k1) & O(k2) — X, with k1 + k2 = 2g — 2 the geometry is
described by line bundels over 3. In this case [29] provide a surgery description on X, compatible
with the glueing of the line bundles, that solves the theory. Remarkably there are parameters in the
theory, which interpolate between 2d Yang-Mills theory and the topological string on the local CY
geometry.

e The topolological vertex provides a surgery prescribtion, which solves the open and closed topological
on any non-compact toric CY manifold [1], see also Sec. 7.

e The mirror of geometry of the vertex is given by 3 punctured sphere with a specified sympletic
structure[2]. Surgery of Riemann surfaces compatible with the sympletic structure, i.e. up to W
transformations, provides the general amplitudes[2].

6 The topological A-model

As explained in Sec. 5 only the U (1) 4 symmetry is at risk to become anomalous. The A model, which is
obtained by twisting the spin connection with the gauged the U (1) vector symmetry symmetry, can be
defined for all geometries that allow for an o-model in which @ 4 can be defined as in 5. It does not require
conformal invariance and exists in particular on any Kahler manifold. In fact only a symplectic structure
and a compatible almost structure will be required below™®.

19 More general redlizations e.g. in the setting of [83] are possible.
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6.1 A model without worldsheet gravity

In this section we want to describe the operators and correlation functions of topological A topological
and their relation to the geometry of the target space M. We call the anticommuting scalars from table
2 x' ==y and X" := ¢’ and the one forms i.e. sections of K and K are denoted by p? = ¢* and
pz := 4% The action is then

oy 5 in 7 .z ;. ; -1 i i BT
L= 2t/d2z (gij—@,,mza”aﬂ + ze“”bijauxlayxj —1i9ipL Dz X" +i9i7p5D X’ — iRiEjl-p;XJp’z“xl>
(106)

where we added the term involving the antisymmetric 2-form b;; € Ha(M, Z), which plays an important
role in the bosonic sector of the topological A model. The relevant fermionic symmetry § = e_ Q4 +e+Q -
acts by

(5;1;i = €+Xi, ) oxt = E_Xi
opt = 2ie d:x' + e Tiplx®, ox' =0 i (107)
5t =0, op = —2i&.0.0" + eI pkx’

with §2 = 0. There is a fixpoint of § on fermionic zero mode configuration when z¢ a holomorphic
mapz : £, - M, ie 8,27 = d;z' = 0, on which the path integral will localize by the fermionic
zero mode integration as in Sec. 3.1, so that the bosonic integration reduced to a integration over the
moduli space M of such holomorphic maps®. This moduli space M = M, (M, B, z) is labeled by the
following topological data: the genus g of X, ,, the number of marked points n on X, ,, as well as the
cycles in M that they map to (this indicated by the argument = in M, (M, §, z)) and the homology class
B = [z«(Xy)] € Ha(M, Z) of the image of £, ,, in M. For genus zero we must chose three marked points
to stabilize the moduli space, see Sec. 6.3.

The 0-form correlation observables are combinations of z?, 2* and ¢, x* the latter anticommutating
operators can be identified with the forms on M, i.e x¢ <+ da? and x* <+ dz® One checks now using the
super symmetry transformations that under this correspondence @ _ and Q. are identified with the exterior
derivatives of Dolbault cohomology & and 9. Since then Q = Q_ + Q. is identified with the deRham
operator d = 8 + 0 one can summarize the correspondence between the BRST cohomology of the @ 4 and
the deRham cohomology of M as follows. For each form

W =wr,,. 1, (2)dz" A...Adz!" (108)
on M there is a topological operator

OWipy = Wn,ra (@)X . X" (P) (109)
of the A-model and the operation of () 4 is identified with the exterior derivative

{Q4, 0w} = —Ouaw , (110)

where the form degree n of W is identified with the ghost number of Oy, since x has ghost number +1.
The action can be written as

S = it/ d*2{Q,V} +t/ z*(w), with V = g5 (pi@zmj + Bzxipi-') (111)
) )

2 | consideringonly Q4 = Q+ + Q_, i.e setting e; = €_ one neglects structure, which would give information about the
individua cohomology groups of M.
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and
/ z*(w) = / d?z (0.2'0:27g;; — 0:2°0.27gi3) =w - B > 0, (112)
> >

where w is the Kahler form w = ig;;dz*d A 27 and $ is the cohomology class [z(X)] of the image of .
The positivity holds if w is in the K&hlercone. If the antisymmetric tensor field is B is non-zero we replace
w by a complexified Kéhler form w. = w + iB = (bi; + igi7)dzid A 2.

The correlation function of physical operators

" n
([ 0i)s = DaDyDpe— S VI 0; 113)
=1 Ms =1

depends on the metric of M only via the K&hler class w (or on the complexified Kahlerclass w.). Other
metric dependence in particular on the complex structure of A/ as well as on X, is contained in V. However
this dependencies appears only as a () exact expression in (113) and decouples by (34). Moreover taking
the derivative w.r.t. ¢ implies by (34) that the second factor in (113) is independent of ¢ and the correlation
can be calculated for w in the Kéhlercone for Ret > 0 in limit of infinite ¢ i.e. at the classical minimum of
the action. This is another way to understand the supersymmetric localization. If we write

Sp = fg 9i7 (azmzazmj + 85x’8zm7)

o (114)
=2 [§, 9i70:5°0,47 + [, z*(w)

then the second term in the second line depends only of the class of the map, so it is obvious that the min-
imum is taken for holomorphic maps 8:z¢ = 8,27 = 0. This equation requires to specify a holomorphic
structure j on X, and one J on M. For fixed J and fixed j there will no maps for g > 0. Only if we couple
the theory to gravity and integrate over j we have a chance to get contributions from integrals over moduli
spaces M, (M, 3, z) of an infinite series of holomorphic maps. I.e. the path integral collapses to these
integrals over M, (M, 3, z), which are finite- in fact in many case zero-dimensional.

Let us discuss the selection rules for g = 0 correlators ([;_, Ow,)s. We note from table 2 and
the identification of x* and x* that x* has charge ¢; = —1 and ¢, = 0 under the left and right U(1),,
respectively, while x* has ¢ = 0 and ¢, = 1. Because of the splitting of the tangent bundle of M =
710 @ T(0:1) we can associate to Oy, an element in the Dolbeault cohomology group H (Px»4). Since
the vector U(1)y is unbroken in the quantum theory we get a vector charge conservation constraint gy =
> h—1 Pk— > p—1 @ = 0. For the classical axial charge we would get naively g4 = > p_, pr+> 5y @ =
0. However the U(1) 4 is anomalous. Form the kinetic terms of p and x we see that its anomaly is given
by the index of the twisted Dolbeault complex associated to D ,, D> on X (378), which is calculated by the
Hirzebruch-Riemann-Roch theorem as explained at the end of Sec. 9.3 to be

ga = #(x0 modes) — #(p 0 modes) = 2(h°(z* (T M)) — h' (z* (T M)))

115
= 2 / ch(z*(TMEONWA(TS) = 2(¢, (TM) - B + dime M (1 — g)) . (115)
b
Combining the two charge constraints we get
ae =Y pr=ci(TM)- B +dime M(1—g). (116)

k=1 k=1

In particular for g = 0 we can have on a Calabi-Yau threefold a non-vanishing coupling (Ow, (P;)

Ow;, (P;)Ow, (Py)), where all W; are (1, 1)-forms. We associate a divisor Dy, € Hy(M) to each W((ﬁ)
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with the two nondegenerate pairings [,, W((ﬁ) AWy (2,2) = 5F and fDi Wiy 2,2) = 6; One always find
a representative of W((lk)l) that has é-function support on Dy,. This implies that the point Py, in Ow(kl Y (Py)
maps to Dy,. With 5 denoting the cohomology class of the image [C := z(X)] of the worldsheet in M we

can write the product 8- w = 27 ZZ: trdr, where d, = C N Dy, is the number of intersections of C with
Dy, or the degree of C' w.r.t. Dg. The map with dy, = 0 Vk is special. It is the constant map that maps the
worldsheet, for g = 0 the three punctured sphere X 3, to a point in M. For the constant genus zero map
the path integral collapses hence to the intersection number of D; N D; N Dy. We define g, = e 27,
The general genus zero correlation function is then given by?! is

Bl
Cijk(t) = (Ow; Ow; Owy,) = Di N .Dj N Dy +{ }z:{ }Tfjﬁ Hl ¢ (117)
d; }#{0 i=

where the de:,-(‘jt are the result of the integration over Mg 3(M, 3, z). They are called genus zero Gromow-
Witten invariants.

This deformed intersection (117) is a piece of the structure known as quantum cohomology ring of M .
It is a deformation of the classical cohomology ring on M by the parameters g;. One needs in general the
deformations of all pairings [m] : H®" — H indexed by m € H*(Mg 1), see [156] and [46] for a
review, which we can be provided on the mirror side. Note that the relation to classical intersections in the
limit picks a natural normalization of the operators Oy and of their two-point functions.

Dl D2 Dl D2 D {\ D2
\ ~

Fig. 10 This figure shows instanton corrections to the coupling Ci2s with D1 N D> N D3 = O(1) and
C124 With D1 N D2 N D4 = 0. From the left to the right we pictured an instanton of degree 0 contributing
of O(1) to Ci23, an instanton of degree di = 5,d> = 3,ds = 4 contributing ~ ¢3¢3¢3 to Ci23 and an
instanton of degree d; = 5,d> = 4,ds = 3 contributing ~ ¢}q5q3 to C124. Roughly speaking for large
radii second the coupling C124 is expected to be exponentially supressed against the first Ci23. The precise
statement depends on the growth of szg. Such collective effects of the intantons can be analyzed best in
the B-model.

One collective effect of the instantons corrections is that structure functions C;; (¢) behaves smoothly
at singularities in codimension two in M as for instance through flop transitions [213][10].
We note from table 2 and 3 and from (38) that the U(1) as well as the U (1) 4 charge of the operator

(’)&2,3 vanishes. In view of (47) this means that non-vanishing derivatives of Cx;(t) such as

%((f)wjowkowl) = (00 Ot Oy / 0 (118)
ti=0 )

do exist according to the selection rules. This non-vanishing correlators signal that a non-trivial deforma-
tion family exist, but do not contain new information once c¢;,; (¢) is known as function after summing up

. 11 g, . .
21 \we abbreviate H?=1 qfl’ = ¢P inthefollowing.
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all intantons or easier from a B-model calculation. By SL(2, C) invariance on S? there is a symmetry
between fixing any three of the {3, j, k, [} points and integrating over the fourth. This implies that

0iCj(t) = 0;Ciru (t) (119)
which is the integrability condition for the existence of a function 7 (®)(¢) with the property that
Cij(t) = 8;0;0,FO(2) (120)

where we defined 9; = %. This is in perfect accordance with facts concerning F(¢) from the analysis of
the vector moduli space of N = 2 supergravity in 4d, which is identified in type Il A compactifications with
complexified Kahler moduli space. This facts can also be established in the complex structure deformation
space, see Sec. (8.5), which again is identified by mirror symmetry with the complexified Kahler moduli
space of the A-model. We should finally note that egs. (118-120) are not written covariantly, but rather in

special coordinates. Covariant derivatives are discussed in the B-model section.

6.2 Coupling the A model to worldsheet gravity

While we have prepared our topological theories by the twist to make sense on any genus Riemann surface,
we have ignored the degrees of freedom of the worldsheet metric in our discussion so far. As explained
in Sec. 5.2 in string perturbation theory one has to integrate over the complex structure of the worldsheet
and the position of the insertion points, in other words over the moduli space of Riemann surfaces with n
insertion of operators M, ,,. We have rightfully ignored that in the genus zero correlator (117), because
fixing three points kills the SL(2, C) invariance of S, which has no complex structure deformations,
so that Mo 3 = point. Despite the fact that (116) predicts a nontrivial zero point function for g = 1,
without integrating over the complex structure of ¥ the answer for the correlation function () would
be generically vanishing. As an intuitive example consider maps from £ = T2 to M = T2, allowed
by the selection rule (116). If we fix the complex structure of ¥ and M there would be, by definition of
inequivalent complex structures, no holomorphic maps unless we hit with the complex structure parameter
s the one of 73, Including all multicoverings [19] the answer 1) = —log(n(ar))d(Tar — 7)) begs
to be integrated over 7 as it is natural in string theory. For higher genus (116) predicts vanishing of the
correlation functions. That means if we fix the world-sheet metric there are just no holomorphic maps from
a genus g > 1 Riemann surface to M.

6.3 Topological gravity

The simplest example of string theory where integration over the the moduli space discussed in Sec. 5.2 is
required is pure topological gravity. This is an good warm up example in which M is replaced by a point.
It plays a pivotal role for the A- as well as for the B-model coupling to gravity. The calculation of the
expected dimension (367) was for smooth curves, which represent an open top dimensional subset of the
moduli space of all curves. In order to integrate of M, we need some compactification of M. Including
nodal curves, but so that the the automorphism group, which is finite for smooth curves of g > 1, stays
finite is called the stable Deligne-Mumford compactifi cation M,. Genus zero curves have a SL(2,C)
automorphism and g = 1 curves an z — z + ¢ automorphism. These can be killed either by a puncture
or the position of a node. Because of the former fact it is convenient to extend the discussion right away
to punctured Riemann surfaces. Inserting a so called puncture operator 1 at the point € X in the path
integral means that we want to restrict the diffeomorphism group in (42) to a subgroup which preserves
that point 2. We call the moduli space with n punctures M, ,,. Its dimension is enhanced by n complex
dimensions relative to M. Intuitively one may picture the movement of the point as additional dimension
of M, . The more accurate picture is complementary. The restriction of the diffeomorphism group by
the part, which moves the point in the denominator of (42) enhances the dimension.
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Let us call punctures and an ordinary double points (nodes) special pointsof .. The Deligne-Mumford
compactifi cation M, ,, is the appropriate compactification to define good measures on M, ,, in topological
string theory. [202, 195]. It allows the above special points under the condition that they do not meet. The
further conditions that

e (i) every irreducible component of genus 0 has at least three special points
o (ii) every irreducible component of genus 1 has at least one special point
guarantee that there are no continuous automorphism groups acting on M, ,,. Finite automorphism groups

Aut are like gauge symmetries which are divided out. The resulting orbifold is the connected, irreducible,
compact, non-singular Deligne Mumford stack of dimension 3g — 3 + n, denoted also by M ,,.

\O
/o 0 0 0 1
1

Fig. 11 This figure shows a stable degeneration of a genus 2 curve with 5 marked points in M, 5 as actual
configuration above and as dual graph below.

The positive dimension of this space appears as an anomalous negative ghost number violation in the
BRST quantization. In topological gravity it is compensated by insertion of descendant fields o, () whose
form degree is counted as positive ghost number. These descendant fields are constructed geometrically
as the first Chern class of the complex line bundle L; = z}(w) over M, ,, in the universal curve CM, ,, ,
which is induced from the restriction of the holomorphic cotangent bundle T*%|,, of £, to z;. The uni-
versal curve is the fibration over M, ,, whose fibers are the Riemann surfaces with n punctures described
by the point [E, z1,...,2,] € Myn. w = K¢ pq is the roughly the cotangent bundle along the fibres.
More precisely since nodal singularities are allowed it is the corresponding relative dualizing sheaf. L; are
line bundles over M, ,,, see Fig. 12.

The first Chern class 1; = ¢1(L;) might be represented by the (1, 1) curvature form (358)

W; = —~00log |0, | (121)
™

on My ,, where g, is a meromorphic section of L;. It can be wedged to define the general descend
operatorsoy,(z;) := ¢ of form degree or ghost number 2n. We can also consider the insertion of o (z) =
1°(z), the above mentioned puncture operator. What this means is that we change the moduli M, to one
M_,1 in which the diffeomorphism group in (42) is restricted to fix one point without doing anything else.
The selection rule for a non vanishing correlator

(04, --.0q,) = I AL A (122)
Mg
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is now given simply by counting form degrees of insertions against the dimension of M, ,,, which yields
the condition [202, 195]

n

D (di-1)=3g-3. (123)

i=1

Two easy and universal properties of the correlators (122), called topological recursion relations [200], are
the puncture equation, referred also to as the string equation

<000'd1...0'dn> = Z(O’dl...adifl...(fdn> (124)
d;#£0

and the dilaton equation [200]
<0'10d1...0d") = (29—2+n)<0d1...0'd") . (125)

Let us review the original arguments [200] that lead to (124, 125), which can be made mathematically
rigorous [106]. In both equations a puncture is removed from the left relative to the right side and the
nontrivial relation comes from loci in M, 11, where this removed point z, is together with exactly one
other z; in a genus zero component SJ? of the degenerate curve (the bold fibre in Fig. 12), so that its
removal destabilizes M, ,. We will discuss the generic case and leave the special g = 0, n = 2 and
g = 1, n = 1 situations to the reader. The key point is that L; = z} (w) over M, 41 and L} = z} (w')
over My, i = 1,...,n are related in a non trivial way. If it would be the case that L; = «*(L}) then
starting with the right hand side we could argue that the left hand side in (124, 125) vanishes due to (123).

These relevant issues occur at the divisors D; in M, 41 (in Fig. we show just D;). The forgetful
map  : My nt1 — M, is a fibering map, whose fibers describes the position of the point zq, which is
essentially . It lifts to the universal curve m¢ : CM, 41 — C My, Not as a fibering as m¢ also contracts
the unstable 5]2-. There is an isomorphism a : My 41 = C M, , but it is not compatible with the fibering
T HWH — ﬂg,n.

Now if s is a section of w’ then the evaluation z% (s) at z; pulls back under 7* to a section 7*z7(s) of
w over My 1. A simple local model near the contracted S7 shows that 7* (s) vanished with order one
at D;. This implies L; = 7*(L;) ® O(D;). With ¢; = ¢;(L;) and the properties about characteristic
classes summarized in Sec. (9.3) one gets

¥; =5 +[Dj] . (126)

The algebraic identity

n—1

Wi = )" + D] ) eyt (127)
k=1
simplifies to ¢} = (¢5)" + [D;1(y;)™ " as ¢; = c1(L;)[D;] = 0, because L; is trivial over D; as the
sphere Sg with its three special points is rigid.
So we can evaluate

n
ooracon) = [ anmut = [ A @t
L =1 M (128)

n
d._
:Z/M ih/\...iﬂjJ 1.../\1/)ii1:Z<O'd1...0dj,1...0'dn>
j=1 g,n

j=1
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Here we used [D;] - [D;] = 0 which follows from the definition and in the third equality we have
integrated over the fiber of 7 : M, ,,+1 Where [D;] represents a section with a simple zero. Very similarly
one concludes that Lo = o (w') ®7_; O(D;) is a degree 2g — g + n section of a line bundle over the fibre
of . We evaluate then again by integration over the fibre

(0104, -..04,) = /— Yo Af_y ¥ = (29 — 2+ n){og, ... 04,) (129)
Mg nt1

CM,

N+l an

M

XoXy

Qv
3 . >
0 1 .
VY ) L
(g Lz |
);n

e

M:M M,

g,n+l ag.n

x

x
e

x
N

x

Fig. 12 Universal Curve CMy,,+1 and the forgetful map. The nodal and reducible fibre are displayed,
because there are such fibres, but they plays no r™0le in the derivations of the string and dilaton equation.
They would play a r"ole in recursion relations among different genera, which is hard from the algebraic point
op view.

With the recursive relations (124,125) and the initial conditions that the moduli space of a three pointed
sphere is a point (oooeoe) = 1 and {o1) = 5 one can solve as an exercise all g = 0,1 correlators. It
seems natural to try next to consider maps which “forget” nodes to get a recursion among correlations with
different genera. From the algebraic point of view taken above this turns out to be surprisingly difficult.

Let now {d;} the set of all nonnegative integers and define

Fg(t07t1;---)=Z<H7—di>gH%7 (130)

{d;} >0 '

with n,, = Card(i : d; = r) and
F= Z N\92F, (131)

the free energy of 2d topological gravity. Where we rescaled the operators 7,, = (2n + 1)!!o,, for latter
convenience. [200] conjectured that the partition function Z = e satisfies the Virasoro constraints

L,Z =0, n>—1 with [Ln, Lm] = (n — m) Lyym (132)
with
180 1 N 2+1, 9
L_ = —— _t2 —ti—7
1 28t0+40+; 2 gy,
190 2i+1 9 1
Ly = —-— - 4+ =
0 2 0t, ; 2 ot T (133)
1 0 2 2+1 8 A2 & o2
L, =-= P N
20t, 1 2 Otiyn 4 &0t 10ty
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As an exercises one may check that (124,125) are equivalentto L {Z = LyZ = 0. It is well known [200]
[59] that (132) is equivalent to the fact that Z is the  function of the KDV hierachy and fulfills the dilaton
equation.

6.4 Kontsevich model

All proofs of (132) are combinatorial. The first is by Kontsevich, who interprets a direct evaluation of the
correlators as ribbon graphs of the shifted Airy function matrix model, which in turn can by viewed as
the Akhiezer Baker function of the KdV hierarchy. This beautiful work [140] has been reviewed in many
places e.g. [56, 54].

It employs ideas of open/closed string duality without using those terms. As mentioned in the introduc-
tion Kontsevich’s hermitian matrix model is not related to 2d gravity by a double scaling limit. It is rather
a direct combinatorial tool, whose ribbon graphs expansion calculate all correlators of 2d gravuty, i.e. the
intersection numbers on the moduli space of n punctured genus g Riemann surfaces M, .

Important in associating combinatorial data to the cell decomposition of ¥, ,, are Jenkins-Strebel quadratic
differentials?2. These are differentials ¢ = ¢(z)dz2 on Y.4,» Which define a flat non-degenerate metric
|#(2)||dz|* outside their discrete sets of zeros. A horizontal trajectory of ¢ is an curve in £, ,, along
which ¢(z) is real and positive. Jenkins-Strebel quadractic differentials have the additional property that
the union of nonclosed trajectories has measure zero. At a zero of order k£ of ¢ k& + 2 non-closed horizon-
tal trajectories meet. Closed harizontal curves are concentric arround poles of ¢. The following theorem
makes this picture precise Theorem [182]: Let £, ,, be a connected Riemann surface with n poles at the
distinct points z1,...,x,, n > 2 — 2g and associated positive real numbers p1,...,p,. Then there is a
unique Jenkins-Strebel differential on £, \ {z1,...,2,}, whose maximal ring domains are n punctured
disks surounding x; with circumference k;.

The non-closed orbits form a graph with valence v > 3 drawn on X, ,,. Thickening the edges inside
X, » one obtains a ribbon graph T ,, which inherits the orientation of X,. Vice versa one can reconstruct
from the combinatorial data {p; } and the oriented graph T',, the Riemann surface plus a Jenkin-Strebel dif-
ferential. Thatis X, ,, and ¢ are one to one to the ribbon graphT 4 with the total length of the edges making
a closed loop fixed. The complementto I'y in X, ,, are all disks, i.e. I'y defines a cell decomposition of
¥ ,.n. These crucial facts are depicted in figure Fig. 13 and 14.

SN
G—<
("

Fig. 13 From a planar graph to a genus 0 surface with 3 holes. The fat lines are the non-closed horizontal
trajectories of a Jenkins-Strebel differential, with two first order zeros.

A metric on the ribbon graph is provided by associating to each edge a length /; and consider the standard
metric in Rfedg“. With M¢£°mb one denotes the set of equivalence classes of connected ribbon graphs
with the above metric. From the metric of the graph one can reconstruct a metric in a conformal class on
X4,n With a unique complex structrure. Therefore the map M, , x R} — Mg?;””, which is induced by
associating to X, ,, with a choice of {p1, ..., p,} the critical graph of a Jenkins-Strebel differential with

2 A subtle point in this association has been clarifi ed in [217], where the reader fi nds also areview of Kontsevich's proof.
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Fig. 14 From genus 1 surface with one and two holes to non-planar graphs.

edge length {I(e)} is one to one. One can restrict to trivalent graphs as these correspond to the relevant top
dimensional strata in M2, then dimg (M2%%) = 6g — 6 + 3n.

Next one has to reconstruct the line bundles L; used to define the operators ¢; = ¢1(L;) in Sec. 6.3
combinatorially. They are associated with the holes, which combinatorially become polygons bounding
the ribbon graph. [140] denotes by BU (1)%°%* the set of equivalence classes of series of the length
{l1,...,lx}, 1 < k < N of edges in the polygons modulo cyclic permutations and denotes the direct limit
of BU( )Z4* over all N by BU(1)<°™. Over BU (1)°™" there is a contractable S* bundle EU(1)*°™",
whose fibres are the polygons with edge lengths {l1,...,1x}. Now ME%”" maps in an obvious way to
(BU(1)c°omb)m py applying the construction to all boundaries. It is a key fact proven in [140] that these
maps extend continuosly to a map I : M, ,, x R% — (BU(1)°™)™, i.e. to the stable compactification

of M,,,, discussed in Sec. 6.3. On the i’th BU(1) one can define the 2-form

= Y o d (%") Ad (lf) , (134)

1<m<n<k—-1

where p; is the total length of the i’th polygon. These 2-forms pullback under II to w; representing the class
c1(L;). Roughly speaking IT extends to a bundle map and the inverse image of the S bundle over the i’th
EU(1)™® is associated to the circle bundles in the complex line bundles L; over M, ,,. Using M, ,, x
R’} ~ M:omb one has (rg, ...74,) = fﬂ_l(p) [T, w, where m : Mgomb — R is the projection on
the length of all the holes. The integral is to be performed over the open strata in Mg‘,’;“” represented by
the ribbon graphs I" . To fix the signs, i.e. the orientation of these open strata, one evaluates the volume
form Vol = w™/d! on the complex d = 3g — 3 4 n dimensional fibre of the map 7 and uses ([ [, 74;) > 0.

, . d
With w = 2?21 p?w,- one obtains vol(7~1(p1,...,pn)) = fw—l(p) Vol = % fﬂ_l(p) (2?21 p?wi) =

2d;
2 (di|=d I, %(le ...Tq, ). Here the restriction |d;| = d on the sum comes from (123).

After a Laplace transformations [ dp;e~?iPi of both sides and using the fact that w has constant coeffi-
cients in the length I(e) of the edges of T" one gets the following main combinatorial identity

o (2d; — 1)! 2
3 trav a1 U =Y (135)

|di|=d i1 Ty |F9,n| ¢€Tqn (e)

2 #v

Here I'y , is summed over all trivalent graphs of the indicated topology, v, e are vertices and edges of the
graph and |T' ,| is the order of the automorphism group of the graph. A(e) associates to a “ribbon” e in
the graph A(e) = Xj(ey + Aj(e), the indices of the two “edges” of the ribbon.

The combinatorial expansion on the right hand side of (??) is the graph expansion the free energy of a
hermitian N' x N matrix model with the hermitian N x N matrix X as field and hermitian N x N matrix
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A as source. The partition function is
Z(A) = Ca / DX edtr(X?)—3tr(X?A) (136)

where the normalization Cy is fixed so that the integral for the free theory gives Cy [ DX e~ 3tr(X*A)=:/ du(A)=1
Now the main claim is that with the identification

ti(A) = —(2i — 1)!trA—(Zi+1) (137)

on get the important identity

- #v 2
F(t(A)) =log(Z Z 11 A—. (138)
| g, e€T,, (e)
Here we identify the ribbon propagator [ X;; Xy = 0udj, = A};—A] = ﬁ The proof of (138) is

provided by the analysis of the disconnected Feymann graph expansion of the matrix model and established
the equivalence (138) as asymptotic expansions. It is obvious that for finite IV the #;, symmetric functions
in A;, in (??) are become dependent for large 4. In order to calculate a given intersection (H i1 Td;) one
has to go to high enough N to identify the right coefficient on the right handside. If the rank N of the
matrix X is finite one probes a finite dimensional subspace in the infinite dimensional coupling space of
2d gravity, but the results in this subspace are exact and in particular independent of V.

More recently a second combinatorial proof has been given by Okounkov and Pandharipande [168].
Very recently a proof has been given by Mirzakhani [160], which establishes an interesting relation to the
Weil-Peterson volume of the moduli space of hyperbolic Riemann surfaces with geodesic boundary condi-
tions that awaits physical interpretation. It is surprising that the established solutions of the simplest model
of topological string theory do not follow from the physical approach of closed string theory. However
recently solutions of this system have been obtained using open string theory and open/closed duality[2]
[82].

6.5 Physical approach to 2d gravity

There is a physical argument for recursion relations based on the contact term algebra of two dimensional
gravity and sewing rules for string theory[195], which up to a normalization of {ro7y79) = 1 reproduces
all correlation functions and is equivalent to 132, see [56]. The recursion includes a reduction of the genus

(Tn ers Th)g ZP( (Trtk—1 H Th')g Z A(n) (ri7 H k)

keS k'#£k t+j=n 2 keS
. (139)
+Z > B(" (s 1T ntm I1 7)on
h=1 5=s1Us3 kES: kES>

This recursion reads very naturally as if we could have reduced in addition to the unstable meeting of two
points also the nodes and irreducible fibres in Fig. 12 and treat all boundaries of the moduli space M, ,,
at the same footing as in Fig. 15. [195] determine the P,ﬁ") = 2k + 1 and A,(.;‘) = 1 and Bgf’h) =1
using contact term manipulations. The puncture and the dilaton equation, which is implied in (139) can be
established rigorously in this way. However for the determination of all A, B, P one needs the assumption
of the constistency of surgery procedure at the level of the correlators, see Sec. 5.6, to restrict the contact
term algebra. Therefore, even though (139) implies (132), the approach of [195] is not a quite a proof of
(132).
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Fig. 15 Degenerations of a genus g surface corresponding to the codim one boundary in My ,, in the dual
graph notations where closed lines are double points and open lines are operator insertions.

Let us sketch the argument [195] of the identification of the 2d field theory formalism with the geomet-
rical approach. 2d gravity can be constructed as cohomological supersymmetric theory with two nilpotent
operators () representing the total BRST charge and Q_ = Q, — Q,, where @, are the left and Q, the
right super charge. The decoupling of the WS metric is not complete {Q5, 3%} = {Q, 8¥} = T*, so that
@ and @, insertions in correlations act on the measure (308) and yield by (46) derivatives on M, ,,. The
decisive field is the 2d dilaton ¢. Other fields have the following relation to ¢

Ib—?z — %{Q—;‘b}; _’70 — %{Q?{Q:J(b}} B (140)
((/J,(:)) 5(8¢7 _6¢)7 (¢0,¢0) §(8¢7 —8¢); R=dw=00w .

The theory has a gauge fixing sector similar to the superstring and in particular anti-commutating (b, ¢)
ghost and commuting (8, ) ghosts with BRST symmetry dp-stw = ¢o + dco, dbrstco = Yo, Oprstw =
$o + dco, brsttho = dyo and dprsev0 = 0. The field equations imply o = (8 + 70¢ + cOv + c.c.).
The main claim is that formally the 1; classes are

Vi ~ (Yo + o + dw) (i), (141)

so that formally o,, ~ (vo + 1o + dw)™. The point is that the insertion of ((yo + ¢¢ + dw)O), produces
by (140) and (46) a two-form on M, namely 89(¢0),, where the &9 operators act on M, ,, and O stands
for cohomological states. Note that the 8, 8 derivatives act in the direction of the complex moduli by (46)
as well as in the direction of the fibre of the universal curve. There are operators ©; = e*(%:), so that
(¢0;)y = log|o,;|* hence by (121) we get the claimed relation. The puncture operator plays a special
rdle in the field theory formalism and is given in the —1 picture [173] by P(z) = ¢&d(v)d(7)(z). In order
to proof the puncture equation (124) one has to understand the contact term between P and o, that is the
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integral

Io Plo) = [ d2P@lon = [ {EGGor g P(Dlon)

|o|<e gl<e 1a?

d’q , ~ 1 -
= [ G030 o) = | Eadidyla™alon)) 142
q|<e q

[<e

= d*q0,07(l0g |a|*)[on—1) = |on—1)
lgl<e
where we replaced in the second equality the position dependence of the puncture operator by a neck
of length T = —log|q|, see figure 16. The insertion of the Gy, G, comes from the integral over the
superpartners of the modulus ¢g. From the definition (141) and o,, = 9™ as well as (140) follows the
third equality. The Go, G play the same rdle as the @, Q_ in the derivation (93) namely to produce the
derivatives q8,¢d; from the anti commutator {Q, Go} = {Q -, Go} = Lo. The logarithm occurs, because
[Lo, #(0)] = ¢o + 1 with ¢g = ¢ d¢ and ¢o|o,—1) = Lo|on—1) = 0. Regular terms vanish under the
integral. Hence one concludes that

P(2)|on) = 6 ()|on-1) (143)

from which (124) follows. The derivation of the dilaton equation is a very similar exercise. The rest of
(139) is application of the sewing procedure of string perturbation theory with some consistency consider-
ations restricting the contact algebra [195]. We will a make a similar construction in Sec. 8.14

PO

Fig. 16 Conformally equivalent definition of colliding points.

6.6 Integrals over the Hodge classes

Beside the ¢ classes there are other important classes on M, ,. A smooth Riemann surface X, has a
g dimensional vector space of holomorphic differentials in #:°(2,) = H°(Z,, Ky,). On a connected
nodal curves there is an extension of this differentials. Namely on a curve of arithmetic genus g one has
g meromorphic differentials w, which are holomorphic outside the nodes, have at most a pole of order
1 at each node branch and the residua on the two node branches add up to zero. These vector space
patch together to give a rank g vector bundle E on M, ,,, which is called the Hodge bundl€?. In fact
this construction applies likewise to M, (M, 3), see below. The Chern classes of the Hodge bundle,
sometimes referred to as A, classes, can be integrated over M. For g > 2 one gets [69] [68]

ByyBag_o]
R :/ c_(B)= | B2 Bz .
1= Ja, ) = 222 - )

g

(144)

Here B, are Bernoulli numbers, e.g. Ry = 5o, R3 = ==, .... Using the Grothendieck-Riemann-
Roch formula of Mumford for the Chern character of the Hodge bundle on M , ,, the correlators involving

23 A similar construction on the targetspace is discussed in Sec. 8.5.
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ci(F) and 1 classes can be expressed as correlators involving only 4 classes and classes of boundary
divisors from stable degenerations. The appearance of the Bernoulli numbers is from the expansion of the
Todd class in the G-R-R formula. An recursive procedure in the genus for evaluating intersections with
boundary classes has been developped in [69]. It ultimatelty reduces the above intersections to intersections
of the ¢ classes, which are fixed by the Virasoro constraints. C. Faber has written a Maple program, which
calculates in this way recursively any given integral of A, and ¢ classes over M, .

6.7 The moduli space of maps

Let us now come to the original question of coupling the topological A-model to gravity. We want to
construct a moduli space of maps z : £, — M, which send X, into a class g = [z(X)] € Hx(M,Z),
called M (M, ). The rough expectation is that the negative dimension of the moduli space (116,368 )
for g > 1 is offset by the dimension of the deformations space M, of the Riemann surface (367). In
other words we might hope to modify the complex structure j of X until it is compatible with the complex
structure on M and a (j, J) holomorphic map satisfying the Cauchy-Riemann equation

1
Ojuz = §(d$ +Jodzoyj)=0 (145)

does exist. To see at least heuristically what the dimension of the moduli space of a stable compactification
Mg (M, ) is, consider the normal bundle exact sequence of an immersion of a non singular curve in M

0—Ts = 2Ty = Nsyur — 0. (146)

The associated long exact sequence is
0 - H'(Z,Ts) —
_>

HO(an*TM) - HO(EJNE/M) _)H1(27TE)
HY X, z*Ty) — Hl(E,NE/M) -0

(147)

Let us interpret the terms as automorphism, deformations and obstructions for the maps x. As far as the
domain curve is concerned we know that H (2, Tx) — HO(Z,Tx) = Def(X) — Aut(X), and that the
dimension of M, is 3g — 3. For fixed complex structure of the domain we can identify H°(Z, z*Th)
with the deformations and H* (X, z*T)s) with the obstructions of the map z. The real objects of interest
are H°(, Nx;/pr) and H' (S, Ny, /ar), Which are the deformations and obstructions of the map = without
fixing the domain. In order to have a stable compactification M, ,, (M, 3) we must allow in general for
marked points. In this case (147) becomes

0 = Auwt(E,p,z) — Aut(Z,p) —
Def () p) — (148)
Obs(z) — Obs(E,é, z) —0

Now if a stable compactification M, ,,(M, 3) exist then Aut(Z,p, X) = 0. Moreover at least in some
relevant situations Obs(X, p, X)) = 0 and since the alternating dimensions of long exact sequences is 0, we
can calculate Def (%, p, X), because we know Def (%, p) —Aut(X, p) = 3g—3+nand Def(z) —Obs(z) =
ho(z*(TM)) — h(z*(T M)). The expected or virtual complex dimension of the moduli of stable maps is

vdimeg M, (M, ) = h%(z*(TM)) — h'(z*(TM)) + dim Def (X, p) — dim Aut(Z, p) (149)
- T (149
=c(TM)- B+ (dime M —3)(1—g) +n,

where we calculated the first two terms contribution by (368) and the last two by (367) with addition of
moduli for marked points.
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This formula reflects the special rdle Calabi-Yau threefolds. By (149) the moduli space of the contribu-
tions to the zero point functions F(9)(¢) for all genera is zero dimensional, which reduces the problem of
evaluating them to a problem of counting points, albeit a very complicated one. All topological theories
will simplify in this way as the example in 3.1. That does not mean in general that all topological observ-
able are integers, because discrete automorphism groups of the theory, which have to be identified in the
path integral, weight some these points with 1/| Aut| factors. The remarkable fact about CY threefolds is
that an infinite number of physically relevant objects can be reduced in this way. Further comments about
the A-model coupling to gravity are exhibited in comparison with the B-model in Sec. 8.13.

One problem in this theory is that complex manifolds do not allow generic enough deformations so that
the virtual dimension formula (149) is frequenly violated and the actual dimension of the moduli space is
positive. There are two ways to overcome these class of problems:

Either we consider deformations under which the quantities under consideration are invariant. As men-
tioned below (114) a symplectic structure and a compatible almost complex structure are sufficient to
define the A-model. Under this weaker conditions one can achieve the generic situation of a zero dimen-
sional moduli space. Counting so called pseudoholomorphic curvesis in this respect an easier approach to
Gromow-Witten invariants.

Or we define a virtual classand defines formally the Gromow-Witten invariants as

= ahons). (150)
Mg:" (Maﬂ)

In particular chfL(M, B) has to specify what class to integrate over all positive dimensional components
of the moduli space that might occur. This problem of non-genericity due to obstructions is well known
in intersection theory and the above method to overcome it called excess intersection calculation [80].
An easy illustration can be found in Sec. 6.16. In so called perfect obstruction theories the existence of

c’r (M, B) is guaranteed. Below we follow an approach involving virtual localisation.

g’n

6.8 ldea of localisation

The successful setup of this point counting problem in the A-model is a very sophisticated problem, which
needs several lectures in its own. Let us mention just some key ideas and some interesting issues with
references to the literature. In the A-model we have a counting problems for each topological type of map
x : ¥, — M which are labeled by g and the class 8 € Hs (M, Z). The virtual dimension of the moduli
space might be zero dimensional, but points have no hair. They are suitable characterized by starting with
a bigger deformation space M and impose obstructions. In particular Kontsevich considered first maps
into a toric variety M and imposed the restriction to maps in the Calabi-Yau variety on the moduli space
M y—o,0(Mr, 3) by integrating over the Chern class of an obstruction bundle [141]. The principal setup is
as follows

Us=mevi(V) & ev(V) &V
- o o l (151)
Mg,O(Ma /8) i) Mg,U(MTa ﬂ) <l Mg,l(MT7 B) e_V> MT -

Here ev = ev; is the evaluation map ev : M, (Mr, ) — My defined by ev; : (Z,p1...,pn,T) =
x(p;) and 7 is the forgetful map encountered in Sec. (6.3). The fibres of the bundle Ug over (o, X) are
HO(%,z*(V)) and one defines

= /7 ¢tir (Up) (152)
Mg,0(Mr,B)

In Kontsevichs principal example [141] g = 0,8 = d,M7 = P*and V' = O(5), i.e. the zero section s
of V defines M the quinticin P*. We can use (365) to calculate h°(Zq, z*(O(5))) = 5d + 1. Similarly
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(149) gives vdime Mg o(P*,d) = 5d + 1 so that we can take indeed the top Chern class for ¢ (Uy) =
¢sq+1(Uq) to define a volume form on the moduli space. This counts zeros of the pull back and push
forward s of s which represents maps whose image is in s, the quitic threefold. Again the dimension count
is optimistic and the general case requires the definition of a virtual fundamental class. However the key
idea will apply, namely to push forward and pull back the torus action of the ambient space to moduli
space of the maps M (g, 0)(Mr, 3) and to calculate (152) by techniques from equivariant cohomology on
M(g,0)(Mr, ).

Let us give a heuristic picture how to use the induced torus on M to do the integral. For instance the
question for the topological Euler number is point counting problem asking for the zero set of the generic
section o in the tangent bundle, a C* vector field. We can use the Gauss-Bonnet theorem see Sec. 9.3
and write thisas x = [, ¢, = [,, R(g)dV. This is not a simplification, unless we have a good choice
for g to perform the integral, which comes up if M admits symmetries. For instance on the sphere we
can generate a vector field by rotating the sphere. This introduces a coordinate direction ¢ and we can
choose the altitude 4 as the second and pick the diagonal constant metric in these coordinates, which is flat
everywhere but has § curvature at the poles, which leads to the Euler number 2. The poles come of course
from the two zeros of the vector field which generates an S group action on S2. This leads likewise to the
conclusion that x(S?) = 2, see Fig. 17.

Fig. 17 Using the fixpoints of the S* group action on S? to calculate its Eulernumber x (S?) = 2.

Points that contribute to the integrals can hence be singled out as fixpoints under group action of a
group G2*. The underlying principle is called localization. The key is to give general fixed sets additional
structure, which describes the group action in their normal direction in a way that is useful to address
global cohomological questions. The result which we need is the Atiyah and Bott localisation formula in
equivariant cohohomology [13]. Learning about the group and the target from the action of the group is
a highly developed subject [27, 53]. The principal construction is as follows. Let EG be a contractible
Space - unique up to Homotopy- on which G acts freely and the right and assume that G acts on the left
on M. Then we consider the space Mg = EG xg M whose points are equivalence classes [f,m] under
(eg,m) ~ (f,gm). This space fibres over M/G. The fibres over [Gm] are BG,, = EG/Gr,, where
Gm = {g € G|gm = m} is the stabilizer of m. One defines the equivariant cohomology H,(M) as the
ordinary cohomology of M, i.e H*(M¢). For example if G acts freely on M, i.e. all G,, are trivial then
since the fibre is contractible the conomology of H* (M) is that of H*(M /G). In the other extreme that G
acts trivial the cohomology is H*(Mg) = H*(BG)x H*(M). Here we have to clearify what H*(BG) the
cohomology of BG = EG/G is. It depends only on the group G and can be understood a the equivariant
cohomology of a point H,({pt}), where G can act only trivially. Since the ordinary cohomology of the
point is trivial it is called cohomology class of pure weight (of the group action). However in equivariant
cohomology the cohomology of point is a rich structure. An example of principle importance in the A-
model are of course group actions of the algebraic torus 7 = (C*)4¢, C* = C\ {0}. The construction of
E@ for contineous groups requires a limit procedure, since there are no ordinary contractible spaces which
allow for free actions of S* or C*. S! can be thougt of acting freely on the “contractible” space EG =
limp o0 S?" 1, 50 that BG = limp oo S+ /ST = P> and HY, ({pt}) = C(A) is the polynomial
algebra in the variables A = ¢; (H(P*)), see Sec. 9.3. In the case of the torus action T' = (C*)? one has
as simple generalization

Hy({pt}) = H*(BT) = H*((P%)?) = C[As,..., Ad], (153)

24 Another way to single them out isacritical points of aMorse function.
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the polynomial ring over C in d variables. H. (M) is a roughly speaking a cohomology theory with coef-
ficients in polynomial algebra C[A, . . ., A4]. The formal parameters A can also be viewed as characters of
the Lie group of 7', i.e. maps A : T — C* thatis A € TV ~ @f_,Z and )\; is a choice of a basis[?][141].
If M is non-singular then the 7" fixed sets F' € M are also non-singular.

An important task is to relate classes ¢ € H}.(M) to classes in the equivariant cohomology of the
fixpoint loci H*(F) = H*(F) ® Hx({pt}). In ordinary cohomology one has for maps f : N — M
between compact orientable manifolds with dimM —dimN = g a pushforward f, : H*(N) — H*t¢(M).
If N is a fibering over M, i.e. ¢ < 0, then f, can be thought as integrating over the fibres. If f is
the embedding ¢ : N — M then ¢, factors through the Thom isomorphism &y : H*(M,M — N) ~

H*4(N), i.e. with H*~Y(M — N) & H*(M,M — N) EMR H*(M) one has i, = j* o ®5. Moreover
by the excision principle one identifies H*(M,M — N) ~ HX(v), where v is the normal bundle to
N. The latter can be defined in any tubular neighborhood of N im M. The Thom class of the normal
bundle is the Thom class & - 1 € HZ(v) and its restriction to N by the pullback of the inclusion map
i* : H*(M) — H*(N) is the euler class of v

*i,l = e(v) . (154)

The consideration that lead to (154) goes through in equivariant cohomology. However a key difference
and a main result in the latter case is that i*i, is an isomomorphism up to torsion. As modules H}.(M)
and Hi(F') are direct sums of a free part and a torsion part and much scrutiny in [?] is devoted to keep
information of the torsion part. Similar as for H*(M,Z) where one can ignore the torsion part by pass-
ing to H*(M, Q) one can consider in the equivariant classes whose coefficients are rational functions in

Q[M\1, ..., Ag]. Inthis setting the equivariant euler class is invertible along F so that (i, ) ! (U) In this
way one obtains for any equivariant class ¢ € H* (Mr)
ivi*g
= . 155
¢ §Fj or) (155)

The pushforward of the map 7™ : M — {pt} given by integrating over the M and a similar map
F . F — {pt} factors through so that 7F'i, = 7M. Applying that to both sides of (155) yields the
integration formula of Atiyah and Bott

Jut=3 o s

For example the euler class e(T'M) € H* (M) maps to i*(e(T )) e(vr), the ratlo in the integral is 1
and (156) calculates the euler number as the number of fixpoints x (M) = [,, e =>rlL

6.9 Toric string backgrounds

Toric varieties of dim d are varieties M in which the d-dimensional algebraic torus T = (C*)¢ is em-

bedded as dense open subset T = (C*)¢ € Mr and T acts on the coordinates a:l(i) of T by multiplication
A; € C* = C — {0}. The following is a convenient way to characterize the embedding of T" in M.
Consider

Mr=(C™-Z7Z({D;,---D; . }))/G d=m-—r (157)

where the G ~ (C*)" action on the homogeneous coordinates z;, ¢ = 1,...,m of C™ is specified by
charge vectors (%)

)
xib—)uij x;, Withlgk)EZ, ,u(k)EC*, i=1,....m, k=1,...,r. (158)
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Let (C*)™ act by multipliction on z; then T := (C*)™ /G defines the embedding of T" into Mt and its
action on z;. We denote the pure phase rotation part of G and 7 by Gg = U(1)" and T = U(1)%.
D; := {z; = 0} are divisors and the product D; - D; denotes intersection. Z({D;, --- D;,}) is the
Stanley-Reisner ideal generated by this - product with D; from certain sets of generators {D;, --- D;_}.
The necessity to substract Z({D;, - -- D;, }) is easily understood. In order to have a well defined quotient
with strata of equal dimension we need the pointsin C™ —Z({D,, -- - D;, }) to have smooth r dimensional

orbits under G and separable orbits under Gg. In particular that the data z§k> and {D;, ---D;,} are not
independent.

The definition (157) is quite obviously modelled as a generalization of the projective spaces P¢ (326)
forwhichm = d+1,1™ = (1,...,1) isam componentvectorand Z({D; --- Dgy1}) = {D1---Dgy1}.
Note that the coordinates :z:l(i) in (327) are invariant under G = (C*)! and T acts simply by multiplication
on them. This generalizes in the following way. C[z; : ... : z,,] is the homogeneous coordinate ring of
M and all local coordinates can be obtained as inhomogeneous coordinates by scaling r coordinates z;, ,
k =1,...,rto 1. This requires the choice of a suitable combination of group generators in (158), once
these are picked we identify u(*) € C* with z;, # 0 in the scaling. By construction the inhomogeous
local coordinates are invariant under G' and the (%) determine all coordinate transformations between the
inhomogeneous coordinate patches.

To study M7 and its subspaces it is convenient to view the components of the ¥ as coefficients of
linear relations among m points { P} in a lattice N ~ Z% of rank d. 1.e. the points are specified by integers
y,(c”, k=1,...d,1 =1,...,m. Conesc} are positive linear subspaces of dimension § = 0,...,d in
the real completion of the lattice Ng = N ® R = R¢Y, whose edges are generated by points in {P}.
Collection of these cones, which intersect each other at most at lower dimensional faces(o% N’ = a§<6),
are called fansX and the properties of M~ have a nice geometrical, combinatorial and pictorial incarnation
as properties of fans. In particular from the analysis of the fans one finds suitable choices of the I®) and
{D;, --- D;,} so that (157) defines a smooth toric variety. Apart from stating simple examples we will not
go further in this subject, which is amply discussed in [167][81][105]. In Fig. 18 we show three fans of
simple toric varieties.

O(-1) + O(-1)~ p*

O(-3)— P?

Fig. 18 Two fans for compact P* with 1) = (1, 1) for compact P with I*) = (1,1, 1) and two for the
non compact toric Calabi-Yau manifold O(—=1) ® O(—1) — P* with IV = (1,1, -1, —1) and O(-3) —
P2 with [V = (—3,1,1,1). Note that the first fan is 1one dimensional, the third is two dimensional and
the second and the fourth are three dimensional. This correspond to the complex dimensions of the Mr
described by them.

One can also think about toric geometry as symplectic quotient construction. This is modelled as gener-
alization of the definition of P™ = $27+1 /8, where one first restricts the moduli of z; by 374" |z]% = ¢,
a real S27*1, and divides then by the phase U(1). The gauged linear (2,2) supersymmetric & model
(GLSM) is a physical implementation for performing the quotient (157) in two steps [213]. One inter-
pretes the coefficients of the vectors ) as U (1) charges of m chiral superfields ¢; with lowest scalar
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component z; and the manifold Mt as the vacuum manifold parametrizes by the vacuum expectation val-
ues of the z; denoted for brevity by the same symbol. The total gauge group is U(1)" and in the first step
the absolute values of the x; are restricted by the correponding D-terms constraint for the vev’s

DW= S 1Pz =t®, k=1,...r. (159)
i=1

The Fayet-1llioupoulos terms ¢(¥) € R with ¢(¥) > 0 are identified with K&hler parameters of M. Gauge
invariance requires as second step to divide by the G r symmetry and defines M7 = N7_, (D) ~1(t)/Gg.
The ) > 0 constraints is necessary for smoothness of the gauge orbits[213]. E.g. for P" this ex-
cludes precisely Dy --- Dgy1. Similar as the non-linear (2,2) ¢ model the above gauged linear o has
classically unbroken U(1)y and U(1)4 symmetries. By a similar consideration of the transformation of
the fermionic measure as in Sec. 9.4 one checks that the axial U (1) 4 parametrized by « develops an
anomaly ~ 2a Y, b®)¢; (ER), where ¢, (E™®)) is the firts Chern class of the k’th U(1) gauge bundle
and b®) = ™ 1% The theory has () angles k = 1, ..., which are shifted by the anomalous trans-
formations by 6%) — 9(®) 1 2ab(k) and the ¢‘*) become scale dependent by a one-loop contribution with
p%r(’“) = (), Hence the theory is U (1) 4 anomaly free and scale independent if b(¥) = 0, Vk.

On the geometrical side it is easy to see the relevance of this condition for the existence of a trivial
canonical class. To establish condition d.) in Sec. 9.8 we start in inhomogenous coordinates of a patch
where the (d, 0)-form is 2 = de“) A... N\ dxé’“). Coordinate transformations to other inhomogeneous
coordinate patches are determined by the I(%) as explained in (158) cff. Now it is not hard check that the

8z k)

Jacobian Jac (W) is a homogeneous function of degree b(") in the variables z(*). It is therefore only

possible to extend Q trivially to all patches, iff b*) = 0, Vk. As an exercise the reader may check by
transforming between the two patches of P! that the cotangent bundle Idz transforms as O(—2) and for
0O(-2) — P, defined by 1) = (=2,1,1), Q = dI Adz (] fibre = base direction) transforms trivially, see
(400). To summarize one has the following

no U(1)s anomaly & no

160
scale dependence in GLSM (160)

K(TMr) is trivial <= g® = 3" 1Y =0, ¥k <=
K3
In Fig. 18 the second and the last fan represents Calabi-Yau manifolds with trivial canonical bundle. As
a consequence of (160) all points generating these fans lie in a (hyper)plane in Ng = R3. In contrast
to the first fan £p1 in Ng = R and the third fan p= in Ng = R?2, the fans for Calabi-Yau manifolds
in Nr = R? do non cover this space Ng. It can be shown in general that My is compact iff ¥ covers
Ng [167][81]. Hence toric varities with trivial canonical bundle can never be compact.

Each generator of a one dimensional cone i.e. all points »(9) other the O in Fig. 18 correspond to
divisors. As further explained in [81][167][105] the divisors D; are not independent, but fullfill the rela-
tions Ry, = > 1", V,(cl)Di =0,k=1,...,d Theideal Z({D;, --- D;,}) is generated by the intersection
of those divisors, whose points do not lie on a common top dimensional cone. This information suffices
to calculate the complete intersection ring, up to a normalisiation which is fixed by the Euler number, as
C[D1,...,Dy]/Z[{D;,,-..,D;,, Rx}]. Independent divisor can be identified with the generators of the
cohomology group H*~*(Mr, Z). In particular h»~ (M, Z) = r. The 1% represent curves C(*), which
vanish on the &’th wall of the Kahler cone and D; - C(*) = lgk). In a nonsingular compact toric variety
we can pick a basis Py, ..., P, of divisors P, = Y%, k;D; with k; € Z such that P; - C*) = g%,
The associated line bundles L; = [P;] generate the Picard-group of X. The class of any curve C is
B8 =][C-Pi,...,C-P,]. With suitable numeration of the points which we find Dy - D2, Dy - D,
D, -D,- D3 and Dy - Dy - D3 for the four cases in Fig. 18. O(—1) ® O(—1) — P! is the resolved conifold
and the ambiguity in tringulating the correponding fan in Fig. 18 correponds two different possibilities to
resolve the conifold by blowing up a P!.
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Each toric variety comes with a natural symplectic structure which is given by the real 2-form in coor-
dinates zj, = |zy|e®*

. d d d
) 1
w= §§ dzy Adzy, = 3 Zd|37k|2 Adby = E dug A dug (161)

k=1 k=1 k=1

on T € My. It extends via (157,158) over M. In the case of P! = S? we have drawn in Fig. 19 the
S' e C* action, which sweaps out the S2. This yields a very useful interpretation of dual®® toric diagrams
as projections of M7 under the moment map, which forgets about the phase rotations 7 € 7' € Mz on
the 6. The pictures show as linear subspace of R¢ the base B of the T' fibration parametrized by |z;|?
subject to (159). The information which cycles in T degenerate is easily reconstructable from B [152].
E.g. the two end points of the intervall in the P! diagram are the loci where the S' degenerates. The
relation to Fig. 17 and the usefulness of this point of view for localisation calculations should be obvious.
E.g. in the P2 case B is the triangle A in Fig. 19. The direction of the edges of A hold the information,
which cycle in a base (a,b) € H'(Tg,Z) degenerate. The correponding vanishing cycles are indicated
in the Fig. 19. Inside of A the a and b cycle are non-degenerate, i.e. the generic fibre is T3, which
degenerates over the 1d faces of A to S'’s and over the 0d faces, corners of A to {pt}'s. These are the
fixpoints of 72 and the remark after (156) yields x(P2) = 3. B in the last example in Fig. 19 is the open
convex subspace of R? bounded by the compact face A, and the non-compact faces F;, F» and F3, while
in the second example it is the open convex subspace of R3 bounded by F, ..., Fy.

2
P! O(-1)+O(-~ P P’ 03—

_I_Z

1

Fig. 19 Two fans for compact P! with I() = (1,1) for compact P? with /) = (1,1,1) and two
for the non compact toric Calabi-Yau manifold O(—1) @ O(-1) — P! with I'¥) = (1,1,—1,—1) and
O(=3) = P2 with 1™ = (=3,1,1,1).

The conditions on 1(*) in (160) reduce the dimension in which the points in the corresponding toric
diagram are embedded by one, see Fig. 18. A similar reduction occurs for the toric diagrams representing
the degenerations. A way to think about this is that instead of the generic T fibration over B one can
consider a R, x Tf{‘l fibration and one dimension less is necessary to describe the degenerations in Té‘l
by directions in B. This is only possible if M is non-compact, which is the case for toric Calabi-Yau
manifolds. To obtain this structure we establish it in a patch and show that is possible extend it over the
non-compact toric CY manifolds. In a patch e.g. for d = 3 C with coordinates z;, z2, z3 we consider
three Hamiltonians

Toy = |:z:1|2 — |;c2|2, Tay = |:1:3|2 - |x1|2, rg = Im(z12223) . (162)

They parametrize the base and generate flows .z, = {ra,zk }. €tc, whose orbits define the fibre. The
distinguished R. orbit in the fibre is generated by rg. E.g. for d = 1 the only toric CY is C, which can be

25 The reader will recognize that the picturesin Fig. 18 and 19 are dual in the sense that §-dimensional subspaces are mapped to
d — 4 dimensional subspaces. For the detailed description of the pictures see exercise (164).
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either viewed in polar coordinates = = |z|e?’ as S! (@) fibration over R (|z|) or in z = u + v coordinates
as R (u) fibration over R (v). The latter fibration can be obtained as above by taking rg = Im(z) = v as
base, while Ogx = {v, 2} = 1 generates as orbit the real part u. In the general case r g generates the real
part of z; ... x4, While ry,, r,, generate independent phase rotations

exp(Q1Ta, + QaTay) : (L1, T2, x3) H (e (1702 g e~ g, eit2g,) (163)

designed not to affect the phase of x; . .. x4 and therefore the R fibration structure. To see that this fibration
structure extends globally consider as above (160) inhomogeneous coordinates obtained by scaling with
1™, In each patch defined by z;, = 1, k = 1,...,7 we can obtain the product z\" ...z from the
homogeneous coordinate product 1 . . . x,,, by scalings (158) with u*) = z;, . Precisely if (*) = 0 (160)
X1 ... Ty, IS invariant under such scalings and defines gobally rg = Im(z .. ., x,,) and therefore a global
R fibration structure. The r,,, can be defined in inhomogenous coordinates in a patch and the action can be
extend by the usual coordinate transformations to other patches. Because the r,, act on the exponentials
it is slightly more convenient to lift the multplicative relation between the coordinates to additive relations
and described the r,, as follows. We pick d — 1 independent generators r,, in the i’th patch defined by
x5, = 1,k = 1,...,r and write them in homogeneous variables. Since T = U(1)™/Gg and the D,
in (159) generate G'g by the Poisson bracket and since moreover the Poisson bracket is linear, the r,, are
defined only modulo addition of D;. This ambiguity is of course fixed in any patchz;, =1, k=1,...,r
by setting the coefficients of |z;, |, k = 1, ..., to zero. This ensures that r,, generates orbits within that
patch. Note that the r,, do not change the phase of z; ...z, if the sum of the cofficients of the |z |? is
zero. This sum does not change upon adding Dy, if all ) = 0.

As an example we show in Fig. 20 the degeneration of T'% for the O(—3) — P2 geometry, which is
defined by (—3,1,1,1) acting on the coordinates (x;,z2,x3,x4). To cover the geometry we need three
patches. Patch x4 # 0, with coordinates u; = x,73, us = m2/x4, uz = x3/x4, patch zz # 0 with
coordinates v; = mz3 = wiu3, vo = x4/T3 = 1/us, v3 = T3/T3 = us/uz, and patch z» # 0
with coordinates wi = 123 = wju3, wa = T3/T2 = uz/us, w3 = T4/T2 = 1/uz. We let (163)
the action on the w; in the first patch and collect the phase shifts on the variables u;, ¢ = 1,...,3 as
8y = (@1 —aw, —ay, as). With the same notation we have on the v patch s, = (2a2+ a1, —as, —a; —as)
and in the w patch s,, = (—2a1 — as,as + a1,+a1). The ay, s parametrize two independent cycles
of the T2 and can be fairly naturally be identified with a basis a1 /27 ~ (1,0) and as/27 ~ (0,1) of
H'(T%,7Z). Note that o; /27 also carries a natural integer structure, but the identification is of course up
to SL(2,Z). Ifu; = us =0, (ug = up = 0) or [uz = ug = 0] the cycles (0,1), ((1,0)) or [(1,1)]
degenerate. The former locii in the u-patch project on the (rq, , 74, )-plane to the lines ro, =0, (ro, = 0)
or [ra, + 7o, = 0]. We define an association of v; = (my, m2) € H*(T3,Z) to lines in the (r4,,7a,)-
plane by mar,, — mire, = 0. v is the cycle, which does not vanish along the line and its orientation
is fixed by choice of the St actions in s,,. The corresponding vanishing cycle fullfills v - v; = 0 and its
orientation is fixed by v A v; > 0. In all patches we can read the v; from the s, ,,. Equivalently we may
transform the r,, to the patches x4 32> = 1 as explained above, namely by suitably adding D; of (159).
Then the projection to the (rq, , 7o, )-plane is performed as explained for the first patch above.

The lines in this figure correpond to stationary points in the Hamiltonian flows in the angular directions
and also of the flow induced by . The direction of 7z is perpendicular to the shown plane. The identifi-
cation above is made so that the vectors v coincide with the direction of the vanishing cycle in H' (T3, Z).
The zero coefficient sum in (159,162) implies a zero force condition on each vertex i.e. Zle v; = 0.
Smoothness correponds to |v; A v;| = 1 for v; # v; ending on a vertex. As an exercise one checks in Fig.
20 the vanishing cycles for the O(—1) & O(—1) — P! examples. Further one may check that the generic
T4 fibration can be obtained by choosing the Hamiltonians in a patch as

ra; = |Ti?, i=1,...,d, (164)
and that the basis B and the torus degenerations in Fig. 19 are reconstructed very similar as above.
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Fig. 20

6.10 Harvey-Lawson special Lagragian Branes

In the toric non-compact Calabi-Yau spaces one can define a very simple class of special Lagrangian
branes. It is sufficient to discuss this for C® patch, where one the following three Lagragian cycles

Li: 7,4, =0, Tay = 51, rr >0, Re(ziz223)=0
Ly: 14 = —82, Tas =0, rr >0, Re(rize23)=0 (165)
Ly: 7o +74, =0, Ta; = 83, rr >0, Re(rize23)=0

The s; are moduli. These submanifolds are Lagrangian, because the r,, constraints imply d|z;|*> =
d|z2|* = d|xs|? while Re(z1z223) = 0 implies d(6; + 62 + 63) = 0, so that w|r, = d|z3|*> A d(6: +
05 + 63) = 0. Similarly one shows with Y% 6; = n/2 that Q|r,, = drg A day A az = vol(L), i.e. L;
are special Lagrangian with the same calibration. The L are obviously T2 fibrations with fibres generated
by r,, over rg. The boundary conditions are so that one S*, e.g. in the class (0,1) for L; shrinks to
zero and completes the halfline parametrized by rg to C, while the other in the class (1,0) for Ly, has
minimal radius /s;. The topology of all L; is therefore S* x C. The geometry implies that there is natural
holomorphic disk build as an S* fibration, the S* is in the (1,0) class, over r,, bouding the topological
non-trivial St in L;. The s; are the volumes of these disks and in Fig. 21 all volumes are positive if
Re(s;) > 0. Similar as the K&hler parameters ¢ get complexified by the integral of the B field fc B the
open string parameters s; are complexified by the Wilson loop fsl A= fD B. This complexification and
holomorphicity renders singularities in the complex s space to codimension one. Similar as in the conifold
flop transition the continuation to negative volumes including all multi coverings of the disk is not singular.

6.11 Localisation in the moduli space of maps

We spent some time now to explain the torus action in the target space M. The final goal is to use its
implications for holomorphic maps from the world-sheet z : ¥, — My into the target space. Recall that
the key idea here is to pull back the torus action on the moduli space of stable maps, find its its fixpoints
in My, (M7, B) and use (156) to perform the integrals like (152) or more generally (150). First of all
to define a fixpoint in M, (M7, 8) the geometric image z(X,) should not move under 7¢. That is not
to say that it pointwise fix. In particular a genus zero component of ¥, can map to the S?’s that are the
S1 fibrations over the closed lines in Fig. 19 or 20, where the S* in the class specified by v; acts on it,
but it cannot map anywhere else. Marked points in Fig. 11 must map to the fixpoints of 7¢ otherwise
the map would not be invariant under the torus action. Similarly the map of a higher genus component
cannot multicover the P! line with branch points. Such higher genus components must be contracted
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to the fixpoints. The map of a genus zero component to a line is given in homogeneous coordiantes by
2y ca) =0:...:0:a¥:0:...:0:a% :0:...:0). Thisis only part of the map which
can carry degree d;. The upshot is that the fixed points are labelled by “decorated graphs” " similar as in
Fig. 11. The decoration indicates the genus g, and target fixpoint of the contracted components (vertices)
and the target line and the degree d;, of the uncontracted g = 0 components (lines). The total degree of
the map is simply d = ), d;, and the total genus is g = 1 + x(T') + > _ g»,, Where x(T') is combinatorial
Euler number of the graph. Fig. 22 shows the graphs for ¢ = 1 and d = 3 maps. The 4, j, k, [ run over the
fixpoints of the toric diagram of the traget space for which an embedding of the graph in the toric diagram
is possible.

0=1,d=3

Fig. 22

After capturing the data of fixed maps in M, (M, ) as graph I, we have to give equivariant expres-
sions for 1/e(vy) =: 1/e(vr) and i*¢ =: if.¢ in (??). The relevant model for M, ,,(M, j3) is Def (%, p, z)
in (148) and we have to select normal directions in Def (%, p, z), i.e. the ones which move the map out of
the fixed configuration, this part will indicated by a ™°¥r superscript. We can use the splitting of (148) to
write

1 1 e(Aut(X%,p)™ovr)

e(r) _ e(Def (T, p,z)o'r) — e(Def(z)mor)e(Def (X, p, z)mor) (166)

One can provide expressions for the equivariant euler classes by constructing explicite sections of the
bundles Aut, Def and Obs in local coordinates. The weights «; of the torus action will be defined by
(164) in a patch and extended by coordinate transformations over M. Let us consider as an example
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the map of a P! component with degree d; to a line (edge of the toric graph) e ~ P' € M. For this
we want to compute the weights of the moving sections of Def (z)™°Vr = HO(X,z*T Mr). We note the
splitting of the tangent bundle in TMy|, = T, ® N dueto 0 — T; - TMy — N — 0. Since over
P! all complex vectors bundles split in complex line bundles we have T M|, = O(2) 4=} O(n;). The
first line bundle is the tangent bundle of P! and the degrees of the line bundles in the normal directions
can be straighforwardly calculated within toric geometry. Let 3 = [di,...,d,] be the class of [ given
by by D;, --- D;,_,. Each D; represents a normal direction O(n;) with n; = "7, di(D; - C®)). We
can always pick local toric coordinates such that z. is a coordinate on e and z;, ...z;,_, are normal
coordinates. Locally the map = : P — e is given by a%s = 2. For a deg(x) = d. map we find
the following basis of sections of H%(X,z*T M7): a‘z%-, i = 1,...,2d; and ai%, i=1,...,n;.d,
k =1,...,n— 1. The toric coordinate transformations determine the weight «, aj: of the torus action
on the tangential direction z, — exp(ic;)z. and the normal directions z;, — exp(ia;, )z;, in terms of

the basis a1, ..., aq4 used in (164). The equivariant euler class of the moving part is the product of the
torus weights of the sections, where the ones with trivial weights are omitted. A litte calculation yields
(=% d?4 rrd—1 77 1

e IL2 =y , as contribution to (V 3-

do! 2a2dl k=1
( I'B is possmle [141][94] to evaluate all expressions in (166) for a fixed map from the combinatorial data
of the correponding graph in more or less closed form. E.g. the expression we evaluated above will appear
then for every P! component of ¥, mapped to a line e € My. To give the whole expression denote the
vertices of the graph by v the genus of the irreducible component assiciated to this vertex g(v). Note that v
has to map to a fixpoint under 7% in M7, which is a vertex of the toric diagrams of the types in Fig. 19,20.
Let e(v) be all edges of the graph ending on v and a. the toric weights of the coordinate of the line e to
which this edge is mapped. Note e must be a compact line in the toric diagram. We refer to the number of
edges ending at v as the valence val(v). Further denote by f(v) all lines (flags) that end on a vertex of the
toric diagram and a its weight. In the cases of flags o is the weight the coordinate z; that vanishes at
the vertex. Flags and edges are very similar, only that flags can also stand for insertions of marked points
on one vertex. Note that 7'?-invariance implies that marked points can only be inserted at the vertices.

d—1Tj(e)y

1 H ]_dd2dt H H HH yral(v)-1 H Qe
e(vr) ; 2dz fatefiie —a = Qj(e)y, Ty () e val(v)=1 de
( val('u) 3
H > é 11 Zlf = forg =0 (167)
x{ v L\V® s F(v) dr
1
H H o(v) (@es B H Hm , forg>0
(v Le() v | f(v) df

Here P,(\, E*) = >7_, A"¢c,—,(E*) and E is the Hodge bundle defined in Sec. ??. Like E the field ¥
is descendant class on the moduli space M y(,y,, of the component of ¥, ,, , which is contracted a vertex

It remains to construct the obstruction bundle ¢ = ¢¥¥" (Ug). For compact M the virtual fundamental
class [M, o(M, 3)]*" does no embed into [M (M7, 3)]"" for g > 0 and it is therefore not clear®® how
to restrict in the moduli space of higher genus maps from those mapping to M to those mapping to M,
see last section of[88].

The g = 0 localization for the quintic is discussed in [141], here we focus on the non-compact toric
cases which can be solved to all genus by localization. We identify V' = K g, i.e. with the canonical bundle
K over the compact base, e.g. O(—3) for the local O(—3) — P2 or O(—1) & O(—1) for the resolved
conifold. Now we have to construct the class ¢ = ¢(Ug) and the moving part of its pushforward under 7 in

26 | |ike to thank Tom Coates for anote regarding this and the reference [88].
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equivariant cohomology. That was done in [135] and gives

d—1de(—nj(e), )1

o,
IT1I H —d%—%'(e)k

e k=1

H H val v) 1 fOr g — 0 (168)
v e'(v)
X val(v)—1 * f
HH(ae’) Py (ae, E*), org>0.
v e'(v)

Here €' are the non-compact edges. Now (156) can be applied to give

vzr (169)
/MQ,H(B,MT) Z |ij )] /

The integration in this formula is over suitable products of the classes ¢ and ¢ (E*) in the expansion of
e(y y over the 3g(v) — 3 4+ n dimensional moduli space M, ,, of contracted components ¥, ,, of the
domain curve. This can be viewed as an excess intersection calculation. The result of these 2d-gravity
integrals was described in Sec. 6.3. For a given g and class 3 all graphs have to be summed up to yield
the contributions of this class. A considerable complication is that each graph comes with a particular
automorphism factor | Aut(T)|, reflecting the discrete symmetries of the fixed map, by which one has to
divide. It is easy to see that each edge gives a contribution d. to | Aut(T")|, the rest of the symmetry factors
can be obtained similarly like for a Feynmann graph expansion. The result will not depend on the value of
the torus weghts «;.

6.12 Localization of open string amplitudes

Heuristicly it is relatively easy to generalize these formulas to include open strings bounding the special
Lagarangian branes discussed in Sec. 6.10. The boundaries of a Riemann-surface with k holes 3, , , have
to map to the non-trivial S* in L;. Any disk component attaches to the rest of X, ,, ,_1 in a marked point
and T invariance implies that this marked point is mapped to a fixpoint. Therefore each disk component
i will map to a disk like the one shown in Fig. 21 with winding m; around the S* € L.

The relevant deformations HO (X, z*Ty,.) and obstructions H (X, z x Ty, ) are expressed by the

weights [93]
5 () (H (2o
ol —) (I [(5) o) o

The flag corresponds to the halfline in Fig. 21, which is the image of the disk under the moment map.
The combinatoric of the open fixed graphs is rather abvious. We add to the figures in (22) flags, which are
decorated by the winding m. Note that such a flag contributes 1/m to | Aut(T")|. Different then the closed
string localization the open string localization is not based on a mathematical rigerous understanding of
the open string moduli space. The evidence comes, among other considerations, from a comparison with
the mirror calcalations in []. The result of the calculation has a residual dependence on one combination of
torus weight. The choice of the normal bundel V; can be absorbed in this weight depence, which is ralated
to the framing ambiguity in Chern-Simons theory []. As an excercise one may that disk contribution with
all windings m in Fig. 21 add up to the generating function

m—1 .
Hj:l <

m!m

This function is the superpotential for the N = 1 theory which lives on L x Mj 3.

W =

! ) ems (171)
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6.13 Localizationon O(—1) ® O(—1) — P! and O(-3) — P2.

The explicte formulas (169,167, 168,170) as well the solution of 2d gravity using the matrix model ap-
proach or the Virasoro constraints sublemented by the reduction of the integrals using the ¢ (E) classes as
described below (144) give an in general combinatorial very tedious but complete solution for the closed
and open string on non-compact toric Calabi-Yau spaces.

As a longer exercise the reader can check for example that the ¢ = 0 multi covering formula (183)
comes out for O(—1) & O(—1) — PL. To do that one can make a choice for the values of the weights
in which is apparent that most of the graphs vanish, see [68] [105]. Using special weights and closed
expressions for certain classes of Hodge integral [68] prove the following all genus result. Let

zw 2F) (1) iir N9-247 (172)

9=0d=1

where the 9 are the Gromow-Witten invariants defined in (150). d € Z specifies the degree in H» (M, Z),
which is generated by the P* and ¢ := exp(2nt). The result of Faber and Pandharipande [68] gives all 74
by the formula

> d

q

F(A,t —
0.0 = dld(sm—)

(173)

In this special geometry we can understand all contributions as the multicovering of the P!, which is the
only non-trivial holomorphic curve in this geometry, by maps of various degree and genus.

In general non-compact Calabi-Yau can support holomorphic curves in infinitly many classes 5. E.g.
for the closed string amplitudes on O(—3) — P? [135] obtain

4 5
0 _ _& _ 45q 244¢% _ 123334 211878 ¢
r ~ 18 *34 3 P -;3 ’ 3437 B 43-1-07 120 T
(1) —_t 4 a9_3¢ _ q 34374% _ 431074°
F = 12 + 3 + =15 1
(2) _— _x_ 3¢% 514q 43497 ¢°
F - 5720 + 5 30 T 20 + 8 e (174)
J ) — + -4 44 + + 1480q _13857174°
= 145120 2016 336 56 a0t 3§g65234
4) —_x ¢ 7°
F - 87091200 + 57600 + 1920 + 15500 oq0 T 1920
J G — + + 4+ 8lg° | 4d71g" 65308319q
- 2554675200 1774080 14080 19280 22176 98560

Due to the non-trivial holomorphic curves in all degrees it is hard to to give F(A,t) in closed form, even
though closed expressions for the F(9)(¢) can be given using mirror symmetry and the B-model [135].
The combinatoric of the A-model localisation calculation is involved. E.g. for the genus 5 degree 5 terms
one has to sum over ~ 10 graphs.

6.14 BPS invariants for branes wrapping curves

Many fascinating topological and physical ideas enter the reintepretation of F(9)(¢) as BPS counting
function[91]. The argument splits in a supergravity and a geometrical part

e The N = 2 supergravity action contains terms Y, ¢ [, d*aF@ (£, T>>R_ A R_, which cou-
ple the anti-selfdual part of the curvature R, with the anti-selfdual part of the graviphoton field
strength 7_. The above terms are part of the component form of [, , d*zd*6F (@ (¢, £)(W?)9~1,
where W2 = e;jeqWHE W/ and Wi, = €9T,, — Ry,ns0'0™67 + ... is a chiral multiplet.
The structure of N = 2 supergravity in Typell string on M implies that in the topological limit
F@(t) = limg_,z F9(t,1) is identified with the topological string free energy (209) [20][8]. It
depends only on vector multiplets. This statements require like (52) a certain genericity assumptions.
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Fig. 23 BPS saturated one-loop graph contribution to 729~ 2 R?

Moreover supergravity puts the following restriction on this amplitude[8]. It is generated at one-loop
and at one-loop only, the corresponding graph is shown in Fig. 23. The only particles which can con-
tribute in the loop are BPS states. Their mass is determined by their charge. Once massand spin of the
BPS particle is known is contribution to F(9)(¢) can be evaluated by a Schwinger-loop calculation.

¢ In the geometrical consideration one has to identify the massand spin of BPS particle with the geo-
metrical properties of the embedded branes. The mass is easy and will be discussed below. The spin
part is more complicated and is discussed in Sec. 6.16

Because the type Il string coupling g, = A is in a hyper multiplet and the above decoupling one expects
that the strongly coupled M -theory- A > 1 and the weakly coupling I A description A < 1 are equivalent
points of view. The former description involves BPS states as coming from M 2 branes the latter as coming
from D2 — DO bound states. In both cases the extended branes wrapping curves C' in M in the class 3.
The mass is given straightforwardly as

[EE!
m(B,k) = B -t + 2mik = Zti/ wi+2mik,  BeHXM,Z), keZ,  (i75)
i=1 Cp

were the first term is the minimal volume of the curve on which the extended brane wraps. The second can
be either viewed as the momentum % of M2 on the M theory circle or as the number k£ of DO branes. The
latter form in arbitrary number boundstates with the D2 brane.

Consider now an M-theory compactification on M to five dimensions. The space time BPS states fall
into representations of the rotational group of the 5d Lorentz group M = SO(4) ~ SU(2); x SU(2)xg.
As mentioned the low energy interpretation of the free energy F in 4d relates it to the 5d BPS spectrum
through a Schwinger one loop calculation of the 4d [ M4 T?9 2R? effective terms®’. Note that these 4d
calculations are sensitive to the off shell quantum numbers, i.e. to SU(2), x SU(2)z. Only BPS particles
annihilated by the supercharges in the (0, %) representation contribute to the loop. They couple to the anti-
selfdual graviphoton field strength 7" and the anti-selfdual curvature R only via their left spin eigenvalues of
their representation under M. The right representation content enters solely via its multiplicity and a sign
(—1)29'13%, in particular any contribution of long multiplets is projected out by these signs. To summarize,
the dependence of F on the BPS spectrum is via a supersymmetric index

I(a,7) = Try(—1)Feoi—H (176)

where F = 2j3 + 2;3, and all spin information entering F is carried by [(%), +2(0)] times the
following combination

(o]
S (—D¥REGE + NG sl =D L, (177)
7% 9=0

21 A similar one loop calculation corrects the effective gauge coupling ?ﬁg—) through threshold effects in heterotic
strings [124].
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The multiplicities of the BPS states Nfs s enters only via the index like quantity ng’). Indeed the basis
R'L
change of the left spin from [j.] to

I, = [(%)L + 2(0)L] - (178)

relates the left spin to the genus g of C as explained in Sec. 6.16 and defines the integer Gopakumar-Vafa
invariants nf, associated to a holomorphic curve C of genus g in the class 3. The expansion of F in terms
of these BPS state sums is now obtained by performing the Schwinger loop integral, which for given mass
m(B, k) and j3 quantum numbers is

% q —Tm o
/ e L (179)
o T (2sin%})

In performing it for all m(3, k) and g we note that I, is a very convenient basis as Try, (—)Fe2imitA =

(sin %*)29 and that the sum over k gives a § function, which makes the dr integration trivial, so that we

get quite straightforwardly
FAt) = Y N92rl)(
g=0

_ - 0L (oo M
= v+l(t)+z Z Znﬁ — 2sm7 q (180)

> > (29-2)
9=0 g€ H>(M,Z) m=1 m
with
L . z _=z .
¢f = e i flep 2] :=a% —a, g = e

The cubic term ¢(t) in the Kahler parameters t; is the classical part of the prepotential F(®) given in
(295) without the constant term, and I(t) = Y1, & [, chaJ; is the classical part?® of F(1). Using the
expansion

1 1 By
1 — A2g—2(_1)g+1 g m29—3 (181)
™ (2sin mT,\)Z gz_% 29(29 - 2)!
and a {(z) = > o_, = regularization of the sum over m with {(—n) = — i’_':ll, we see that for g > 2
the 8 = 0 constant map terms from localization (144) [68]
X 3 X |BagBsys|
M = (—1)9% =(-1)9% 182
( )g,O ( ) 9 /Mg cg—l ( ) 2 29(29 . 2)(29 . 2)| ( )
are reproduced if we set n((,o) = —X. This choice also reproduces the constant term proportional to ¢(3) in

FO  In FU) there is a ¢(1) term which requires an additional regularization. More importantly expanding

28 These terms do not follow enti rely from the Schwinger-loop calculation and added here for completness.
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(180) in A and comparing with (209) predicts the multicoving formulas at all genus. Specialized to one
Kahler class such that 8 is identified with the degree d € Z we get

343
FO) = D3't +t/ o ANw — +Zn(0) Liz(¢%),
: M
t[eod &
FO = —f242 +Z<12 (0)+n(1)> (qd),
d=

@) n
F 5760+Z(24O )L‘ e,

0 _1\92 -9
@ - (F1)°X|B2gB2g—2| |Bag|ng 2(=1)7ng +.. 9 914 9\ d
d 49(29 — 2)!(2g — 2) +Zl 2929 —2)! T 2g—2)! T 1z M TM i3-29(%)-

(183)

Using resummations like (181) one checks that the partition function Z"°! = exp(F"°') has the follow-
ing product form?

20 q) =] Kﬁﬂ—qiq il )ﬁ T - gty ) f?”] (184)

B r=1 g=1 [=0

in terms of the invariants nég). This product form resembles the Hilbert scheme of symmetric products
written in terms of partition sums over free fermionic and bosonic fields with an integer U (1) charge as
well as the closely related product form for the elliptic genus of symmetric products. As it has already
been pointed out in [90], it is also reminiscent of the Borcherds product form of automorphic forms of
0(2,n,Z), see [25] and [142] for a review. Here the idea is that integrality of the n(ﬂg) is related to the fact
that they are Fourier coefficients of other (quasi)automorphic forms, see also [130].

6.15 BPS count, heteroric string and modular functions

As the above ideas originate to some extend from the duality of N=2 Type Il to the heterotic string, some
of the strongest predictictions for the n% invariants on compact Calabi-Yau manifolds can be made if dual
pairs of heterotic/type Il compactifications are known, see Fig. 1. The relevant Calabi-Yau manifolds are
K3 fibrations over P1[122] [133] and the heterotic weak coupling limit is translated to infinite volume
limit of the base P!. The heterotic prediction relies on a perturbative WS one-loop calculation in the
weak coupling limit and makes therefore only predictions for n% if 5 is a class entirely in the K3 fibre.

Information about other classes 3 is supressed, because of qﬁ — 0 in the weak coupling/infinite base limit.
The one-loop (torus) amplitude is[9]

1 i 6[%](7) o Ta L Ta
29— 3 v b int int — - 2g .
/dT = aT< ) 7, (1], [)] = ¢ @x . ass)
The integrand can be understood as an index on the heterotic WS theory very similar to (323)[108] and the
integral over the fundamental region F of the torus can be calculated using the modular properties of the
integrand in an ingeneous way[108][25] [154]. For the K3 fibrations without reducible fibres one finds in
the holomorphic limit[138]

2
. 0@ ( 1 1
Fhol(Fibrek,, A, q) = X N ;- (186)
(Fibreics, A,0) = = <2sm(g)> I a—gara—ema-aor

29 Here we dropped the exp(5z c(t) + I(t)) factor of the classical terms at genus 0, 1.
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Similar as in the case of elliptic Del-Pezzo surfaces S embedded in Calabi-Yau manifolds [116] the product

factor can be interpreted as the Goettsches formula for the cohomology of the resolved Hilbert scheme of

points on the surface S or the K3 respectively. The formula (186) can also be viewed as an extension of

the analysis of [215] to a situation with less supersymmetry.

Example: The degree 12 hypersurface in the weighted projective space WCP(1,1,2,2,6), see Sec. 9.10

is a K3 fibration, which is dual to the ST heterotic string discussed in [122]. In this case ©(q) is [129]
2

29 = —20BeFa — _2 4 959 4 24967 + 223752¢ + ..., where o(g) = Y., ¢ and Fy(g) =
Y neZsg.0dd 1 (n)g generate the ring of modular forms for the congruence subgroup I'°(4), and Fy =
E¢ —2F5(0* — 2F)(0* — 16 Fy). The embedding of the Picard lattice of the K3 into the Calabi-Yau M is
specified by the replacement of A29~2¢! — (27”)%29 D2 4= Liz—2g (¢®™) in (186), where 3 is the single
class in the K3 fibre. Comparing with (180) one gets predictions in a closed form for n/gj for all g and all
3. Below are the first few listed

gB=1 2 3 1 "
0 2496 223752 38637504 9100224984 ...
1 0 —492 —1465984 —1042943520 ...
2 0 —6 7488 50181180

3 0 0 0 —902328

4 0 0 0 1164

5 0 0 0 12

Many of these predictions from string duality have been checked in in [138] using the geometrical
techniques described in the next section .

6.16 Geometric interpretation of the BPS numbers and their relation to Donaldson-Thomas
invariants

As usual in theory of BPS solitons the degeneracy of the BPS states comes from the cohomology of
the moduli space of the solitonic solutions, in this case of the brane solution. This moduli space is the
vacuum manifold of the brane world volume theory, which is parametrized by the zero modes and the
cohomological information is extracted by quantizing this zero mode sector as shortly discussed in Sec.4.1.

In the following we will discuss only single wrapped branes. For the M2 brane the eleven dimensional
tangent space splits 0 — Ng — Ty1 — T2 — 0. The normal space Ng is decomposed into N x N,
where N is the normal direction in the CY M and N are the spacial directions of 5d Minkowski space.
The CY tangent space splits as well 0 - N — Ty — T — 0. The unbroken space-time symmetries
Gn, = SO(4) y x U(2) nr transversal to the brane become R-symmetries of the fields on the brane-world-
volume. For holomorphic curves in n complex dimensional Kahler manifolds the generic structure group
of normal bundle SO(2(n—1)) restricts because of property (ii) in Bergers list, Sec.9.9,to U(n—1) . For
Calabi-Yau manifolds it follows from the adjunction formula (402) and the vanishing of the first Chern-
class that ¢; (det(U(n — 1)) = a1 (T*C), i.e. over C the U(1)y € U(n — 1), can be identified
with the U (1) connection in the canonical bundle K¢ = T*C. This identification of the R-symmetry
transformation of the normal bundle with the WS transformations on C' leads to a natural twisting of the
brane-world-volume theory [21].

Let us describe the transformation properties of theses fields on the brane under G = SO(2,1) the
Lorentzgoup on the brane and G, = SO(4)n x U(1) v x SU(2) g, A the R-symmetry from the normal
direction

o Before twisting the eight fermions ¢ € [s, 8] transforms as spinor with helitity s = i% under
Gr and as spinor under Gy = SU2)r, v X SU2)r, v x U(L)zx X SU2)r,n. The U(L)z &
connection is identified with the connection in K. It changes the helicity of fields in v/ K therefore
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by 0, %2 depending on their U (1), x charge
¢ € [S,[(O,%)N@)(O l)N]@[(%,O)N@)(:E].,O)N]]
¢T € [iéa (0) 2)N ®( )R N] D [2(0)7 (%JO)N ® (O)R,N] @ [il)(%70)N ® (O)R,N]

here the U (1), n charge is combined with the helicity in G to the first entry h = i%, 0,£1 in the
twisted representation 7, which implies that the field is a section of K.

(187)

o For the eight bosons ¢ corresponding to the coordinates of the normal directions

¢ €[0,[(3,Hn® 0,005 ®[(0,0)n ® (£1,3)n]]

188
b € [0,(5 v @ O)nn] @ [+ 0,0n ® (D)ax] -
Clearly the zero modes of the bosons transforming as [+, (0,0)n ® (3)ra-] and the fermions trans-
forming as [+1, (0, %)~ ® (3)r] correspond to deformatlons (and superdeformations) of C' in the CY
direction and parametrize the moduli space M of movements of C' within M. Fermionic and bosonic
zero modes form the field content of a supersymmetric o model on M ¢ and after quantization one gets the
cohomology of the moduli space of M weighted in addition with the R quantum number of the fermions
modes from their SU(2) v g transformation. The corresponding representations are identified with the
Lefshetz decomposition of the cohnomology of the K&hler manifold (351) M . Other fermionic modes in
o transform as 2 scalars the (0,0) and (1, 1) form and g holomorphic and g antiholomorphic one forms
on the genus g curve C if the latter does not degenerate. The corresponding zero modes are then forms on
(29 + 2) dimensional torus, which form SU(2) y, 1, representations [(1,0) + 2(0,0)]¢+*, cff. (351). By
the definition (177) only the multiplicity (252, + 1) and the sign (—1)29% of the cohomology of M are
relevant for the determination of nj. This alternating sum is just the Euler number (—1)™x(Mc), with
m = dim¢(M). For classes 5 in M with non degenerate genus g curves we get therefore as coefficient
of Ig+1

n% = (—1)"x(Mo) (189)

Aninstructive example is a that of a ruled surface (RS) inside M. Familiar ruled surfaces are the Hirzebruch
surfaces F,, fibrations of a P! bundle over P*. More generally the base can be a higher genus surface X,,.
We want to calculate the n% for the class of the fibre. The genus zero fibre curve C = P! is smoothly
embedded and zero is the maximal genus of a curve in the class. Due to the fibration structure of the RS
the moduli space M = 3, is identified with the base. So (189) applies and gives ng = (-1)'x(Z,) =
2g — 2. The embbeding of X, is locally described by O(r) ® O(s) = £, withr + s = 2g — 2. Unless
g=0(r=s=—1)thecurve X, is notrigid in M and for g > 0 the curve £, can be deformedto 2(¢g —1)
points in M, as in the Fig. 24.

The SU(2)n,r content before deformation is R = 2¢(0) — (1) with x(R) = 29 — 2 = —x(Z,)
and after deformation R' = (2g — 2)(0) with x(R') = 29 — 2 = +x(2(g — 1) pts). l.e. the total

BPS numbers N§3 7 change by states with [2(0) — ()] right representation content, when the complex

structure moduli space of M is deformed. So in contrast to the n(g) the NB jo are not invariant under the
change of the complex structure. Notice that the successful mlcroscoplc mterpretatlon of the 5d black hole
entropy requires deformation invariance and relies on the index-like quantity nﬁ and not on Ngs g3
Example: Such ruled surfaces appear typically if one embedds the Calabi-Yau in a weighted prOJective
space. E.g. the degree 14 hypersurface in WCP4(1,2,2,2,7), see Sec. 9.10, contains a ruled surface
with a genus 15 curve as base®®. The genus g = 15 curve is semi stable because the relevant complex

30 such case have been investigated [137], [127], because there have interesting gauge symmetry enhancements, when the P!
shrinks.

Copyright linewill be provided by the publisher



68 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds

deformation moduli are frozen as an artifact of the embedding. For other realization of the same family
that is not necessarily the case.

Above is a good example to get a rough idea of some concepts of virtual intersection theory. The virtual
dimension of the brane moduli space here is expected to be zero by (149) or here equivalently by (193). In
this preferred situations the intersection problem is reduced to point counting, but the situtation might not
be achievable as in the example above and the moduli space remains positive. In this particular case the
excess intersection calculation amounts to integrate ¢, (T',) over X,.

(l I ey

X X X X X X

~ ~ complex structure

deformation M =2 (g-1) points

Fig.24 The index n% of the D2-D0 moduli space of the fibre in a ruled surface is constant under complex
defomations, while the NJ“.’3 3 jump.
LR

In the type 1A picture one transversal direction parametrized previously by ascalar in [0, (3, 2)n ® (0)r ]
is dualized on the 3d World-Volume to a U (1) gauge field. The flat U (1) connection has 2g zero modes on
C exactly as the [+1, (3,0)n ® (0)g ] fermions in ¢7. Since these zero-modes parametrize the 2g di-
mensional torus Jac(C'), called the Jacobian of C see [101] Chap 2.7, one gets a SQM on a space M with a
fibration structure Jac(C') — M — Mg, see Fig. 25. The proposal [91] for the SU(2) v 1, xSU(2) x5 g ac-

- - _ ﬁ . . - - -
tion on M is that H*(M) = Nis s [i%—paser 1= pibre)- Again one can conclude that the contribution n%

of smooth genus curves in the class 5 is the (—1)2131% weighted sum of the right representations multiply-
ing the non degenerate fibre contribution I, in the representation decomposition. This is (—1)"x(Mc¢).
On the other extreme are the curves which are maximally degenerate. They have genus zero and come
from genus g curves with g nodes. The Euler number of the fibres with § nodes is x(I,_5) = d4,5. Due
to the fibration structure the Euler number of x (M) is calculated as the Eulernumber of the locus in the
base where the completly degenerate fibres sit times one. This is the (—1)2131% weighted sum of the right
representations on the conomology of this locus and therefore

ng = (—1)4meMy (M) . (190)

In [128] a calculational scheme for the intermediate cases was given. E.qg. if no reduciblefi brescontribute
one obtains

[ k—1

— iml 2 .

n% ? = (—1)WdimMe)+o) E :bg—p,é—pX(C(p))a by,k, := %! H(2g_ (k+2)+1i), bgo:=1.
p=0 i=1

(191)

Here C(?) is the moduli space of the curve C' with p points, e.g. C(© = Mc. In the case that C lies in
a surface S in M, one can use similarly as in (186) formulas for the cohomology of Hilbert scheme to
calculate x(C(®)), see [128] for examples.

As we saw above we obtain BPS states by wrapping D-branes on supersymmetric cycles in M. More
generally we can wrap 6-branes on M itself, 4-branes on divisors and 2-branes on a curves C C M,
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degenerate Jac(C)

lg-2

Jac(C) g g1

smooth C
1 nodal curve 2 nodal curve

Fig. 25 Moduli space of D2-D0 brane bound states as a Jacobian fibration over the deformationspace

Mec.

possibly bound to some 0-branes. We leave out the 4-branes as we don’t know an index yet carrying
deformation invariant information. At the level of RR charges a configuration of the other branes can be
cast into a short exact sequence of the form

0—7Z —>0y—>0z—0 (192)

where 7 is the ideal sheaf describing this configuration and Z is the subscheme of M consisting of the
curve C and the points at which the 0-branes are supported. Counting BPS states therefore leads to the
study of the moduli space I, (M, ) of such ideal sheaves Z, which has two discrete invariants: the class
B = [Z] € Hy(M,Z) and the number of 0-branes k¥ = x(Oz) plus an integral contribution form C.
With the analogue of the Hirzebruch-Riemann-Roch theorem for sheaves, the Grothendieck-Riemann-
Roch theorem®! , one can calculate the virtual dimension of the deformations of ideal sheaves Z inside a
threefold M as [157]

dim,; = dim Exty(Z,7) — dim Ext3(Z,7) = ¢, - f . (193)

This reflects again the special role of Calabi—Yau threefolds and one expects that the number of BPS states
with these charges is obtained by counting points. As is in the case of Gromov-Witten invariants, these
configurations can appear in families, and one has to work with the virtual fundamental class. However the
situation is considered easier in many respects. For example there is no finite automorphism group acting
on I, (M, 8) so one expects directly integer BPS numbers as result. This number of points is called the
Donaldson—-Thomas invariant ﬁ(ﬁk) [64], [188].

Since both invariants, Gopakumar—Vafa and Donaldson-Thomas, keep track of the number of BPS
states, they should be related. The relation is in fact a consequence of the S—duality in topological
strings [165], and takes the following form. The factor in (184) coming from the constant maps gives the
McMahon function M (gx) = [[,>¢ m to the power %. This function appears also in Donaldson—
Thomas theory [157], calculable on local toric Calabi—Yau spaces e.g. with the vertex [1]. However, in
Donaldson-Thomas theory the power of the McMahon function is x. Note also that if (180) holds then F
or Z restricted to this class is always a finite degree rational function in ¢, symmetric in ¢y — q% since
the genus is finite in a given class 8. Thanks to this observation one can read from the comparison of the

expansion of Z"! in terms of Donaldson-Thomas invariants ng") €Z

ZBN M, qr,q) = Y ke (194)
B,kEZ

31 For Calabi-Yau 3 folds there is an even simpler agument that the differerence below vanishes. Serre duality applies the Ext
groups and relates Ext and Ext3 on three folds with trivial canonocal bundle.
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with the expansion in terms of Gopakumar-Vafa invariants [157]

x(M) hol

ZEH (M, a0, 9)(@2) 2 = Zp3 (M, —qx, q) (195)

the precise relation between ng’") and n/(f). Eq. (180) and (184) then relate the two types of invariants to
the Gromov-Witten invariants rég) € Qasin (172).

7 Large N transitions and the topological vertex

The most effective method to solve the open and closed topological string on open toric Calabi-Yau mani-
folds imploys the connection of open topological string to Chern-Simons theory [199].

The procedure involves to steps. The first is to provide a building block of the open string amplitude on
a C2 patch. Such a patch is defined by the trivalent vertices in the figures 20. The most general boundary
conditions for the open string in this C® geometry are stacks of arbitray numbers of D-branes wraping the
three special Lagrangian submanifolds discussed in Sec. 6.10. The second step is a space-time surgery
procedure for the amplitudes. It is based on the principles of localisation w.r.t. to the C* actions of toric
geometry. The half lines in Fig. 6.10 support only disks with arbitrary boundary conditions m; on each of
the S1’s of the brane configuration and the closed lines in Fig. 20 support only P! components of the image
curves. Since the latter can be glued by disks, it is suggestive that the sugery will procede by summing
over all possible boundary conditions of the disks. More precisely the contribution to the degree of a map
is fixed by the degree d; of the P! components of the image curves. Two disks with winding total A/; on
the left and on the right glue to a degree d; = M; component of the image curves. For this reason one
has has to consider only finitely many boundary conditions if the degree of the map under consideration is
fixed.

7.1 Chern-Simons Theory as Gauge Theory description of the Open String

One of the crucial insights used in the derivation of the vertex are the equivalence of the open topological
string on T* M3 with Chern-Simons U (V) gauge theory on the real three manifold M3. In this geometry
there is a canonical symplectic form w = Zle dp; A dg; where ¢; are coordinates on M3 and g; are
coordinates of the cotangential bundel. The M3 section is at p; = 0 and obviously M3 is Langrangian
submanifold w|ar, = 0. We can define an almost complex structure with coordinates z, = g, + ig,. This
is enough to define the A model. In general the complex structure is integrable and w is Kahler. The form
Q = dz1 Adzg Adzs is of type (3, 0) and no-where vanishing® and Q| ar, = vol (M3) so that M3 is special
Lagrangian as well.

The special Lagrangian boundary conditions are the ones which respect the vector symmetry and the
A twisting with ) 4 as BRST operator is possible in this geometry. As we will see below the A type
reduction of open string field theory in this geometry is not corrected by world-sheet instantons. It includes
the coupling to worldsheet gravity and in absence of non-trivial maps this becomes similar as the B-model
directly a problem of integrating over the open string moduli space M, ;. Like in the B-model (306)
one can use the close similarity between the topological structures of the topological subsectors and the
bosonic string provided by (61) in defining the measure on M, 5, .

The key step is the reduction of the twisted open string field theory action on 7* M3 to its zero mode
sector. This action is defined by an integral over all open string field functionals ¥ with a BRST operator
@ and xthe folding star product

1 1 1
SOSFTZg—/i\IJ*Q‘II—}—g\IJ*‘II*\I—'. (196)

32 \With point d.) of Sec. 9.8 this also defi nes alocal Calabi-Yau manifold.
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In the T* M3 geometry (196) the zero mode sector is decribed by a Chern-Simons theory, whose gauge
group is U (V). In the reduction step the following identifications are made

l—) 2m x2>A, Qe Qa—od T A /—>/, (197)
M3

Js k+ N’
where A is a U () gauge field one form corresponding to the trivial bundle over M3, see [199] and [159]
for a review of the reduction. Hence the actions reduces to the Chern-Simons action

2

Sos = 1IN

1 1
/ CANdA+ZANANA. (198)
iy 2 3

It is important to understand to what extend WS instanton corrections are captured by this action. Like in
Sec. 6.1 the A model localization (114) implies that instantons are holomorphic maps of the WS to M.
The Lagrangian condition is designed so that minimal surfaces bounding L are (4, J) holomorphic curves.
We can integrate w = dp in T* M3 with p = Zle pidg;. The non BRST trivial part of the A-model action
can now be written similar as in (112) as

/ (azﬂfiaza?jgij - 6237i6z33'79i7) = / T (w) = / z*(p) =0, (199)
3 Soh 8%, n

where the last integral vanishes, because its integrand is pulled back from L where p vanishes. The right-
hand side is positive unless z is a constant map (zero mode) and because of the boundary conditions it
must map X, 5 to L. The action (198) captures exactly these degenerate maps and is uncorrected in the
T*M geometry. However non-trivial open string instantons do exist, when w is not a trivial class, i.e in
particular in any compact CY and on more complicated non-compact examples where more SLAGS exist.
In this case we have as usual a weight ¢; = [, z}(w) for the bulk instanton action and gets an instanton
corrected action

27 1 1 >
orr = —2 [ ZAANdA+ZAANAANA e—tTeP A), 2
S, ) NdA+ ZANAN +Zi:ne T exp(/c ) (200)

where n; = + is a determinant ratio.
A reduction for the B twisting can done on any Calabi-Yau space for the boundary of space filling D
branes. In this case the identifications are

VA QeQp—0, *—A, /—>/Q/\ (201)
M

lead to the holomorphic Chern-Simons actions of a field theory in six dimensions
1 1 = 1
SHCS:_/ QAN =ANOA+-ANANA). (202)
9s Jm 2 3

Dimensional reduction of this action locally along the normal bundles to holomorphic curves in A lead
tractable B-model open string calculations in non-compact Calabi-Yau manifolds [4][3] and the matrix
model approach to the B-model [57][58].

7.2 Geometric transitions

We discussed in Sec. 7.1 a gauge theory description of the open topological string T* M geometries. Ge-
ometric transitions link such open string geometries to a dual geometries for the closed topological string.
More precisely the claim is that the large IV gauge theory corresponds exactly to the closed topological
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string in the geometry after the transition. This is a topological version of t’"Hoofts conjecture claiming
a string description for large N QCD. In comparison with Maldacenas conjecture the topological closed
string side corresponds to type I1B on AD.Sy, while the topological gauge theory side corresponds to the
4d N = 4 super Yang-Mills theory on the branes.

The simplest example of such a transition is the conifold transition. Consider the family of affine
complex quadratic 3d hypersurfaces M, in C*

flap)=yi+ys+y5+y;—pn=0. (203)

M is a singular hypersurface, because f(y,0) = 0 and %;’;0) = 0, Vi have a common solution {y; = 0},
called a nodal singularity or node. One calls the point . = 0 in the parameterspace where the node appears
the conifold point. The name comes from the fact that for x = 0 the solutions y of f(y,0) can be rescaled
(f(y,0) =0) = (f(Ay,0) = 0) so M, forms a cone.

The node in M, can be smoothed in two ways. Either deformthe hypersurface Mo — M,,+o. Then the
node is deformedto an S2 and the total smooth geometry is that of the cotangent bundle 7*S?® of the three
sphere. To see this, consider real i > 0 and introduce real parameters (u, vk ) by yr =: ug + ivg. Written
as real equations (203) implies f = Eizl ui = r? withr? := p + 2221 vz > 0and 23:1 upvy, = 0.
From the first equation follows that u; parametrize a compact S3. We can chose a S® section of M, with
radius r2 = p for v; = 0. The second equation ensures that v parametrize the non-compact cotangent
bundle of the sphere. To see this consider df = 2™, _, ugdu; = 0 and identify the cotangent direction
duy with v,. As a more detailed exercise one may cover 7*S® by patches and local coordinates (i, %)
and check that the © coordinates transform as cotangent bundle of S3. As a further exercise one may show
that as cone over A € R the base of M is S x S2, see [36]. The reader should notice that the choice
p € R{ does not restrict the generality of the construction. A phase in u = |u|e® can be absorbed by
defining v =: (ug + ivk)e% and modifies the choice of the complex structure in T*S3.

One can also resolve the node in M, by blowing up an P1. The idea of a blow up is to modify M
only over the singularity S = {y = 0} = {w = 0}. lLe. we search a smooth complex manifold M,
so that a biholomorphic map « : (Mo \ 7 1(S)) — (Mo \ S) exists. To find M, we make a linear
change to new complex coordinates wy , = y1 + iy and ws,4 = i(ys £ iya), SO that M, is described by
wiws — wzws = p. Now we define M, by two equations

W<w5>=<w1 w4)(w5)=0 (204)
We w3 W3 We ’

Here (ws : wg) are homogeneous coordinates of P!, i.e. (ws,ws) ~ (pws, pws) With p € C* and
(ws,wg) # (0,0). To see that (204) describes a smooth threefold we can view it e.g. as complete inter-
section defined by f; = wyws + wawe = 0 and fo = wzws + wawe = 0. A singularity of a complete
intersection f; = 0,...,f. = 0 occurs if rank (%) < r for some pointin f; = 0,...,f, = 0.
This is not the case here, because (ws,wg) # (0,0). Moreover as (ws,ws) # (0,0) (204) enforces
detW = wiw2 — wsw4 = 0 and every non-trivial solution to the latter equation fixes uniquely an equiv-
alence class in (ws : wg). This makes 7 : (wy,ws, w3, ws,ws : wg) — (w1, ws,ws,ws) biholomorphic
outside S and 7—1(S). The sigular set S is the trivial solution W = 0 in M,. Over this point in M the
coordinate (ws : we) is unrestricted and parametrizes P!, so that = 1(S) = PL. As an exercise choose
coordinates for the two patches in P1, i.e. for wg # 0, (2 = ws/we,l1 = w3,l2 = w) and for ws # 0,
(2 = wg ws, I1 = wa,lo = wy). (204) describes the transition functions for the non-compact  directions,
which transform as the line bundle coordinates of M, = O(—1) ® O(—1) — P2, see (400). Note that
(204) identifies the P! coordinate 2 = ws/w1 = w2/ws with the direction in which S is approached
in C*. The geometry My = MO has also a parameter, namely the size ¢t = fPl w of the P!, which
is not visible in (204). To make it visible we pass to the sympletic quotient construction by introduc-
ing variables x; by w1 = z1x3, wa = xax4, w3 = x122 and wy = x324, Which fullfill the constraint
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wiws — wzws = 0 identically. If IV = (1,—1,—1,1) acts by (158) on z; then (157) defines M,. To
see this identify the patches for zy # 0 given by (z = z4/2z1,l1 = 122,05 = z123) and for z4 # 0 by
(2 = @1 /24,11 = w2241y = T34) With the ones above. The constraint || + |z4|? — |x2]? — |z3]2 = ¢
in the symplectic quotients contains with ¢ the size of the P*. Note we could also identify w; = z1xs,
wo = T3T4, w3 = Tox4 and wy = z123 then IV = (=1,1,1, —1). The two identifications are related by
a flop.

For the applications of the transition to toric non-compact Calabi-Yau manifolds it is importnant that
the 72 action defined in (163) is preserved during the transition. In the patch, where x4 # 0 it acts as
(1,22, T3, 34) > (e"H1ta2) gy eidrg, e~iv2g, g,). This translates to an action wy/; +— eX 1w,
and wy 3 = eiia2w4/3 on the w variables, which leaves the deformed conifold equation wy we — wsws =
w invariant. Hence it is possible to understand the 7*S® geometry also as an 72 x R fibration and re-
construct it from the degenerations of the @ = (1,0) ~ a; and the b = (0,1) ~ ax cycle of T2. The
former vanishes at wy = 0 = w» and the latter at ws = 0 = w,4. Both loci in M, have the topology of
a cylinder whose S is the b and the a cycle respectively. Let us denote wsw, = z and assume as before
that u € R. One choses Re(z) and the two coordinates along the axis the cylinders as coordinates of the
base R? and a;,a, and Im(z) as coordinates of the 72 x R fibre. The degeneration graphs cannot be
drawn in two dimensions, because the value of Re(z) affects what cycle degenerates. E.g. for z = 0 and
z = —p the b- and the a- cycle degenerates. The line from z = 0 to z = —pu is drawn in the degeneration
graphs as a dashed line. As it is shown in Fig. 26 over the upper half of the interval fromz = 0toz = —u
the topology of the fibration is that of a solid torus namely a S* in the class b fibered trivially over a disk
D, and in the lower half an solid torus build form an S! in the class a fibered trivially over Dy. As it is
explained in [201] the way two solid tori can be glued topological to an S2 is to glue the a and b cycles
after an S transformation. This is the Heegaard glueing of S3.

Re(z)=0

(1.0)

Re(z)=+

(0.1)

Fig.26 The T? fibration structure of the S in the T* S® geometry.

The transition can then neatly by depicted by the degeneration graphs in the 72 x R fibration. Closed
lines in plane correspond to P! ~ S and dashed lines into the picture correpond to S3. The diameter of
both is visible as the length of the lines.

7.3 The closed string geometry for large N Chern-Simons theory on 7* 53

This leads to the construction of the topological vertex [1] as reviewed in more detail in [159]. The
topological vertex amplitude is the building block for calculation any closed or open string amplitude in
any toric CY variety by

¢ Solving the general problem on a C? patch for arbitrary conditions on three stacks of D-branes on
Harvey-Lawson special Lagrangian cycles with topology S! x R2[107] as in Fig. 29 This amplitude
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M o M o0 M ot

Fig. 27 The deneration loci of the T2 fibrations in the conifold transitions. The precise nature of the
fibration over the base on the left handside representing 7* S® is explained in Fig. 26. Here we show this
figure from above. The fibration over the right handside representing O(—1) @ O(—1) — P is explained
in Fig. 20. The cross representing the singularity Mo o can also be seperated so that the middle line has
slope —1, which is the flopped O(—1) @ O(—1) — P ' geometry .

Fig. 28 The normal bundle to a link is not uniquely defined. In general one has an integral ambiguity. The
choice made in the right picture leads to a self-linking number —1.

can be calculated in terms of the large N expansion of link invariants Wgg: (¢) of Chern-Simons
theory on S3 [1]. In a specific framing one has

t W t W t
CR,RyRs (9) = Z Ngll’RNggqunRz/Q-‘rnRs/Z RQQ}/E;]) (F)L2Q3 (q) , (205)
R,Q1,Q> N

where N}_fffR2 are the usual tensor product coefficientsand kg = ), I;(l; — 2i+1) and [; is the length
of the row of the 4th line in the Young-Tableaux of R. Note that ¢ = e* with X the string coupling.
i.e. CR, R, R, IS €Xact in ¢ and contains all genus information. All possible boundary conditions on
the stack of N D-branes are encoded in R. Below we list the vertices with a total of up to 3 boxes at
the outer legs
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CD~~: 1 1 — 1>
q2 —q 2
2 2
¢ —q+1 q q
Con. = L —1— o= — ¢ o9
- (@-1)?2" DT g+ )12 B~ g+ )¢ - D%
o _ @ =+l —gtl a3 - +])
. (g — 1) »TEET g+ 1)(g-1)%
o - _(@-¢+1 Com = g
Bo 7 g g+ 1)@ -1)% @+ DA +a+A)q— ¥
5 3
q2 qZ
C = s C = .
P Q+g+¢)(g—1)3 B~ @+ +qg+¢®)(g—1)3

(206)

M

i

moment map
projection of C

Fig. 29 Moment map projection of the vertex and an amplitude with genus 2 and boundary conditions
specified by three representations R; of U(V;) of three stack of D-branes wrapping Harvey-Lawson special
Lagrangian cycles of topology S* x R?.

e Providing gluing rules: IfI" = T'; UT'5 and Xr, are the associated toric varieties then

Z(Xr) =Y Z(Xr,)o(—1)"@e M@ Z(Xr, ) (207)
Q

with ¢ is the Kéhler parameter “size” of the connecting P'. The quantity (—1) @ e=HQ)t with
1(Q) the number of boxes in the Young-Tableaux of the intermediate representation, can be viewed
as propagator. Here again we ignore the data of the framing, which are essential to patch together
arbitrary toric varieties.

For instance the Calabi-Yau geometry 7(—3) — P? is covered by three patches, with the moment map
projection as in Fig. 31 The partition function Zp2 for closed strings is obtained by gluing three vertices
with trivial representation ); = - on the outer legs by three propagators

Zp2 = Z (=1)2: B:) g B UR)L (55 mm C.rars Cry 1y Coio s - (208)
Ry,R2,R3

Copyright linewill be provided by the publisher



76 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds

Fig. 30 Gluing of graphs along a connecting propagator
'\ 1

2
R 2

R§? \

Q3 Q2

Fig. 31 The moment map projection that shows the degeneration of the torus action (C?)* on O(—3) —
P2

All ¢ represent the volume of the hyperplane P, so that ¢ is the single Kahler parameter of O(—3) — P2,
The calculation is easily performed and by taking the logarithm we get the generating function for the
all genus contribution

F\t) = i A29-2F(9) (1) . (209)

A=0

All F(9) have an expansion F(9) = 3" ;r9¢°, where the r§ € Q are the Gromow-Witten invariants for
the holomorphic map from X, to a curve in the class § € H(M, Z) of the image curve in M.

8 The topological B-model

Since the axial U(1) 4, whose gauge connection is added to the spin connection to define the B-model,
develops an anomaly of its current proportional to [, d,j% ~ [s 2*(c1(TM)) the twisted B-model is
only consistent for Kéhler manifold with vanishing first Chern class, i.e. Calabi-Yau manifolds.

Our plan for the treatment of the B-model is as follows. In next two sections we will present the
principal structure of the topological B-model and its coupling to gravity. We will then recall some facts
about families of complex manifolds. The integrability of the complex structure deformations on Calabi-
Yau manifolds will be presented in some detail following the proof of Tian, partly because it is one of
the main classical results, but also because it leads directly to the formulation of Kodaira-Spencer theory
of gravity. The behavior of the periods under infinitesimal deformations of the complex structure is the
preparation for the derivation of the special K&hler geometry relation from geometry. After that we discuss
two methods to obtain the Picard-Fuchs equations, which play a central role to actually solve the B-model.
The quintic hypersurfaces is the main example, however we aim for a presentation, which paves the way
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for generalizations to the bulk of the known Calabi-Yau; complete intersections in weighted projective
space.

8.1 The topological B without worldsheet gravity
The scalar BRST operator is in this case, see table 3,

RQp=Q +Qy. (210)
The scalar fields on the worldsheet are conveniently chosen as

Nt ==l +44), 0 =gl —¢l), (211)
while the one form fields are

pL =9t of type (1,0), L= wi of type (0,1). (212)

The supersymmetry transformation § = €Q + &Q _ is obtained by settingé, = —&é_ =éande+ =0

dz; =0, ot =é&n*
86; =0, it =0 (213)
opl, = tied,a’.

The zero form observables O(®) are now related to forms in Q) (A1, A2T%1 M) with the identification
of the scalar Grassmann fields on the worldsheet to forms and vectors on M n° < dz® and §; < %. le.
to each form on M of type

o N 7]
—,J1-d 2 7
W = wil et A Ade'? o2 A A (214)
we associate a 0-form operator on ¥
Og),) = wgllij: ’l’]il - ’lf” 0]'1 - 0jq . (215)

One checks that the @z operator is identified with the Dolbeault operator & which increases the anti
holomorphic form degree

0% a0z, A0y D5 0L (ar, AeT M) 2 L 2 o, AiTonr) S 0. (216)

and one has with {@Q B, (9%,)} = _Og)v)v the identification

_ Ker QB

d
H)Y =——F—= HOP(M,ATHOM) . 217
QB Im Qg @ ( ) ) (217)

p,q=0

The selection rules from the R-symmetries are as before ). p; = >, ¢; = d(1 — g). It follows that
for g = 0 we have again the possibility of a non-vanishing three point function (O 4 O 46y O 4 ), if we
consider three local operators O 4 associated to

D
AR) = (0 ldy@ € H' (M, T"°M) . (218)

Eqg. (213) shows that there is a fixpoint of the fermionic symmetry at the constant maps
Buri =0 (219)

Copyright linewill be provided by the publisher



78 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds

We expect therefore that all contributions to the path integral are localized to constant maps. This is the
main simplifi cation in the B-model. For constant maps %, is mapped to a point in M. These maps are
of course much easier to control then the holomophic maps of the A-model and in particular they are
not affected by the sizes, i.e. Kéhlerparameter of A/. The B-model without worldsheet gravity is like a
Kaluza-Klein reduction. By writing the action in the form

S = it/{QB,V} W (220)
with

V = gi5(p.0:07 + p0.27) (221)
and

W= /E (—0;Dp' — %Rﬁjjpi A P 0rg™) (222)

one can conclude the following. W does not depend on the complex structure of X, which decouples from
the B-model at genus 0. The Kahler variations of W are @) g exact and decouple likewise. It is also ¢
independent as ¢ can be absorbed in a field redefinition in T&. For more details see [207]. In the off shell
formulation of [146][147] one can simply write the complete action as Q commutator S = {Q g, V'} which
makes the above points more obvious.

Since the fixpoints of the fermionic maps of the B-model are constant maps, mapping all ¥ to a pointin
the Calabi-Yau manifold M, their moduli space contains M and in the special case of the three punctured
sphere, i.e. in the case of the three point function it is actually A, since these three points can be fixed on
S? by an SL(2, C) transformation and the sphere itself has no complex deformations. For this reason all
we have to find is a canonical measure on M, which we integrate over M to get the three point function.
Using Kaluza Klein reduction methods this measure has been found long ago [183]

Cijn(2) = (0D 00 00)y = / QAAD T AD 2B B, L de Ada? AdaT . (223)
M

Here Q(2) is unique non-vanishing holomorphic (3, 0) form, which exists on every Calabi-Yau, see Sec.
(9.8). Using the isomomorphism (231) A — A we can define a non-holomorphic two point function

—()

Nis = / AD AT (224)
M

8.2 First order complex structure deformation

The expressions (223) and (224) depend as anticipated only on the complex structure of M and not on
its Kahler structure. We saw in section 5.3 that deformations of the action by |, Off,z with A®) ¢
Héo’l)(M, T M) are first order complex structure deformations of M. Our aim is to explain in this section
the local tangent space of the complex structure moduli space from a different point of view, put forward
by Kodaira and Spencer [139] and to explain in the next section why the first order deformations on a
Calabi-Yau manifold are unobstructed.

Consider a 2n real dimensional manifold and a covering of it by coordinate patches U;, ¢ = 1,...,r,
which are homeomorphic to a neighborhood U; € C™ with coordinates 2 (p),a=1,...,n. ltisa
complex manifold if the transition functions f*) : z(*)(p) — () (p), defined for p € U; N Uy, are
biholomorphic. One attempts to define a family of complex manifolds A7, by considering a family of

transition functions mg) = féjk) (z(®), 2), which depend also holomorphically on the complex parameters
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z. The difficulty is that some z dependence of féik) (z(®) | z) corresponds just to different choices of local
coordinates systems on the same complex manifold. In order to decide whether the fU%) (z(*), ) really

induce changes of the complex structure [139] considers in every patch Uy an infinitesimal coordinate
n 0fME®z) o

changes that is characterized by a holomorphic vector field V) (z) = 30, HeZ—= 5. Next
consider the composition of transition functions in &; N U; N Uj,. Per definition :
FP @ 2) = fID (70 @), 2),. ., 9 (2B, 2), 2) (225)
holds. Differentiation w.r.t. to z gives
(ik) ¢ (k) (@) (,.(5) n (@) 9 k) (k) 4
Ofa (;w ) :Gfa éw ,z)+ Gx(aj) f5 3( ) ‘ (226)
z z ot 3375 z
Denote general vector fields by
, n af(jk) (z®.2) 8 .
(5k) () — @ ’ (k) — £(k3) (.
A (Z) - Zl 82 8,’1;(()'3) ) z - f ('rjv Z) - (227)

Note that A**)(z) = 0 since fékk) = 2" independently of z. Therefore eq. (226) written covariantly
in terms of the vector fields (227) implies A®9) () = — AUk (¢). For general 4,7, k (226) is a Cech®
1-cocycle condition for the A¢i7)

AU () 4+ AFD () 4 AGR) (2) = 0. (228)

The exact 1-cocycles come precisely from the infinitesimal coordinates changes setting AU%) (2) = V(@) (z)—
V() (%), while the true changes of complex structure correspond to 1-cocycles, which are not exact, i.e.
elements of H' (M, A), where A are sheaves of vector fields A = O(TM). The Cech-Dolbeault the-
orem (334) with FF = O(T M) implies that complex structure deformations are given by elements in
HO%1(M, T M), which we also call A.

8.3 Unobstructedness of the complex deformation space

As explained in [139] the existence of a global complex structure deformation requires the vanishing of
higher Cech cohomology groups for vector fields. Tian [189] and Todorov [192] have proven that these
higher order conditions are automatically fulfilled on a Calabi-Yau space.

The elements A(z) = Al(z, z)dz7 52 in H®Y (M, T M) in the complex moduli space can be used to
deform the 0 operator to 9, = (0 + A(z)) so that 8, f(x) = 0, defines what a holomorphic function on A/
is w.r.t. the new complex structure. The requirement that 2 = 0 leads to

1
BAG) + 5[A(2), A(z)] = 0, (229)
where [, .] is the Lie bracket. For ¢(z) = ¢*(2)d;, € LO(T), with ¢’ = S¢(z)i, . dz™ A...Adz™,
and w(x) € £%4(T) similarly defined one has
[¢,w] = (8" A B’ — (=1)Pw’ A 8;¢7)0;, (230)

giving above a (0, 2) form vector field from two (0, 1)-form vector fields. Condition (229) is equivalent to
the vanishing of the Nijenhuis tensor (329) [139].

33 Cech cohomology made a prominent physical appearence in topologica charge quantization in [6].
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The main idea of the proof is that the existence of the holomorphic (n, 0) form induces an isomorphism
HOP) (M, TM) = H* 1 P(M) . (231)

under which the condition (229) is converted into a cohomological question, which is solved by the 89
lemma. This conversion of the deformation problem to a cohomological question, which is solved by an
analog of the 89 Lemma extends to deformations of G5 metrics [121][112] as well as to the extended
moduli space considered in [16].

Contraction with the homolomorphic (n,0) form associates to A = A;il’m’jpdxﬁ A ... Adze % €

HOP) (M, TM)an A € H* (M) as

o 1 . . . _ _
A= mA%l,...,jpﬂj,iz,m,indxw A...Adzda?t ALl A dal? (232)

with the inverse

X 1 _ . N _ _ 0
AY = — — _Qbtzentn 4,0 o S daTt AL Tr— 2
(4) (n— 10 2o T, gp T A A d p% (233)
where Q2|2 is defined in (392). One checks that A is harmonic iff A is harmonic and the operation is
invertiblei.e. A = (A")Y, which shows (231). B
Since Q is holomorphic the hat operation (232) commutes with 9 and we get

542574:_%[,4’,74] :;_%[A,A], (234)

as equivalent to the condition (229).
The main technical instrument is the following Lemma (Tian-Todorov)

[A,B]:=[A,B|=8(AANB)—(D-A)AB+AN(D-B), (235)

where D - A = (61-A;le]_p)m71 A ... A dz% is a contraction. The calculation is a straightforward exercise
whose solution is made explicit in [189]. Eq. (235) becomes particularly useful, if one can choose “gauge”
representatives for A and B so that (D-A) = (D-B) = 0. To control this “gauge” condition Tian considers
a Taylor expansion A(z) = Ayz + A»2% + ... with A; sections of T'(M, Q%) (T M)) and starting data
0o = 0, i.e. A(0) = 0. To order z (229) states A, (z) = 0 and we already argued that in order to get rid

of complex coordinate transformations we should consider A; € Hg”l) (M, T M) only. One wants now to

prove inductively that 9 Ay, + 1 Zf;ll [A;, Ax—;] = 0 for k > 1 which by (234) is equivalent to

. lkfl

Oy =5 ;[A,.,Ak_i], for k> 1. (236)

First step of induction: To first order in z one has simply as above A; € H"~1L1(M) and we pick the
harmonic representative A;. In fact on compact Kahler manifolds it follows from (344,348) that every
harmonic representative fulfills 94; = 0*A; = 0. Moreover with A5 = Ay, see sect. 9.2 also 8A; =0
holds. This implies D - A; = 0 and by (235) [A;, A1] = 8(A; A Ay) is -exact. On the other hand for
Ay € H™ (M) hence 8A; = 0 it is immediate from the definition of the bracket that 8[A;, A;] =
56(A1//\\A1) = 0. The 8, 8 Lemma of Kéhler geometry ([100], p 149) states that if a form 5 € QP4
is 0 closed and d-, 8- or O— exact then it can be written as n = 9dv. Applied to the bracket we can
write [A1, A;] = 09y for some 1 € QL. Identifying A, = 18y, we have constructed a solution to

51212 + %[z‘il,fil] =0.
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General induction: If for some N one has solved for A; with 94; = 0and 94; + L Y i21[4;, 4;_;] =
0,7=1,...,N,then

N N
T4, Angaoj] =0 (Aj A Anga )" (237)
j=1 j=1
and one also checks that
A
N _ N
0 Z[AJJAN+1—J] =00 Z[A.hAN-I-l—J]
j=1 j=1
1 N j-1 A
=50 DD Ak Ajmr) Ani—s] = [Ag [Ar, Anvpa—j—i]] | =0.
j=1 k=1

Here we used first (235), then the fact that & and A commutes, (237) for Ay, with & < N and the Jacobi
identity for (230). By the 9, & Lemma one can set AN+1 = %(MN and since 8AN+1 = 0 the induction
proceeds. Moreover one has arguments that the series converges in H™~1:1 (A1) [189].

Hence there exist always a family of Calabi-Yau manifolds with varying complex structure parameters,
whose complex dimension is 2% (M, T'M). Tians and Todorovs result is very important also with respect
to the world sheet theory, where is very not-trivial to establish that a deformation of type (47) is exactly
marginal and does lead to family of N = 2 SCFTs.

Mirror statement On a Calabi-Yau threefold one has the above mentioned isomorphism between H (1) (M, T M)
and H2(M), which is induced by the unique (3,0) form 2. Thanks to the above isomorphism the A-
model and B-model physical operators are associated to H?:? and we mirror symmetry can be interpreted
as the following identification of these spaces H?¢(M) « H¢ P4(W). Here M and W are mirror
manifolds. As a corollary one has x (M) = —x (W) if d is odd.

8.4 Kodaira-Spencer gravity as space-time action for the B-model

There are three space time actions known, which reproduce as classical equations of motion the unob-
structedness of complex structures on the Calabi-Yau. Kodaira-Spencer gravity [20], Hitchins three-form
action [112] and Hitchins general threeform action [113]. The first[20] and the last [172][?] reproduce the
B-model also at one loop. But even Einsteins gravity poses no problem up to one loop [191]. While it
is not clear how the suggested spacetime descriptions make sense as full quantum theory, the worldsheet
B-model approach makes remarkable predictions at higher loops.

Kodaira-Spencer theory of gravity is theory on M which couples exclusively to the complex moduli
of M. Its tree level result reproduces the B-model without the coupling to worldsheet gravity, i.e. its
genus zero sector[20]. It is a space time gravity theory in the sense that is does couple to the Calabi-
Yau metric as far/ag complex structure dependence is concerned. It reproduces the (229) in the form
DA(2) + 30(A(2) A A(z)) = 0 as its equation of motion and its Feynman graph expansion corresponds to
the iterative solution to that equation exactly in the form as given above. In fa/c_t\by the 8, 6-Lemma we have
shown e.g. in the second induction step that one has an ¢, with 8¢, = [4;, A;], hence Ay = %&pl. By
(235) the first statement means also 9y = (A; A A;). Combining the two facts one gets a solution for Ay
in the form

R 1 — —
A2 = —2—56(141 A Al) = P(Al A Al) . (238)

We have used a “gauge” dAr =0anditis easy to see that the recursive solution comes with the freedom
A + OX, which one can fix be requiring 8*A; = 0. We can then define the “propagator” as P =
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—550 = —5*%6. With this “propagator” one can recursively write the solutions to A,. E.g. A; =

2P (A1 A (P(Al//\\Al))V)A. It follows from the construction of Ay that only A; fulfills the Laplace
equation, while Ay, for k& > 1 correspond to “massive modes.”

A,

Al

Fig.32 Perturbative solution of the Kodaira-Spence equation in Tians form 8 A(z) + %B(A(z)//\\A(z)) =
0 by Feynmann graphs with massless fields (weavy lines) and massive fields (solid lines).

It is not hard to see [20], that the Kodaira-Spencer action

NS(Ay, A, 20) = / %Ammm + é((A1 + Ap) A (AL + AN A (A1 + An) (239)
M

has 8(A; + Ap,) + 10((A1 + Am) A (AL + Ap))™ = 0 as e.o.m. and reproduces the Feynman graph
expansion above. Here we have defined as A,, the massive part of A(z) and 2, is background value of
the complex structure. It has further be shown that (239) is the reduction of closed string field theory
to the topological modes and it has been argued that its path integral defines the generating function for
all correlators of the topological B-model coupled to worldsheet gravity. However the action has not been
made sense of as quantum theory. So its solution is indirect by means of the holomorphic anomaly equation
of the topological B-model. Nevertheless the divergent factors in the graph expansion of (239) lead to an
analysis of the leading behavior at the boundaries of the complex moduli space of the Calabi-Yau space

3 2g—2
once the ones of the three point couplings are known. For one modulus ¢ one gets Fy ~ %. This
result is useful to fix the holomorphic ambiguity.

8.5 The periods and infinitesimal deformations of the complex structure

The integral (223) can expressed in terms of holomorphic functions on the complex moduli space parametrized
by z, which are integrals of the holomorphic (3, 0)-fom over a fixed topological basis of three cycles of M/

Xk = | Qz), Fuz2)=] ), kE=0,...,ho; . (240)
Ay B*

These are called period integrals of periods for short. Here we have chosen an integral symplectic basis of
A and B cycles of the integral homology Hs (M, Z) such that A, N B! = &, while Ain A9 = B;nB; = 0.
The choice of such a basis in H3 (M, Z) and its dual basis («a;, 37) in the integral cohomology H?® (M, Z)

with
/ak/\,ﬁ”:/ ak:—/ Brhay=—-[ p =6 (241)
M A M By,

is unique of to an Sp(h?,Z) transformation. The two dual symplectic bases (A%, By,) and (a4, 37) are
topologically and do in particular not depend on the complex structure. What we call (n,0) form Q(z)
does depend on the complex structure. This dependence is captured by the period integrals, w.r.t to the
fixed basis (a;, 57)

Q(z2) = X*(2)ar — Fi(2)8* . (242)
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The symplectic group over C is defined by

MSM =3, M e Sp(h®,C)  with %= ( _01 (1] ) i (243)
Q is a symplectic invariance and we have a natural action on the period vector
X* .
I := ( ) by =M. (244)
F,

The X* are homogeneous projective coordinates of the complex structure moduli space and one can
choose locally inhomogeneous coordinates

Xk
- X0
as the complex structure parameters[99, 189]. This can be viewed as local Torelli theorem for Calabi-Yau
manifolds. A global Torelli is proven for K3 (and Enriques surfaces) [14], but seems not to hold on general
Calabi-Yau manifolds.

In virtue of (245) the Fj must be expressible as functions of ¢. The precise relation comes from the
infinitesimal calculus describing changes of the (n,0)-form € in H™(M) under changes of the com-
plex structure. The decomposition of H"(M) into (p, q) type H"(M) = ®p4q=nHP?(M) varies over
the complex moduli space parametrized by ¢. We are concerned with n = 3. One wants to describe
the varying of H?9(M,) as a bundle #?:? over the moduli domain D(M) of M , called the Hodge
bundle. However the spaces H?-? do not fiber holomorphically over D(M). One defines therefore
first a Hodge filtration ¥*(M) = {FP(M)};_, by FP(M) = D,>, H**=2 (M), with H*(M,C) =
FP(M) @ Fk—p+1(M). Obviously HP9(M) is recovered as HP*?(M) = FP(M) N Fa(M) and one has
an isomorphism H?:4(M) = F?P(M)/FP*T1(M). The FP(M;) form holomorphic bundles F? over D(M)
and the holomorphic Hodge bundle #?:¢ can be defined as #P¢ = FP/FP+L, see [101] for a precise
definition of D(M). There is a bilinear form on H™(M, Z) /torsion

tk k=1,...,h:=hn*! (245)

Q.8) = (0" [ g (246)

with the following properties
Q(H™ HY7) =0, unless p =n—p and ¢ =n—gq (247)
S, ) =71Q(¢,¢) >0, unless ¢ = 0in HP'? . (248)

In mathematical terms @ is called a polarization on the Hodgestructure H™ (M, Z) [torsion and (247) and
(248) are the first and second Riemann bilinear relations, see [100, 101]. In particular H3:° defines a line
subbundle £ in H3(M) and Q(z) defines a section of it. Since is is expandable in the fixed integer frame
(ax, BY) by the periods (242) it has a flat connection that is called Gauss-Manin connection. The Picard-
Fuchs equations that the periods fulfill, which we derived latter, can be viewed as one manifestation of the
flatness of the Gauss-Manin connection. Despite the fact that the connection is flat the period vector II
(244) will have a monodromy G' € Sp(h®,Z), if transported around loops T, encircling singular points
z; in the complex moduli space. To understand the possibility of a monodromy remember that the moduli
space is not smply connected. Singular or orbifold loci of M are cut out. As exemplified at the end of Sec.
9.7 not simply connected manifolds can have non trivial holonomy of flat connections3%. The monodromy
group is generated by transport around all loops ~; in H*(M)

M(z) = M, T(2), M, €Sph®7Z), (249)

34 This monodromy is called a“Wilson line” in physics.
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where one has relations, e.g. in the situation depicted in figure 33 one has M;; = M., M,,. The homotopy
group of M and the symplectic monodromies around the loops determine the period vector as solution to
a Riemann-Hilbert problem.

Yo

1
x x X
z=0 z=1 7=

Fig. 33 Moduli space of a one complex parameter Calabi-Yau manifold compactified to P! with three
singular points. In general singularities are divisors in M.

By taking a derivative w.r.t. the complex structure coordinates z* the (3,0) form changes as follows

o0
Ozk
where A%)(2) € H2! isabasis and ¢, (2, z) depends on the complex moduli as made explicite after (258).
This can be seen as follows. Let as in section (8.2) f#(x, z) define a family of holomorphic coordinates
on M, which vary with the complex structure parameter z, so that z* = fH(x,z20). Via f*(x, z) the
(3,0)-form Q = L h(f)euw,df*df*df* depends on the complex structure z and by derivation we get
N 1 0h (d f )

5aF ~ 31k e dMAfTAf" + o ~heupdfrapr B8 (251)

To analyze a(df ) requires an infinitesimal calculus in the neighborhood of the reference complex struc-

= cr(2,2)Q + AP (2), (250)

ture zo. It is easy to convince oneself that the (0,1) part 24/ o = AP Pd23 where AW ¢
HOD (M, T™OM) is the object we encountered in Sec. 8.2. The isomorphism (231) implies then (250).
Upon taking further derivatives we get

6;90.96 F? = H*" @ H>!
62
sxiaxi € F'=H*¢ H>' ¢ H"? (252)
83 0 3,0 2,1 1,2 0,3
mﬂe F:H7@H’@H’@H’

8.6 Special Kéhler geometry

Let us discuss the consequences of the first property (247), which follows from simple consideration of

type. If we insert (242) in [,, Q A af(k Q = 0, a consequence of (252) and (247), we can conclude that
F,=1% ax >, X'F;. That implies that the F; are indeed not independent but determined as derivatives

of the single function®
1o
=3 X', (253)
=0

called the prepotential. Note that F is not a symplectic invariant. It follows further from the first transver-
sality that F' is homogeneous of degree 2in X ¢, i.e. ZZZO X“a—ﬁ(GF = 2F. The implication of the second

35 Note that on even complex dimensional Calabi-Yau manifolds there will be no relative sign in (241) basis nor in (242) and
S A Q = 2X°F, = 0 gives already an algebraic relation between the periods. Using further transversalities one fi nd an
intriguing mix between algebraic and differential relations between the periods in the even case.
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line in (252) [,, QA #;XJ,Q = 0 follows already from the degree two homogeneity of F' and contains

83

—2 () is nonzero and we calculate
BxaByp0xe

no new information. The last line of (252) shows that [,, © A

c (t)—/Q/\ ¥ g P p_(xop O
bl [T OxaOxo0xe  OxaOxoOxe 3y, O, Or.

FO@), (254)

where a, b, ¢ runs form 1 to A%L. To derive this we used (240,241,242) and the homogeneity of degree
two of F' to pass to the inhomogeneous variables ¢. Each of the three derivatives w.r.t. to the complex
structure parameters % has to hit one df* in Q = 3A(f)eu,df*df df? to produce the (0,3) part.
It is clear by (251) that the eq. (254) is up a normalization equivalent to (223). It turns out that mirror
symmetry identifies Cy;; (t) = % FO)(t) at a special point in the moduli space with (117). The
right hand side of (254) is not covariant. It is valid only in the coordinate system defined by the periods
X @ or the inhomogeneous coordinates t. The period expression is however valid in any parametrization
of the complex structure. If we make a coordinate transformations of the latter X* — 2%(X) we need no
covariant derivatives on the right hand side to compensate for the derivatives of g;;, by z, because by (252)
only terms contribute, for which all derivatives by z act on £2(z). In any complex structure coordinates we
can therefore express the triple couplings in terms of the period integrals as

h
Cijr = / QN 00,0, =D (X'0;0,04F; — F,0:0;0,X") (255)
=0

and Cjj, transforms like Sym®*T M ® £~2 under Kahler- and general coordinate transformations in the
complex moduli space M. Note that Cj;i, is by (244 an symplectic invariant, if the derivative is w.r.t.
to invariant complex structure parameters, such as the z in Sec. 8.7. The triple coupling are the Yukawa
couplingsof the moduli fields in the effective action of heterotic string compactifications, see e.g. [92, 173].

Let us come to the two point function (224) and is relation to (248). As we have discussed the (3, 0)
form () lies a complex line bundle #3:°. This bundle is called the vacuum bundle £ in physics. Is has
a natural gauge transformation  + e/(*)Q where f(z) is holomorphic, which leads to another nowhere
vanishing (3, 0) form. We have by (248) a positive hermitiannorm S(Q, Q) = ||Q||? := i [,, QAQ, which
is is related to the norm (392) by a volume factor ||Q2]|? = iV |2|2. We define a now potential

K:—logi/ QAQ, (256)
M

which will turn out to be Kahler potential of the moduli space metric. Clearly the gauge transformation
become Kihler transformations K — K — f — f and eX is a section of real line bundle. We can define a
candidate Kahler metric on the moduli space

G5 = 0.05K . (257)

Note by (358) that the K&hler form to this metric is the curvature formR of the hermitian metric S(£2, Q)
on L. Using (250) we can relate this metric to (224)
T Ala) A A®)

GaE = _W . (258)

These couplings (224) are the kinetic terms of the moduli fields [92, 173]. We determine cx(2,2) =
-0, K.

Let us compare that metric G ,; with the standard way one defines a metric on the space of metrics on
M. The metric on the Calabi-Yau moduli space factorizes at least locally in the Kahler- and the complex
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structure deformations space, see Sec. 5.3 and [34, 33] for further background,
_ 1 o
26,3605 = 0 | 979 B gmadinrdet(gun)Fda® (259)
2V Ju

where we just took the complex structure deformations into account. The metric (259) is called the Weil-
Peterson metric of the complex moduli space. In Sec. 5.3 we have already identified pure deformations
of the metric with elements in H (M, T M), the precise relation is 697(% = ‘95%6,2“ = —2A£—{1) ' gind2%.
Using (233) in (259) we note the remarkable fact that the two metrics (257) and (259) coincide. This was
first proven in [189] and implies the local Torelli theoremas well as the fact that the holomorphic sectional
curvature of the Weil-Peterson metric is negative and bounded away form zero [189].

From (256) and (242) follows a simple Sp(h3, Z) invariant formula for its Kéhler potential in terms of

the periods

__OF F
K = —logi (X“;Xa - X“%) = —logiIIXII. (260)
This statement in terms of the inhomogeneous coordinates ¢; = X/ X0 i =1,...,h%! reads
e KD = | XOL(t — F) (9,7 — 6F ) — 2(F® — Fy . (261)

As it obvious the Cy;i,(t) € Sym>T* M ® £2 as well as the real Kéhler potential K (t) derive from the
holomorphic section F( (¢) € £2 over the complex moduli space M. This justifies the name prepotential
for F(©) and the structure defined by (257),(261) and (254) supplemented with the requirement that the
Chern class represented by the curvature two form R of the vacuum line bundle £ defines an even integral
class®® on M is known as special K ‘ahler geometry.

The integrability condition for the existence of F(©), given Gi; = 8;0;K (t,t) and Cyjy, is

Ry = =0l = [Di, Ogl; = Ggd; + G z6; — Cijm CF (262)

The upshot of special K ahler geometry is that the relevant quantities are fixed by the section F of the
holomorphic line bundle £2 over the compactified moduli space. As it is well known in complex geometry
such sections are fixed by a finite set of data, basically a Riemann-Hilbert problem to find sections of
the Hodge-bundle, which observe certain monodromies. This fact underlies our ability to solve the two
derivative effective action of N = 2 gauge theories exactly.

This structure we have discussed here mainly form the geometrical point of view has been independently
discovered in the vector multiplet moduli space of N = 2 supergravity theories in four dimensions [51,
52, 49]. The connection to string compactifications has been made in [33, 185] and a more mathematical
view is offered in [73]. In making contact with the supergravity literature note that [51, 52, 49] uses for the
homogeneous sections

L'=e%X'  M;=re® Fy, (263)
over M, which are not holomorphic 8; X1 = 8;F; = 0, but covariantly holomorphic with respect to
the Kéhler connection Dy = (6; — 3K3), i.e. D LY = Dy M; = 0, with the effect that i(L/ M;x ! —
LTMr=1) = 1. In particular the earlier literature on N = 2 black holes [71, 186] uses x = 2i, because
the gravitino variations have been worked out in this conventions [52]. In the inhomogeneous coordinates
tl = f—é = §—; the Kéhler factor cancels.

36 A Kahler manifold (261) whose K “ahler form is the curvature two-form R of line bundle £ representing aclassin #(M, Z)
is called K ahler-Hodge in the mathematical literature. Asiswas pointed out in [48] the fermions dready in N = 1 susy require that
[R]isanevenintegral class.
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8.7 Picard-Fuchs equation from the symmetries of the ambient space

Let us now discuss an explicit simple example of such a mirror symmetry computation. The principle
example is the quintic in the projective space P*, which is discussed in great detail in the paper [37]. It is
defined as the zero locus of a homogeneous polynomial of degree 5 in z;, e.g.

5

5 5 5
P=Zaim?+agnwi:Zm?—z‘éﬂmi=0 (264)
i=1 i=1 i=1 i

i—1

The z appears here as one of the 101 possible complex structure deformations of the full family of quintics.
A deformation is generate by perturbing Py = Zle x? with a parameter multiplying a monomial of
degree 5. We count (5) z?%, (20) z}z;, (20) a:fx?, (30) mf:c?xk, (30) zizjz%, (20) mizjzx?, (1) Hi’zl,
with 4,4, k,1 = 1,...5 hence 126 monomials. Not all of those lead to independent complex structure
deformations, because the complex linear transformations of the coordinates z; of P* leads to completely
equivalent forms of the constraint. The group of those has dimension 52 — 1. Finally there is one relation
by P = 0 leading to 101. The symmetric deformation in (264) is chosen with hindsight, because we can
see it as the unique complex structure deformation on the mirror manifold of the quintic W. The mirror is
constructed as Z3 orbifold of the original quintic M. The orbifold is generated by phase rotations on the
homogeneous coordinates P*

@i — exp(2migl® /5)z:, a=1,2,3, i=1,...,5, (265)

with g = (1,4,0,0,0), ¢ = (1,0,4,0,0) and g¢® = (1,0,0,4,0). It leaves precisely the perturbing
monomial Hle x; invariant. This one deformation parameter z can be identified with the one Kéhler
deformation ¢ of the original quintic M which has Hodge numbers A = 1 and %! = 101. The one
element in ! (M) comes from the restriction of the unique Kahler form of P® to the hyper surface. The
101 elements of H' (M, T M) we counted above and explained their relation to H2:!(M) before.

The holomorphic (3, 0) form can written explicit in every patch U; of P* as a residuum expression[98]

Oz) = [ 28 266
(2) P (266)

where the contour surrounds the single pole at P = 0 inside P* and the measure is

(=D Fwrzpdey A... A (T\;ck A...ANdzs . (267)
1

5
/J’ =
k=
In each coordinate patch Uy, ; = 1 and dz; = 0 so the sum (267) collapses to a single term. The
wy, makes (267) applicable to hypersurfaces in weighted projective space WC Plwy, . .., ws], which are
generalizations of P, see (398). An important consistency condition for Q is its invariance under the
C* action z; — Ax;. Let us consider the parametrization of the complex structure by the parameters a;,
1=0,...,5inP= Z?:1 a;z3 + ag Hle x;. Theses are redundant parameters and can be “gauged” by
the Gps« = PGL(N, C) x C* transformation on the homogeneous parameters (z; : ... : z5) of P4 to one
parameter. Let us summarize the “gauge invariances” of Q(a) , which are obvious from (266) and (267).

e It is invariant under the change a; — pa; with p € C*. Defining the logarithmic derivative 8; =
a; %, this homogeneity of degree 0 is expressed as

> 6:0(a) =0. (268)
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e It is invariant under the C* actions (a;,a;) = (p °a;, p°a;), i,j = 1,...,5 with p € C*. These
are compensated on P by Gps transformations (z;,z;) — (pz;, p~'z;), which leave the form p
invariant. As differential relations one has

(9, - 05)9(&) = O, 1= ]., ey 5. (269)
These two equations mean that Q2(a) = Q(z) does depend only on the combination z = MEM,

where we chose the sign for latter convenience. Instead of fixing the gauge |mmed|ately we first notice the
obvious differential relations

8 \° Qa) "9 Qa)
Ban — = Fyoll Raveal 27
(aao) a0 (1:1 aa,.> w (270
With §; = a, 0 = z(f‘—z, the commutator [0;, a?] = xa; and 6y = —50 aswellas 9, = O fori =1,...,5
we rewrite
)%t (1)
ao ao a102a3Q4a5 \ - !
ai1a2a3a4as
g <k (6o — k)) Ua) = (1:[1 0i> Q(a) (271)

:H (50 + k)Q(2) = 6°Q(2)
k=1

The last line means that the factorizing differential operator D = 6L = 6[6* — = H?:1(9 + 4)] annihilates
Q(z) and it also annihilates the periods

- / Q(2) 272)
r;

with I‘ € H3(W). One checks that £(z) is already exact, i.e. [. £Q(z) = 0 so that the periods
fr ), which correspond to the four independent cycles T'; € Hs(W) are determined by the
four solutlons of dlfferentlal equation

0* -5z [ (6 +i)]11(z) =0. (273)

Note that the mirror has A2! = 1 and hence 4 elements in the middle cohomology H3(M,Z) = H3° @
H?' ¢ H'2 @ H®. The four period integrals over the dual four homology 3-cycles, which are invariant
under the Z32 group correspond to four independent solutions of eq (273). The 3-cycles are in a fixed
topological basis of H3(M,Z). This basis is independent of the complex structure. The trick in the
derivation of the differential equation was to fix the gauge symmetry at the very end (last line of (271)). This
results in a considerable simplification in the derivation of the period equations compared with the Griffith
reduction method discussed below. The method is adjusted to derive the systems of Picard-Fuchs operators
of multi parameter Calabi-Yau hypersurfaces and complete intersections in toric ambient spaces, which
have the corresponding C* actions, see [115][138]. It will give in general as above differential operators
allowing for too many solutions, which need to be reduced to lower order differential operators. In the
simplest case this is accomplished by factorization. As one example of this type consider the hypersurface
of degree 12 in P(1,1,2,2,6), which has h1'1(M) = 2 and h%!(M) = 128. We mod M out by an
Z1> x Zg x Zg acting as

Ti — exp(27rzgz /12)31:ZJ a=1,2,3, i=1,...,5, (274)
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with ¢ = (1,11,0,0,0), ¢® = (2,0,10,0,0) and ¢® = (2,0,0,10,0). The invariant constraint,
which we interpret as mirror admits two complex structure deformations h2 (W) = 2

5
P = a121% + agxy? + azxl + agxl + aszi + ag H z; + ag(x122)° (275)
=1

It is convenient to express the multiplicative relation between the monomials in (275) in vectors®’
1M =(-6;0,0,1,1,3,1) ¥ =(0;1,1,0,0,0,—2) (276)
such that equations corresponding to (270) are now written as

o\ () o \*" )
0 (o) = () S e @rn)

1" <o 1M <o

Similar symmetry considerations as above lead to the conclusion that II(z) depends only on

(b)
2 = (~1)% Hai" ,  b=12 (278)

i
and the reduction of (277) leads after factorization to the differential operators §; = z,-d%

Dy = 0367 —202) — [15—, (661 — (2i + 1))z

\ (279)
D2 = 0% — Hi:1(202 — 01 — Z)Zz -

We will discuss the solution to (273,279) below.

Let us first perform the integral over the small circle v say in the patch Uy, i.e. zx = 1 to bring the
expression of the (n, 0) form to one which is familiar from the study of Riemann surfaces. In order to do re-
duce one integration over dz; to the residuum integration [ % = 2mi we perform a coordinate transforma-

tionfrom (z1...Z5...25)t0 (21 ... Tk ... %5 ... 5, P) underwhichthemeasureda:l/\...@.../\dm

—1 o o
goes to (%) dzi A...dxg...dz; ... Adxs AdP. Because of transversality dP = 0 has no common

solution with P = 0 and we can always pick an k and ¢ so that (3—5-) # 0 for P = 0. Therefore the
integrand will have a single pole at % and integration leads to

Q(z) = aqwrxrdr A ...gik ...dx; ... ANdzs . (280)
Bz,-

This form of the (n,0) form is analogous to the well known (1,0) form € ~ dj” in the case of an elliptic

curve realized as cubic in P2 with the inhomogeneous equation in the z = 1 patch given in the Weierstrass
form y? = 42® — gox — gs. It can be verified that it is nowhere vanishing [98].

8.8 Picard-Fuchs equation from the Dwork-Griffith reduction method

From the formal definition of the period II(2) = f[.. ©Q(z), with Q given in (266) we can alternatively
derive a fourth order differential equation for the period in terms of the moduli z by the Dwork-Griffiths
reduction method. We mention this methods, because in general the symmetries of the ambient space are

3 They will identifi ed with the generators of the Mori cone in Sec. 8.9.
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not sufficient to find the full set of Picard-Fuchs equations. The key observation for this algorithm comes

as follows. Consider on the ambient space P™ ! (w1, . .., w,,) the (m — 2)-form
d = a—OZ(—l)i+j(1Uj$in —’LU,'ZL'z'Aj)dZL'l A... /\g-ilﬁ\i/\ .../‘\(T-SU\J'/\ /\dib'n .
P i<j

Here A;(z) are homogeneous of degree d; in z, i.e. Z;”Zl mkwk%Ai = d; A;. We further assume that
(M) =0+ Y, w; = d, where d is the homogeneous degree of P, >} | zpwy %P = Pd. With
this assumptions the total derivative of ® simplifies

Pr—i—l

k=1

+% S7(d(1 = 1) — w; + di) Ai(=1) dzy A Adaj AL Aday,
j=1

If we choose now the A; sothat A; = 0 for j # k and d, = d(r — 1) +wy, for f(z) := Ay (z) the second
term vanishes. In other words if % (f(lf%p) is homogeneous of degree 0 w.r.t. the coordinate weights
w; then

aoTfOrP  agOyf
pPr+1 b= Pr

y (281)

holds under the integration sign.
Let us mention in passing that for Calabi-Yau manifolds defined by a transversal complete intersections
of s polynomials, i.e. as the zeroset P, = ... = Ps = 0 in aweighted projective space the analog of (266)

IS
s ok
Q:/ / 11 ;, u, (282)
a Ys p— s
k=1

(k)
where ~; are circles around the P; = 0 and similar as before 8%@ f(@) [T, “Ig—ku> is exact iff it is of

total degree zero. This leads to the partial integration rule[98]

P; _ _ 283
2 TR T P~ T, i T 23

k#j

where we omitted the factor [;_, a(()k), which is however of relevance for a scaling argument as in (271).

The idea is to take up to four derivatives of the period TI(z) w.r.t. the complex structure moduli z, and
rewrite the emerging expression by the repeated use of the partial integration rules (281) or (283) w.r.t.
x; into expressions, which have lower powers of P in the denominator and lower homogeneous degree
polynomials in z in the numerators. Eventually all emergent terms can be manipulated into the form of
moduli dependent functions times lower derivatives of II(z) w.r.t. to the moduli z. The relation derived
in this way is one Picard-Fuchs operator. For the quintic one starts with four derivatives of II(z) and the
emerging relation is of course the same 4th order generalized hypergeometric differential equation as in
(273). In the multi moduli examples one has to consider various derivatives of II(z) w.r.t. to different
combinations z as starting point and the calculation becomes quite tedious. Nevertheless one can give
criteria when the left ideal of differential relations is sufficient to determine TI(z) and systematize the
calculations somewhat using a Groebner basis for the ring of monomials in the x [114, 115].
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8.9 Explicite periods and monodromies

A solution to (273) will correspond a priori to an arbitrary linear combination of period integrals. To
understand the physical duality symmetries and the mirror map of the model it is important to find a basis
of solutions which corresponds to an integral basis of H3(M,Z). This can be achieved by requiring that
the monodromy group is realized by a subgroup of Sp(4, Z). In rescaled variables z — z = 5%z (273)
has regular singular points at Z = 0,1, c0. l.e. the moduli space is P \ {0,1, co} and we drop the tilde
from the z. At zo = 0 the indical equation, i.e. the condition on « in solving (273) with a local power
series ansatz ¥ (2) = (2 — 20)® Y, an(z — 20)™, is @* = 0. This degeneracy of solutions implies that
beside the unique power series solutions one has three logarithmic solutions. Because of the logarithms
the mondromy around this point has in a suitable basis an upper triangular from with a maximal shift
symmetries. Near zo = 1 the indicial equation has solutions {0,1,1,2} and near zo = 1/z = 0 one
has solutions {1/5,2/5,3/5,4/5} for .. The latter implies that one has an order 5 monodromy around
z = oo. The order two degeneration of the solutions at zo = 1 indicate three power series and one
logarithmic solution. The monodromies around these special points are easily worked out. We refer to
the basis (296), which is the canonical large radius basis of the mirror. For the quintic further input data
needed in (296) are [ cow = 50 and A;; = 12—1 In this basis and referring to the rescale variable z the
monodromies are

1 00 0 10 -1 0 -4 3 -1 1
B 1 10 0 01 0 0 2. |1 1 0 o
Mo = 5 31 -1 |"M=[090 1 0] M= 5 -3 1 -1
-8 -5 0 1 00 0 1 8 -5 0 1

(284)

In this parametrization z = oo is the Gepner point, z = 1 is the conifold point and z = 0 correponds to
large volume on the mirror. Our notation is that monodromies which go counter clock wised are positive,
see Fig. 33. One has of course the relation M ' = M;M,. Remarkable is the monodromy M, around
z = 0. This is the point of maximal unipotency. A monodomy is called quasi-unipotent of index at most &
if here is some N so that

(TN 1)kl = (285)

As it has been shown [148] if the period map is semi stable the monodromy is unipotent. This means
N = 1. Moreover [179] shows that the maximal & that occurs as monodromy of periods is k¥ = dim¢ (M).
M, saturates this bound and is of the maximal unipotency 3. This means in particular that a solution with
cubic logarithm appears at this point. As was argued in [37] discovering (292) is that this structure is
needed to map to the large radius expansion of the mirror manifold given by (??). A corollary to the mirror
conjecture is then that all Calabi-Yau manifolds have at least one point of maximal unipotent monodromy
[161].

The monodromies in original paper [37] have been worked out in variable 1) = z~5. This yields in the
above basis

-19 32 -16 4 10 -1 0 1 0 1 0
i 5 -7 4 -1 w01 00 [ -1 1 -10
o0 25 —40 21 -5 |7 " 00 1 0} -5 8 —4 1 |~
—40 64 -32 9 00 0 1 3 5 3 1
(286)

with m . = A=*m; A*. In the unfolded moduli space there are five copies of the conifold and encircling
all five yields m, = Mg, see Fig. 34.
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There are general theorems that guarantee that the analysis of solutions and mondromy performed by
Candelas et al. for the quintic[37] extends to any family of Calabi-Yau manifolds over its complex moduli
space M. Let us summarize some of the relevant general results

e 1.) As we know from Tian-Todorov M is h,, 1 dimensional and unobstructed, see Sec. 8.3.
e 2.) Viehweg shows that M is a quasi-projective scheme, see [196] for review.

e 3.) Itis not known in generality what singular fibres can occur in the family. However all singularities
appear at most in complex codimension one in M. The correponding loci S, the discriminant compo-
nents of the Picard-Fuchs system, in M can have themselves singularities and tangencies. Application
of general theorems about desingularizations of Hironaki [110] guarentees that the latter can always
be resolved so that S are specified by smooth divisors with normal crossing, i.e. with no tangencies.

e 4.) The theorem of W. Schmidt[179] puts restrictions on the singularities of the periods at the bound-
ary of M. In particular no period can be degenerate worse then with log(z)4™¢ at the components
of S.

In practice 2.) guarantees that there is a compactification of M while 3.) and 4.) guarantee that a local
solution of all periods can be obtained everywehre in M solving an ansatz with infinite power series and
logarithms of finite power. Monodromies for more parameter families have been investigated in [38][123]
[39]. The case (275) shows some features of the resolution of S annd has been reviewed in same detail in
[134].

Fig. 34 Quintic monodromies in the unfolded ¥ modulispace

8.10 Integrality of the mirror map

While the integrality of instanton expansion of the F(9) has found, at least physically, a completly satis-
factory explanation as counting of BPS states, see Sec. 6.14, the integral expansion of all known mirror
maps at the point of maximal unipotent monodromy remains mysterious.

We exponentiate (292) invert it and expand z(gq) in ¢ = €. Call j, = ﬁ in analogy with the nor-

malized j.(q) SI(2,Z) invariant function of the elliptic curve. Both expansions have positive integral
coefficients

je =1 47444196884 ¢+ 21493760 ¢ + 864299970 ¢ + 20245856256 ¢* + . .

do =1 +770+ 421375 ¢+ 274007500 ¢* + 236982309375 ¢ + 251719793608904 ¢* + ...
(287)

The integrality should be related to monodromy group T € Sp(4, Z) generated by M, and My, but it is
unknown what the integer coefficients are counting. For the example of degree 12 in P(1, 1,2, 2, 6) we get
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d rational elliptic
1 2875 0
2 609 250 0
3 317 206 375 609 250
4 242 467 530 000 3721431625
5 229 305 888 887 625 12 129 909 700 200
6 248 249 742 118 022 000 31 147 299 733 286 500
7 295 091 050 570 845 659 250 71 578 406 022 880 761 750
8 | 375632 160 937 476 603 550 000 | 154 990 541 752 961 568 418 125

Table4 BPS degeneracies négz)d associated to rational and elliptic curves on the Quintic in P*

for each of the two functions j, = % and j, = i an integral two parameter expansion

ji= L 474441968844, + 21493760 g7 + 864299970 + ...
” (_qu + 480 + 1403748 ¢, + 1203172608 ¢ + .. )

: (288)
b= E+2+m+a (42402402400 +2404) +
& (q%70920 — 57600 — 26640 g» — 57600 g3 + 70920 qg) .

The occurance of the j-function[38] at j. = j1|4,=0 has been related to string duality between type Il on to
the heterotic string on K3 x T2 [122, 123], see [134] for a review. These primitive observations may point
towards number theoretic applications of topological string theory. Intriguing observations for Calabi-Yau
manifolds over finite fields have been made in [40]

8.11 Solutions to the Picard-Fuchs equations for all complete intersection in toric ambient
spaces

For a Calabi-Yau in an general toric ambient space one can determine the generators of the Mori cone of
M. These are vectors, which represent curves C(*), a = 1,...,hy; in the Calabi-Yau space M that are
dual to the Kédhlercone

1@ = @8, .. 1520, 1®), for a=1,...,hi 1 (M) = hay (W) (289)

Their first entries l(()‘fl), .. .,l(()‘fr) are the (multi)degree(s) of the algebraic constraints P, = 0,..., P, =
0 defining the Calabi-Yau manifold w.r.t to the dual divisors of the C(®). The second set of entries
19,15 are the intersections of the curve C(®) with the toric divisors of the ambient space. These
curves and the intersection numbers can be determined purely combinatorial from the toric description of
the ambient space, see [115] for details. E.g. for the quintic one has I(V) = (=5;1,1,1,1,1).

With these data and and the classical intersections numbers &, = D, N Dy N D,, which is also deter-
mined combinatorial (it is k111 = 5 for the quintic), one can write down a local expansion of the periods
convergent near the large complex structure point, which is characterized by its maximal unipotent mon-
odromy. We review in the following just the essentials and refer to [115] for further details. A particular
set of local coordinates z, on the complex structure moduli space on W is defined by

o)
2 = (=1)Zal0n [ af b=1,..., K2 (W) (290)

i=1
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in terms of a;, the coefficients in the polynomial constraints of the complete intersection in the torus
variables (264). A point of maximal unipotent monodromy is then always at z, = 0. Let @y, .. 4, be
obtained by the Frobenius method® from the coefficients of the holomorphic function w(Z, 5) defined as

h
W(21y -3 2hy Ply- - PR) = Z c(nl...nh,pl...ph)Hzg“""’“

{"a} a=
P TA=S g + (291)
c(”l;---;”h;pl;---;ph) — Hm 1 ( E (a)( a Pa))
T D+ 320 5 (0 + )
S
wal,m,as(zl,...,zh) = (QLM) 8pa1 ...apasw(zl,...,zh,pl,...,ph)|{pa:0}.
Define also 04,0, = (Way,....a. (21, -, 20)|10g(20)=0) /@ (215 - - - 2y P15+ - 5 P)|{pa=0}- Al the large

complex structure point the mirror map defines natural flat coordinates on the Kahler moduli space of the
original manifold M

X 1
b= =—A1 =1,... 292
t XO 27”,( Og(za) + Ja): a ’ 7h ’ ( 9 )
where X0 = w(21,...,2n,p1,- .., pn)|p=o is the unique holomorphic period at z, = 0 and X = w, are
the logarithmic periods. Double and triple logarithmic solutions are given by [115]
h
w? = Z Kabe®@oe(21,---,2n), a=1,... h. (293)
h
U)(S) = Z KabcWabe 2’1, . azh) ) (294)
a,b,c=1

where k4. are the classical intersection numbers k45 = D, N Dy N D,.
The prepotentials F(© (XT) in homogeneous or F( (¢%) in inhomogeneous coordinates can now be
written as

XaXbXC XaXb 3
FO) — _"“abcﬁ + AT e X X0 — iy il )3 (X% +(X%2f(q)
31X 2 Xa(2m) (295)
(X0)2F0) = (X°)? —M + A i +cot® —i @) + f(a)
- 3! T

where q, = exp(27it®), ¢, = 21—4 fX chsy.J, and x is the Euler number of X. The real coefficients A,; are
not completely fixed. They are unphysical in the sense that K (¢, %) and Cys.(g) do not depend on them. A
key technical problem® in the calculation is to invert the exponentiated mirror map (292) to obtain z;(t).
An integral symplectic basis for the periods is given by

1 1
m=x° r X0 !
- 2F©) —tag FO | T L N L (g$)3 + 2f(q) — t*Bsa f(q)
Oy FO — a6 4 4yt + ¢y + Oye (q)
(296)
38 The holomorphic period w(z1,...,2,) can aso be directly integrated using a residuum expression for the holomorphic

(3,0) form [115].
39 Wewrote an improved code for that [144].
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This period vector can be uniquely given in terms of (294),(291) by adapting the leading log behavior. The
Agp are further restricted by the requirement that the Peccei-Quinn symmetries t* — ¢t* + 1 act as integral
Sp(2h!'* + 2, Z) transformations on II. Note that (%) can be read off from the periods and since ¢* are
flat coordinates, we have

d
0 q
Cabc(q) = 6taatbatC.7:(0) = Kabc + Z ng )dadbdcma (297)
da,dp,dc>0

where the sum counts the contribution of the genus zero worldsheet instantons. We defined ¢ = I, g 2midat®
where the tuple (dy, ..., dy) specifies a class 8 in H2(M,Z). The expansion predicts the first column in
table 4. Higher genus predictions will be discussed in sec. 8.14.

The vectors (@) are technical core data of mirror symmetry for toric complete intersections, some
programs which aid to find these vectors for these manifolds are available at [144]. Let us summarize the
multitude of information they contain

e 1) They contain the degrees of the constraints and the C* actions of the toric variety of ambient space
and fix thereby M.

e 2.) Equivalently they can be viewed as U (1) charges vectors for the fields in the linear o model [213].
e 3.) They span the Mori cone of M, which is dual the Kahler cone of M.

e 4.) They specify the point of maximal unipotent monodromy in the moduli space of W namely
2() = 0, where the z(*) = 0 of (290) are good local coordinates near this points and all mondromies
T around 2(?) = 0,a = 1,. .., hyy (M) satisfy (285) with N = 1 and k = dim¢ (W).

e 5.) The periods of M are generalized hypergeometric functions with symplectic basis at z(») = 0
given by (296) and the (@ are for those functions what the constants a, b, ¢ are for ordinary hyperge-
ometric functions » Fi (a, b, ¢, z) (291).

Similar, in fact simpler, solutions can be obtained for the toric local Calabi-Yau Calabi-Yau manifolds, see
[45].

8.12 Rational expressions for the threepoint couplings in generic complex structure parameters

In the previous section we have focused on expressions of the genus 0 prepotential F, which are be ex-
panded around the large complex structure point. The expansion parameter ¢ = exp(2i) contains ¢,
which maps in the A-model to the complexified area of curves in the Calabi-Yau. The phase in ¢ is so that
q — 0 if the real area in ¢ goes to infinity. This is the natural expansion for the Gromow-Witten invariants,
where small ¢ corresponds to large areas and hence supressed instanton corrections.
For global considerations and the calculation of the holomorphic anomaly it is necessary to have ex-
pressions for the three point couplings in terms of the complex structure parameters.
One way to derive them is to start with full system of Picard-Fuchs operators D;I1(Z) = 0,7 =1, ..., 7.
With reference to (242,254,255) we now define
Wk ka) >, (21 - - 9kaFy — Fjok1 ... gkazl) 298
=Y, (2I0%F, — Fo%z2) .

In this notation, W) with " k; = 3 describes the various types of triple couplings and by (252) and
consideration of type W) = 0 for 3" k; = 0, 1, 2. If we now write the Picard-Fuchs differential operators
in the form

Do =Y Ao~ (299)
k
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then we immediately obtain the relation

Y APW®E =0 . (300)
k

Further relations are obtained from operators 9, D,,. If the system of PF differential equations is complete,
it is sufficient for deriving linear relations among the triple couplings and their derivatives, which can be
integrated to give the Yukawa couplings up to an overall normalization. In the derivation, we need to use
the following relations which are easily derived

W0.0.0) = 29, (3,0,0,0)

W(3,1,0,0) = %6Z1W(2,170’0) + %6Z2W(3a070a0)

W(2a270a0) = ale(LQ,OaO) + 6Z2W(27170a0) (301)
W(Qalvlao) fd ale(lvlalvo) + %8Z2W(2’0’1’0) + %8Z3W(2’1’0’0)

wtLLy %(6‘21W(0’1*1’1) T 0, whoLl g ol 4 g L)

Exercise: Show that for Calabi-Yau d-folds one gets the relation T (¢+1.0:--) = 4415, 1y7(d:0....),
From the Picard-Fuchs equation for the quintic (273) we get A®) = 23(5%z — 1) and*® A®) = 27(22
552 — 3). Using (300) and from (301) W = 29, W (3) we can integrate

c dz’ A > 302
ZZZ T exp ( / z A(4 ) - Z3(]. _ 55Z) I ( )

where we fixed ¢ to match the A-model normalization Cyy = 5 + O(q).

For the system (279) we consider first Dy, 8., Dy, 8., D, in (300) to express e.g. W0 = Criz1,z 1N
terms of C., 4125, Ciy202, aNd Coy 2y, Using 8, D1, 8, D1, 02 1 D2,0.,0,,D> = 82 D5 in (300) we may
express W (49 in terms of W39 and integrate® w.rt. z;. Proceedmg this way we get after rescaling of
a = 17282z, and b = 4z, the triple couplings

Caaa = D,%Al y Caab = % )
_ (2a-1) _ 14b—a(143b) (303)
Catb = aparn, 0 Owwb = “opa,az o
where we defined the components of the discriminant as
Ay =1-2a—-a*(1-b), Ay = (1-10). (304)

The 3 point couplings (297) can now be recovered using the mirror map (292) in a special gauge on Q=1
in the bundle £~2 as

0%; 87;] (')zk
Cabe q X2 Z t, ot, 8t z,zJ-Zk (z(q)) . (305)

8.13 Coupling the B model to topological gravity
We consider again the moduli space introduced in Sec. 5.2

M, = large gauge transf.\H, /(diff x Weyl),

with expected dimension 3g — 3 (366). In the covariant quantization of string theory the metric inde-
pendence of the theory, up to this finite dimensional space (42) we presently discuss, is expressed by a

40 For reference wenote also A = z(22 - .32 . 542 — 7), AD) = (23 - 354 — 1) and A = 120.
4L Tofi x the function ¢(z) in the z1 integration, we have to calculate W31 and W (2:1) in asimilar fashion.
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nilpotent BRST operator just like in (40). Conformal invariance is maintained for o models on Calabi-Yau
spaces. To take advantage of this extra bonus of the B-model note that in a conformal fields theory 7% = 0
and (40) splits in the following two components corresponding to 7',, = T'(z) and Tz = T'(z). Now we
can borrow literally the treatment of the measure from the critical bosonic string. In the the case of the
bosonic string the situation is exactly as in the topological B-model on a Calabi-Yau 3 fold (61), where
the ghost number is identified with the U (1) axial charge of the B-model. The geometrical reason for this
equivalence is that (367) and (368) give the same anomaly if dimc (M) = 3 and ¢; (T M) = 0. As we saw
in Sec. 5.4 the b(z) and the @ srsr have ghost number —1 and 1 respectively and there is a ghost num-
ber anomaly of 69 — 6 = —3x(X,) on a higher genus wordsheet, which corresponds to the axial current
anomaly 6g — 6 = —3x(X,).We can use therefore the same measure over the complex moduli space is in
the bosonic string. From the Beltrami-Differentials u* = p%2dz0,,k =1,...,3g — 3 in H(T'S), which
represent tangent directions of M, we define

Bk:z/
2

The definition of B*) in itself does not require conformal invariance but just (40). We used after the second
equality the standard metric in a conformal gauge and the expressions for the Beltrami-Differentials. In
the last equality we used (2, 2) supersymmetry and the fact that G—, G~ are h = 2 fields after the B-twist
to define

VER RS0 s Gs = / CoAGoplh* + Casit ?) = BF + F (306)
Eg

g9

Bkz/ d?z Gk, Bkz/ d?z G pk . (307)
2, 2,

Because of the antisymmetry of G and the Kéhler structure on the moduli space M, the quantity
69—6 39—3
ng = (I B -ldm] = < 11 ﬂ’“B’“> [dm A di] (308)
k=1 k=1

is a top-form on M,. Here -[dM] or -[dm A dmn] means contraction with dM;, A ... A dM;,,_, or
dmg, Admm, A ... Admg,,_, Adi,,_, and suitable normalization. That is we inserted 6g — 6 times 3(*)
to compensate the ghost or axial anomaly, which is by the index theorems (cff section9.3) identified with
the dimension of M. The integral

F) = / I (309)

My

is the central observable of the topological B model. How does this discussion of the dimension of the
moduli space relate to (149). In the A-model we counted the geometrical virtual dimension of the moduli
space of non-trivial maps and found that the deformations of the metric M, are offset by the obstructions
of having a a nontrivial holomorphic map to M, so that the virtual dimension of the moduli space of maps
is zero. Here we Kill the deformation space of M, by viewing the B-model fields as ghost system from
which we construct a top form to integrate over M ,. The topological B-model is one of those examples of
string theories, where general covariance (40) is maintained by an ) g gsT operator, whose charge violation
measure the dimension of the moduli space, but the decoupling of ghost and matter sector is not imposed
[199].

As part of the prerequisite for coupling topological theories to gravity [202] the measure p, must be
closed duy, = 0. To see that consider

0={{Q, 1:[ BF}) = i(—l)j*1(31...{Q,Bj},...B59*5) (310)
k=1 j=1
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and use the fact that {Q, B} yields the T = fzg d2?zTu?, whose insertions can be interpreted as derivative
on M, according to (46). A second prerequisite is that p, is basic, i.e. that it vanishes for all variations
of the metric induced by infinitesimal diffeomorphism. These correspond to the last two terms in (43)
and the property is easily checked. We will show below explicitly by manipulations similar to the one
that lead to (310) that the () commutator of the measure is exact. The metric dependence comes from the
boundaries of M,. Combinatorial the calculation is like non-topological higher string loop calculations,
apart from the much more sophisticated integrals over M. The compactifications of M, , is identical to
the one discussed in Sec. 6.2. Its boundary components come from pairwise collision of inserted points
and nodes. In 2d gravity we got from these boundaries the topological recursion relations. In the case
of the B-model there is an interesting modification namely that the boundary components contribute only
in anti-holomorphic derivatives of F,, which gives rise to recursion relations involving antiholomorhic
derivatives. Since without boundary component contributions the () would be holomorhic one calls
these recursions the holomorphic anomaly equations. They are no more anomalous then the topological
recursion relations.

8.14 The holomorphic anomaly
We want to consider in this section perturbations of a more general form then in Sec. 5.3 namely

S:/d2z£0+2ti/0i+25i/@i. (311)
) 7 ) P )

Here the WS two-form field © = O is the B-model field (38) which comes from a ¢ = O© in the
(c,c) ring. We will use here the CFT notation introduced in Sec. 5.5, i.e. O; = {Q+,[Q-,¢:]} ~
{Gy,[Gy, ¢il} and O; := {Q+,[Q—, ¢:]} ~ {G,[GE, ¢4]}. In an unitary theory £ = (¢¥)*, but it will
be important in the following to view #* as an independent parameter. As explained in Sec. 5.3 the WS
two-form fields in (311) are neutral. Therefore we can expect that arbitrary n — point functions like for
g>1

39—3

o i = /M ( / O, ... / oi, ] 8%) (312)
g k=1

do not vanish. Is it stands (312) is not well defined. We first have to specify how to deal with the contact
terms, which are necessarily present in an interacting supersymmetric theory, see (93) or (100). Now in
the case g = 0 there are the three PSL(2, C) conformal Killing fields. The zero mode integral of their
superpartners compensates for three descendant operations and with the PSL(2, C) symmetry we set three
points to 0, 1, oc. The generic genus zero correlation is then

0 .= /MO (61, 06,0 (o) [ Os... [01) (313)

This has no contact interaction among the first 3 fields. It is natural to make this function symmetric in
its indices. Therefore we exclude all contact interactions from the regions of the integrations. This the
regularization we adopt for general g.

In view of (311) we can insert [, O; operators by taking t* derivatives 9; of Cff)

to obtain C’z(glzz" In order to achieve our short distance regularization we have to subtract the would
be contact terms in the integration over X. This is very naturally achieved by taking covariant derivatives
w.r.t. the Weil-Peterson metric, i.e. 9; — 0; — I';. In the ¢¢* formalism we can isolate the contact term
as the difference between 9;(Q+Q_|5)) — 0;8:]0) = [(A:)*);0r — (4:)80;1|0). The logic is that in
the term 9;(Q+Q—|j)) the field O; in the integral [, O; explores the region near O; in (76), while in the

;, inan the attempt

Iy
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second it does not. The Q4@ — generate the descendant field from ¢; in (76) in order to compare the two
terms. In particular applying this to |j) = |0) and using (97,98) we get a contact term with the 1 operator
(4;)8 -1 = —OK - 1. Roughly speaking this non triviality of the vacuum comes from the coupling of
¢; to the U(1)g current (30). One can argue that the above contact term is proportional to the integral
of R integrated over the Riemann surface. The above consideration for the half sphere (76) , fixes the
normalization and in general gives the Euler number x of X. Subtracting both contact terms one concludes

that the insertion of [, OEZ) into on a genus g correlation function with the right short distance prescription
is given by the covariant derivative of ngf,),, .

yin

D; =0; —T; — (2 —-29)0;K, (314)
This reflects the fact that Cff’)m,in is a tensor over the complex moduli space of the Calabi-Yau M trans-
forming in Sym™(T* M) ® £2~29 in as a generalization of the genus zero discussion in Sec. 8.6. The last
factor can also be understood by building the higher genus Riemann surface 3, by sewing it from a sphere.
This involves g times a |i)* (j| € £~2 insertion as we will see shortly, which results in F(9) transforming
as section of £2729 w.r.t. to Kahler transformations. To summarize the contact algebra analysis yields that
all correlators can be obtained from the vacuum correlators F9 as

c@ . =Dy ...D; F9) . (315)

11 g0yl

They are symmetric, because of the vanishing of the corresponding curvature terms in Kéhler connections.
Let us therefore investigate similarly as in Sec. (91) the derivative w.r.t. ¢; of the correlator

ﬂ — + ~+ 7 = kok \ . =
e _/Mg <7{G ) Gh) kglﬂ 85 ) - [dm A dim]
_ s . ETT a5\ ] (316)
4% s ei(w) [[ 8" [ 8* ) - [dm A dm]
Mg =1 v k#i k7

= / DONI 8 = / A9~8
My M,

The contour of Gt, G are originally as in Fig. 7 encircling é(w). The deformation and splitting of the
contour yields a sum of terms in which the G+ and G'* encircle one ¢, dwG™ (w)G~ (u)p* = 2T (u)pu*

andone ¢, dwG* (w)G~ (u)pF = 2T (u)p* in each summand. Together with the integral in the definition

of the #* and 3* and the charges ) and ()_ associated to G*(z) and G (z) we can write the result of
the contour deformation as

{Q-,8%} = [y, d22Tpk =:T*

{Q4,B"} = [y, &2k = T*.
In Sec. 5.5 where the G~ (u), G~ (u) are integrated over a contour we got the L_; mode of the 7', which
corresponds to derivative of a insertion position. Here we get the 7% and T*, which convert according
to (46) into a derivative in the moduli space. Both effects are related and lead to exact forms on M, and
M. The boundary components .M, where the integral in the last line of 316 contributes according
to Cauchy’s theorem are in real codimension two as indicated by the form degree of A. They are the
standard stable degenerations encountered in Sec 6.2 Fig 15. The whole point specific of the B-model is
to now figure out what the P;;, A;; and B;; are. This turns out to be much easier then in the 2d gravity
case. It is a bosonic string higher loop sewing consideration [173] with simplifications. There will be no
new information in the P;; above what we summarized in (315). Since fE O operators correspond to
functions on M, as opposed to the ¥ classes there is no interesting recursion to expected.

(317)
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T2

Fig. 35 A-type sewing

Fig. 36 B-type sewing

It remains to analyze the A and B degeneration depicted in Fig. 35 and 36 respectively. Near the
boundary component in the moduli space corresponding to the degenerate surface in the figures the normal
direction to the boundary can be parametrized by the length of the tube 7. The moduli space of the
boundary components consist of the 3g — 6 dimensional moduli space of the irreducible curves of genus
g— lincase A or hand g — h in case B respectively with measure [drz A dm). That is we loose three
complex dimensions in the moduli space of the irreducible components and hence three 33. As we make
the tube infinitely long or equivalently infinitesimal thin the data remembered about the shape are merely
the two insertion points w and u, the length and the twist of the tube. In particular two 33 are replaced by
(foz G~ $., G~ ¢x(x)) with z = u,w and since we want calculate a string amplitude we have to insert a
complete set of states for the ¢x . The contribution of the boundary is hence

39—6 .
/HM [dm A dm][dw] du </¢] f. - _¢i)77”(]{cw G~ ” G~ ¢j) al;[l BB >
(318)

The integration over [du] and [dw] is over the fibre X, of the universal curve. We can hence convert, e.g.
the fcu G~ f% G~ ¢; insertions in a descendant field O§2) integrated over X,. Only if the [ ¢; integral
extends over the tube one gets a contribution proportional to 7, which does not cancel under the derivative
in 318 and one can focus on this integration domain. The correlation function factorizes upon complete
insertion of states in operator approach, which gives

39—6
zk: l aa
/aM [ A ] (k| G J</ /0 H 3 5> (319)

Here we also used the fact that propagation on the tube projects on the groundstate. With the manipulations
from the Sec. 5.5 and the normalizing the perimeter of the tube to one we get

k &*l ikl — (% q;—l_M'_‘ ile_lj
(k| . g0 (k| tube;l) kn _m - “ (320)
= 1p(k|gs|D)e* K G* G = 1 Cre® GG =: 1O

Using this result in the boundary contribution of the A or B type degeneration and (315) one gets the
contributions from the boundaries

_ 1_.. 9-1
HFW = 5O (DiDjﬂgl)) + ZDJWDJ@”) (321)

r=1
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The factor % comes the fact that we over count the

integration over O; and O; in (319) by two in the A degeneration, as the O; <+ O; does not change the
complex structure and in the B degeneration we doubled the non symmetric terms.

For g = 1 the situation is more tricky and interesting. Because of h°(7?) = 1 we have to kill the
infinite automorphism by the insertion of one operator to start with a stable curve. Hence we have to
consider 0539, F ). That leads in addition to the A degeneration to a contact term between O, 0;

_ 1_..
i 1) _ Liie X _ _
BpOmFY) = SC iy + (2 - 1) Gy, . (322)
The first term above is from the A type degeneration. The contact term sees global properties of the Calabi-

Yau and is the most interesting one have encountered. There are two ways to normalize the contact term.
Compare with the operator

2
fl(t7f):%/d

™
formulation () [19] and calculate the ¢Z term as in [43].

As connection explained further in [20] the topological or holomorphic limit of the genus one free en-
ergy F() top s related to the holomorphic Ray-Singer torsion [175]. The latter describes aspects of the
spectrum of the Laplacians of Ay, = 6_V5€, +5€,5‘V of a del-bar operator 9y : N9T*QV — AT T*QV
coupled to a holomorphic vector bundle V' over M. More precisely with a regularized determinante over

a(_1\a+1
the non-zero mode spectrum of Ay,, one defines® [175] I*S(V) = []7_, det’ A?,fq D™ One case
of interest, V. = APT* with A, , := Aper-,, leads to the definition of a family index F(1) tor =
1log szo HZ:o(det' qu)(—l)”””q depending only on the complex structure of M. As was shown in
[20] the holomorphic and antiholomorphic dependence of this object on the complex structure [24] yields ,

82
which can be integrated using special geometry to F(1) tor — % log %@tﬁ‘”) .Uptothenormalisation factorls

Tr(—1)F FL, Frq™ g7 . (323)

this is the same expression that was derived in [19] using world-sheet arguments. Global topological data
enter (8.14) via k = 3 + hy1 — 2% and its large volume behaviour F(1) tP ~ Y211 [ ¢y(T) A J;. The
latter as well as local topological data of other singular limits in the complex structure moduli space of M
determining the leading behaviour of F(1) to? and fix the holomorphic ambiguity f(z).

The counting functions for the GW invariants are obtained as a holomorphic limit of the result of the
integration F9 t°P(¢) = limg_, ., F9(t,) of (8.14). One difficulty in integrating F9(t, t) is the possibility
of adding an holomorphic piece to it. Its from is however restricted to

D 2g—2
= p(2)

fg(z)zzz Aik

i=1 k=0

(324)

where D is the number of components A; of the discriminant, and pgk) (z) are polynomials of degree k.
Using the expansion (180) and the genus one data of the quintic discussed in (8.9) one obtains the BPS
numbers in table 4 and 5.

9 Complex-, Kahler- and Calabi-Yau manifolds.

Let us describe in the following the definitions and key properties of the manifolds mentioned above.
A quick introduction from the physics point of view is [117], a more extensive one is [32]. A good
introduction of supersymmetric compactifications with emphasis on Calabi-Yau manifolds and orbifolds is
[97][72]. One purpose of this section is to give a guide to further mathematical references which are given
as we go along.

42 [172] reviews these facts and relates the Ray-Singer torsion to Hitchins generalized 3-form action at one loop.
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d arith. genus 2 3 4
1 0 0 0
2 0 0 0
3 0 0 0
4 534 750 8625 0
5 75478 987 900 —15663 750 15 520
6 871 708 139 638 250 3156 446 162 875 —7845381850
7 5185 462 556 617 269 625 111 468 926 053 022 750 243 680 873 841 500
8 | 22 516 841 063 105 917 766 750 | 1 303 464 598 408 583 455 000 | 25 509 502 355 913 526 750

Table5 BPS degeneracies négz)d associated to genus 2,3,4 curves on the Quintic in P

9.1 Complex manifolds

Consider a real 2n dimensional manifold M with a covering by coordinate patches ¢/;, ¢ = 1,...,7,
which are homeomorphic to a neighborhood U; € C™. Then we can pick mff) (p), a =1,...,n complex

coordinates on each U;. M is a complex manifold, if all transition functions
F98 - 2®) (p) = 20 (p) (325)

defined for p € U; N Uy, are biholomorphic.

Obviously C™ is a non-compact complex manifold with one chart. It is also Kahler. One may hope
to get examples of compact complex manifolds by considering constraints like f(x1,...,z,) = 0, which
are holomorphic in all variables. While this leads indeed to a complex manifold, it fails to define compact
ones, because of the maximum modulus theorem, which states that the maximum value of the modulus of
a non constant differential function on an arbitrary domain D is taken at the boundary of D. If now f =0
is solved for some z; in a compact domain D of the other variables, z; takes its maximal modulus on the
boundary of D and the construction fails to define a differentiable compact manifold.

A way out is to use identifications on R?” by discrete shift symmetries, i.e. consider tori 72" =
R?" /T, where the lattice T'y,, = Z2" as abelian groups. If one chooses a complex structure on R2"
by aligning real and imaginary directions of T*R2™ = R?" with the basis of I',, one gets compact
complex tori T¢. They are flat and have hence trivial holonomy. Dividing by discrete rotations G of the
lattice T'y,, leads to orbifold compactifications. If G acts as a discrete irreducible subgroup of SU(3) in
the fundamental representation on the complex coordinates of T, then one gets a complex orbifold with
curvature singularities at the fixset of G. The corresponding lattice automorphisms have been classified
[67]. Remarkably one can prove that this curvature singularities can be smoothed to get a Kéhler manifold
with STU(3) holonomy.

An alternative route to construct simple compact complex manifolds is by dividing by C* := C \ {0}
actions. E.g. P™ is defined as the space of complex lines through the origin in C™*!. This is the space of
equivalence classes of [z1, ..., z,41] in C™+1 \ {0} with the equivalence relation

(1, Tpa1) ~ A(Z1,- o, Tpa1), (326)
where A € C*. For the charts we take
U; = {.Z’Z 75 Ol.Z', € P"}

and as their coordinates xﬁ,? = = /x;. OnU; N UL We have the transition functions

Sz m oD
o) = Fm T _ Im (327)
m x| T xz(k)
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which are biholomorphic. P™ is a obviously compact and a Kéahler manifold as we shall see.

A hypersurface constraintin P™ of the type P(zy, - .., Z,+1) = 0 must be homogeneous of some degree
dinthe z;, i.e. P(Azy,..., AZpq1) = MP(z1,. .., fny1), to be well defined on the equivalence classes.
It defines a compact complex Kéhler manifold. This manifold is smooth if f is transversal, i.e. dP # 0
for P = 0. We will give a short overview about the application of this construction and generalizations to
Calabi-Yau manifolds in Sec. 9.10.

Conceptional it is an important question if and how many complex structures an even dimension real
manifold possesses. A necessary prerequisite to have a complex structure is a differentiable endomorphism
of the tangentbundle .J : TM — T M with J2 = —1. .J corresponds to multiplication of the tangentbundle
by i = +/—1 and manifold with this structure is called an almost complex manifold . With .J we can
define projectors

1
on the holomorphic sub-bundle and the antihomlomophic sub-bundle of the tangents bundle
_ 1 )

respectively. According to a theorem of Niremberg and Newlander a necessary and sufficient** condition
for the existence of complex coordinates, i.e. a complex structure, is that the Lie bracket (230) of two
holomorphic vector fields X, Y is always a holomorphic vector field [166] (see [105] and [32] Chap. V.
for physicists review). Written with the projectors one formulates this condition as

P[PX,PY] =0. (328)

This integrability condition leads to [JX,JY] — J[X,JY] — J[JX,Y] — [X,Y] = 0. In local flat
coordinates J(8y) = Jgd. and with J2JS = —45, ie. (0,J0)J5 = —JE(D,J5), this means that the
so called Nijenhuis tensor vanishes identically [166]

Ny = JP (82T — 8aJC) — J3(8aJ5 — BpJE) = 0. (329)

Once complex coordinates z* = u* + jv* with

0 1/ 0 .0 0 1/ 0 . 0
ak'—w—i(aw"w>’ ak-—w—é(aw“w> (330)
are defined, we can split Tc M = T M ® C, which is spanned over %, k =1,...,2n with complex

coefficients v as Tc M = TYOM & T M. Here {ug,vi} =: {wk, wr+r,} and each vector V in Tc M
decomposes as

2n n
0
— k — k -y rn+k k _ syntkyg —. /1,0 0,1
V_;;V wr 1;:1: [(VF+iVHRYGy, + (VE =iV op] = VIO + VO, (331)

The transition function of 710/ [T%1] spanned by &y, [85] are [anti-]Jholomorphic and we call it the
[anti]holomorphic tangent bundle. Obviously under complex conjugation T%'M = T1OM. Similarly
the cotangent bundle splits T&M = T*9M @ T*%' M into a holomorphic and an anti-holomorphic sub

SN complex manifold is amost complex, because multiplying the basis of 7'M of a complex manifold with coordinates

_0_ 9 . )

zk = uk 4wk byi = v—1Imaps | 9% | — g | ie J =dul ® 2% —dvi ® 22 Inholomorphic and
vk T ouF

anti-holomorphic coordinates this means Jj”é = z&; Jt = —idhand Ji = Ji=

4 That is the nontrivial part.
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bundle spanned by dz* and dz* := dz* respectively®. Sections of AT M are called r-forms Q" and
can be decomposed into sections of APT*1:001 A9 T*0:1 which are called (p, g)-forms Q7+4, i.e the space
A" of r forms splits into the space A2 of (p, g)-forms A™ = P AP2_ 1 J is integrable®, the de
Rham exterior derivative splits likewise into

d=98+90, (332)

r=p+q

i.e. forw =w;, . 5,4z AL Adzirda? A... A dxls € AP7 one has

SipyJ1ee

0w = (OkWir,ipgiogy )dz* Adz®t AL Adz AdaT AL A dade € APT

Ow = (OfWiy,...ipgionge)dzF Adzt AL Adz®» AdzT A ... A dade € APTH! (333)

so that dQP9 € AP+1a @ APatl |t follows by consideration of the (p,q) type that the equation d? = 0

on A* implies 92 = 0, % = 0 and 90 + 89 = 0. Since J is nilpotent we can define the cohomology
H* = Kerno

7] Imo ° o .
A central result is the Cech-Dolbault isomorphism, which follows from the Cech-deRham isomorphism

see [100] page 43-44 and the 9-Poincaré Lemma. It states for sheaves of vectors fields F' that
HI(M,QP(F)) = HP(M, F) . (334)
For example H?(M,APT*M) = HP9(M,TM) =: HP1(M).

9.2 Kahler manifolds

A hermitian metric is a positive-definite inner product TM ® TM — C. Locally it can be given by a
covariant tensor 377 . gi;(w)dz® ® dz7 such that g;; = g;; and Vo' € C one has v'g;;n7 > 0, if not all
v® = 0. Note that the first index of g;5; is only summed over the unbarred i = 1,. .., n and the second only

over barred 7 = 1,...,n indices respectively. To define an hermitian metric an almost complex structure
is sufficient. Hermiticity is the condition g(X,Y) = g(JX, JY) on the real metric, which becomes
Gmn = & JIE gap (335)

in coordinates. It does not constraint M further then admitting J and any metric say g, because for any
such g’ the metric gpn, = (g}, + J%JLg0,) is hermitian. In particular on any complex manifold we can
define a hermitian metric see [139] Chap 3.5. Multiplying (335) with JI*, defining Jp,mm = J2gam and
using J*Jy, = —d, we see that Jp,;, = —Jpmp. Hence we can define a 2-form w = Jppmdw™ A dw™. In
complex notation this becomes

w=1 Z gijdmi Adz? . (336)

ij=1

This is a real form w = w of type (1, 1) and is called the fundamental form associated to the hermitian
metric. Because® g := det(g;;) > 0 one gets by wedging w n-times

n

vol = 2= = ™ det(gi;)dz’ AdZ' A ... Adz" A dE" = 2"det(gi;)Fdw! A... A dw? (337)

n!

45 To avoid too complicated notations 7'M (T M) will mean in the following the holomorphic tangent bundle 710 A7 (cotan-
gent bundle T* M = T* 1.0,

46 On an amost complex manifold one can project »-forms Q with p P’sand ¢ P's (r = p + q) to (p, q)-forms QP»2. As J
depends on the coordinates one gets dQ?>¢ = (dQ)P~1:a+2 4 (dQ)P-9+! + (dQ)P+1e 4 (dQ)P+2:9—1 and one may defi ne
QP4 = (dw)P1:2 and HOP»9 = (d2)P-4+1. One can check that the condition §2 = 0 is equivalent to N, = 0.

47 Note in coordinates z?, 2 one has the block form gnm = ( go, 9‘6’7 ) and e.g. [32] defines g := det(ghm) =

o p
det? Gu-
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a positive volume form on M, which implies also that M is orientable.

An hermitian metric whose fundamental form is closed dw = 0 is called a K&hler metric. An complex
manifold endowed with a Kahler metric is called a Kéhler manifold. dw = 0 implies dw = dw = 0, which
is equivalent to 0y g;; = O;gx; and 5,;9,-7 = 51—9“—9. The latter equations are integrability conditions for the
existence of a local Kéhler potential K (x, Z) which is real and yields the metric as follows

iy = iy (2, ) = — (0~ DK (,7) . (339)

Note that despite the form above w cannot be exact. For if w = dA would have been exact (337) could not
be true, because using Stokes theorem the integral [ w™ would be zero. That means that (8 — 9)K is not
globally defined. Indeed as far as the definition of w goes K (z, Z) only needs to be defined up to a Kéhler
transformation K (z,z) — K (z,Z) + f(z) + f(Z), so eX will be a section of a nontrivial line bundle over
M. In general two Kahler forms w and w’ are in the same class in H?(M,R), if we can find a smooth
global real function ¢ on M and

W' =w+ 00¢(z, T) (339)
Above property (338) simplifies the expressions for the Christoffel symbols and the curvature tensors
a) T =g"dig;,  TE=g"% gy
b.) Rijkl‘ = jaigigki + 9™ (0igrn) 579m1‘)a Ri;kl = —51‘Fék (340)

¢)  Riz=g"Ry; = —8:0;log det(giz) -

Note that the pure index Christoffel symbols are the only non-vanishing ones and that R,;; = Ryz7 =
R 1.5, because of the integrability condition. The other non vanishing components of the Ricci tensor are
of type Ry;7, Rz and Rz, From the Ricci tensor one defines the Ricci form

R = iRy;dz? A da? = —idBlog det(gi;) = %d(@ — 8) log det(gi;) - (341)

It satisfies dR = 0, but is not exact, despite the form it is written above, because log det(g;;) is a density
and not a function.
We now turn to harmonic theory for complex manifolds. On (p, g)-forms ¢ = ﬁ%,...,z’p,ﬁ...,gq dz’ A

...Adz® Ada?t A...Adz7e we have an local inner product defined by a hermitian metric
1 i IpJ1---Te
(¢7 ’lﬁ)(l’) = M¢il~uipjl~njq¢ 1etp e Ja (342)

where yit-indiJa = girlh  gieleghian . gkadugh 770 With this we can define an global inner
product AP+? x AP9 — C

(6,9) = /M(¢, ¥)(@)vol, (343)

with

(6,9) = (¥, 4),  (¢,¢) >Ounless ¢ =0, (344)

which makes A?+¢ in a pre-Hilbert space. One can define the Hodge operator® s : AP4 — An—¢nP je,
* 1 1) = x1) by

(¢,20)Vol = ¢ A %1, (345)

48 Here the conventions are asin [139]. The * operator in [100] maps g5, : AP9 — A™~P:"74, 50 it involves an additional
complex conjugation * g5 1 = *jo9.
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with zE = ﬁwh...imﬁ...jquil A...Adie Afile A...ANdzTa = ﬁajl_"qu"jpdxh A A dJe A
de®™ AL Ada™ and oy, i, 5.5, = (=125, 4, 7.5, - EXplicetly

3 in(_l)n(nfl)/2+n1’ 6’_““'191" el—lmzq
~ plgl(n — p)l(n — q)!7 TrInor i in—,g

Dy ooby o D, AT AL AT AT AL AT
(346)

One checks x1) = xt) and  x 1) = (—1)P%4) for ¢ a (p, q)-form. .
With the norm (-, -) we can define the adjoint operators 8* : AP — AP~=1:¢ and 9* : AP7 — APa-1
by

(0"¢, ) := (1,09),  and  (8"¢,¢) = (¢,0¢) (347)

respectively. On a compact manifold one has 0* = — % 9. With the adjoint operator one can define
beside the de Rham Laplacian A4 = dd* + d*d the Laplacians Ay = 89* + 8*d and Az = dd* + §*d.
The Hodge theorem states that every element ¢ € AP-? has an unique orthogonal decomposition into a
harmonic form A, an exact piece O¢ with £ € AP~ and a co-exact piece 8*n with p € AP9+! je,

AP — PO g §APIL @y §* APa+L (348)

This is in analogy with the de Rham decomposition A? = HP @ dAP~! @ d*AP*!. The usual argument
shows that if ¢ is closed, i.e. d¢ = 0, then the §*n piece in the decomposition is zero, because ¢ = 09*n
and thus 0 = (9¢,n) = (8*n,0*n), which implies 8*n = 0. This in turn means that every & closed
form can be uniquely decomposed into a harmonic form w.r.t. Az and a & exact piece, which implies
HE(M) = HP(M).

Using (8*9)iy...ip70...3, = (=1)PFEVI4; i 5.5,...5, One can show that the Kahler w form is harmonic.
Hence h''1 (M) > 1 on a Kahler manifold. Similarly one shows that all w™, m = 1,...,n are nontrivial
elements in H™™(M). A very important result for K&hler manifolds is the Laplacians are all equivalent

Apg=As==Ay, (349)

where Ay = 90* + 8*9, Ap = 00* + 8*0 and Aq = dd* + d*d. As a consequence of (349) A4 like
Ay and A does not change the (p, g)-type and taking the harmonic forms as unique representatives we
get the Hodge decomposition of the deRham cohomology groups

H™ (M) = @ HP(M). (350)
pt+g=r

On the cohomology of a Kéhler manifold with n = dim¢ (M) one can define the exterior product with
the standard Kéhler form w defined on C™, ie. w = %Zi dx; A dZ;, as lowering operator S—, the
adjoint operator as raising operator S* and the diagonal operator, which associates to each form of degree
r the eigenvalue (n — r)/2, as H. Then H,S* fullfill the Lie algebra of si(2,C), [S*,S~] = 2H,
[H,S*] = £S5* and the cohomology decomposes into irreducible representations. More precisely the
Hard L efshetz Theorem [101] says the following: (S—)* : H?~* — H™t* is an isomorphism and with
Pk .= (Ker(S™)kt! : gk — gntk+2) — (KerSt) N H™~* the primitive cohomology one has the
L efshetz decomposition

H™(M) = @P(ST)FPT>k(M) . (351)
k

The primitive parts of the cohomology play the réle of highest weight vectors.
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Examples: The cohomology of P™ forms a representation (g) . The cohomology of the two torus (dim g(72) =
2) decomposes as 2(0) + (), where the two (0) representations are dz and dz while [1,dz A dz] form

the (%) representation. Check that the cohomology of the 72" torus has the si(2,C') decomposition

1\\®" _ 7\ 2 2
O+ @)™ =@ () - (L2) 3.
Let us note for further reference that the action of Ay on p-forms w can be expressed in terms of
covariant derivatives and the curvature tensors as

1
(AdwW)py oy = =V'Viwpu ., _pRu[meZ...pp] - 517(17 - I)Rup[ﬂlﬂzw:;)...pp] (352)
By consideration of type follows that every holomorphic (p, 0)-form w is harmonic and vice versa. We
have 8*w = 0 as it maps to AP~ which is trivial. If Azw = 0 then from 8*0w = 0 follows dw = 0.
Forms of Kahler manifolds are related by complex conjugation A7¢ = A%P which implies for the
cohomology groups H?9(M) = H%P(M), since complex conjugation commutes with A4. The star
operator * : A4 — A"~%"~P js another bijection which commutes with A4 and hence

HP(M) = HP9(M) = H" 9™ (M) . (353)

Let us mention briefly further important facts about Kahler manifolds. The property of the Christof-
fel symbol to have only pure indices leads to the fact that parallel transport of a vector generates only
the holonomy group U(n) € SO(2n) rather then SO(2n), which would be the holonomy of a generic
orientable manifold.

Another well known fact is that P™ is a Kahler manifold. This can be established by giving with
the Fubini-Study metric an explicit. In the U;, ¢ = 0,...,n patches the K&hler potential is given by
K@ (2, 20) = log(1+]z)|?), where [ > = 3., |x§.‘)|2. Using (327) we see that K (9 ({9 () =
K@ (@), 50)) —log 2 —log £:. The latter two terms are holomorphic and antiholomorphic functions
respectively on U; N U;. Hence they do not affect the metric g,; = 9;0;K (x, ), which is globally well
defined. Dropping the index for the patch we get

(354)

- _ i T midpt A pd dod
w:iaalog(1+|x|2):i(dx Adz*  Fdx Az dw)

L+[e — (1+]aP)?

This defines a positive-definite metric. With det(g; ;) = T\z\l)m one calculates the Ricci tensor R;; =

—0,;05log det(g;7) = (n+1)g,;. If the Ricci tensor is proportional to the Kéhler metric one calls the metric
Kéhler-Einstein.

9.3 Characteristic classes of holomorphic vector bundles
In the last section we encountered the holomorphic tangent bundle of M as an example of a holomorphic
vector bundle E with a hermitian metric, which we call h,; in the general case. The connection one form
A = (Bkh)h_l, A; =0 (355)

defines the unique affine connection, which is compatible with the hermitian metric, i.e VA = 0, and
compatible with the complex structure. One defines the curvature two formas FF = dA + A A A. The
differential geometry approach to Chern classes ¢;(E) € H?*(M,R) of a rank » holomorphic vector
bundle is to define them in terms symmetric function of the eigenvalues of the curvature form as

¢(E) = det(1 + F):1+Zci(E):1+%TrF+... (356)

&
2w
and to prove then that they do not depend on the metric[22][190].
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Topologically one can represent the Chern class ¢;, as the Poincaré dual to the degeneracy cycle
D, _py1(0) ={z:01(z) A...0r_+1(z) = 0}, (357)

where r—k+1 generic C* sections o; of E become linearly dependent. This is described as Gauss Bonnet
formula Il in Chap 3.3 of [100], see also [80][111] for the approach using classifying spaces. The simplest
example of the above dual descriptions arise for line bundles £. Let |o|? be a metric on a line bundle L,
where o is a section of L. Local trivialization of L are ¢ : L|y — U x C, where sy is a holomorphic
function and |o|?> = h(z)|sy|? for some function h(x), which is positive if the metric is. The curvature
2-form given by

R = —00log h(z) (358)

defines the Chern-class of L represented by ¢1 (L) = 5-[R] € H?(M). This class is Poincaré dual to the
divisor class [D] which defines L and is uniquely recovered from L as the locus where the generic section
vanishes. As a corollary the first Chern class of a holomorphic vector bundle is also the first Chern class of
the determinant bundle Lp = A"E

ci(E) = a(Lp) - (359)
For the tangent bundle we identify the curvature 2-form F' with @% = gj’jRiﬁk;dmk A dz' and get a
representative for ¢, (T M) (which we also call ¢; (M)

(M) = i@;ﬁ = Rydz* Ada! = _;765 log det(gy7) - (360)

The canonical line bundle is the determinant line bundle of the holomorphic tangent bundle Ky =
AMT* 1001, By (359) and (364) we have therefore

—27ci (K ) = —2mci (A"T* YO M) = —27¢y (T* M) = 2rey (T M) . (361)

Let us derive this also using as an explicit representative of the Chern class the curvature 2-form. Given an
complex structure and a Kéhler metric g;; we have a connection on T* :% M described by the holomorphic
Christoffel symbols. This connection induces a connection on the line bundle K 5, and a straightforward
calculation shows on total antisymmetric forms [V;, V;]wil...,in = —Rjzwi, ...,i,, Therefore we can identify

h(zx) of (358) with detfl(gﬁ) and by (358) the first Chern class of K is
—2mc1(Kpy) = [R] = 2me1 (TM) . (362)

If one uses the Poincaré Hopf theorem that the Euler number x (M) of a manifold of dim n is given by the
sum of indices of zeros of a generic vector field, i.e. a section of the tangent bundle, then by (357) the dual
to ¢, (T M) is D;y. Counting these zeros leads then to the Gauss-Bonnet formula

X(M) =Dy M = /M en(TM). (363)

Let us discuss further properties of the Chern classes. By (356) one has co(E) = 1, ¢~ (E) = 0 and
the Whitney product formula ¢(E @ F) = ¢(E)C(F') from the properties of the determinant, see [26] for
a proof from the topological definition. It is also easy to see[100] that

e (E*) = (=1)* ek (B) (364)

and ¢ (f(E)) = f*er(E) for f : M — M' a differentiable mapping. A further important property is the
splitting principle[26]. For an exact sequence of holomorphic vector bundles or sheavesone has0 — E —
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F — G — 0 one has ¢(F) = ¢(E)c(G). One considers often classes z; such that ¢(E) = [;_, (1 + z;)
where z; are Chern classes of line bundles. One reason that this is useful is that the splitting principle
implies that if one wants to derive polynomial identities among Chern classes of vector bundles, one may
replace the vector bundles by direct sums of line bundles. This opens up a calculational machinery with
classes, which behave e.g. more natural on direct products as the Chern character Ch(E) = Y| e®:.
All expression are polynomial, defined by expanding up to degree r in x;. Obviously Ch(E @& F) =
Ch(E) + Ch(F) and Ch(E ® F) = Ch(E)Ch(F). A little playing with symmetric functions reveals
Ch(E) =1+ c1 + 5(cf — 2¢2) + §(c} — 3erea + 3c3) + ..., where we set ¢, = cx(E). Similar is the
Todd genus defined td(E) = [];_; 2 = 1+ 3¢1 + $5(c + 2) + 57¢162 + ... A central theorem
is the Hirzebruch-Riemann-Roch formula, which gives the arithmetic genus x(E) = >, (—1)*h*(E) of
a vector bundle over a manifold M, see [111] for the proof

x(E) = /M ch(E) Atd(TM). (365)

In sections 6.1,6.2 and 8.13 we needed applications of (365). Namely to count the deformation space
(42) of a Riemann surface® Y.,. As seen in section 8.2 the complex structure moduli of the metric are given
by elements in the Cech cohomology group H(T') with T = T'X and for g > 1 there are no conformal
Killing vectors generating global diffeomorphims i.e. one has h°(T') = 0. However for g = 1 the shift
z — z + X on the torus accounts for h° = 1 and for g = 0 the three generators of PSL(2,C) z — %j;fl
on S? account for A% = 3. For a vector bundle V' of rank rover the Riemann surface ¥ the formula (365)
gives

HEV)=HEY) = [ @@aad) = [ rra@)i+gad) = [ a@)+ri-g).

b b
(366)
The virtual dimension of the deformation space is obtained by setting V' = T" with rank 1
dimM, = B (T) — h(T) = — / ch(T) Atd(T) = 39— 3. (367)
b}

In the integral over the metric moduli space in string amplitudes one sacrifice inthe g = 0,1 cases h® = 3,1
additional parameters, the position of insertion points, to offset the negative contributions to (367) from
the conformal Killing fields. Another application leads to the formula (115) describing the dimension of
the deformation space of holomorphic maps z : ¥ — M. The movement of the curve in M is described
infinitesimal by a vector field z' — 2% + €£* on M. The vector field must be holomorphic 8:¢ = 0 so
that the deformed map stays holomorphic. Also we are not counting vector fields which correspond to
reparametrizations of X. That is we look at elements of H3(Z,z*(T'M)) = H(«*(T'M)) and (365)
gives us

1O (&* (T M) =R (z* (T M) = /E (dimcM+a:*(c1(TM)))(l-i—%cl(T)) = o1 (T M)-B+dimg M(1—g).
(368)

Generically the movement of the map is unobstructed and H! (z*(TM)) = 0. In the case the above is
also the dimension of the deformation space. In the case of Calabi-Yau three folds we get for genus 0
that the dimension of the deformation space is 3. We can think about this in two ways. Either we don’t

49 This related by the Atiayh-Singer index formula to the index of the Dirac operator and hence to the ghost zero modes. An
overview about index formulas for physicist can be found in [65] and the connections to the zero modesisin explained e.g. in [173].
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fix points on S2, then we have to mod out by the 3 dim automorphism group PL(2,C) of S? and the
expected dimension of the moduli space is 0. That is the way the corrections in F(©) are interpreted. Or
we Kill PL(2,C) by marking three points on the S? required to map into three divisors, which put three
constraints and yields again a zero dimensional moduli space. That is the interpretation of corrections in
Cijr (t).

Let us introduce for reference in the next section the Pontrjagin classes for real vector bundles V" as the
Chern class of the complexification of Vi of V' [111]

pe(V) = (=1)*ear (Vo) (369)

The Euler class of the real vector rank r bundle V' can now be defined as e?(V') = pz (V). The Gauss-
Bonnet formula, e.g. [,, e(T M) = x(M) fixes the sign. The Pontrjagin class of a complex vector bundle
E is defined via the Pontrjagin of its realization Er = E @® E as py(E) = (—i)*cor(Er). By the
splitting principle and Whitneys formula [26] one gets ¢,.(E) = e(Er). The A-roof or Dirac genusis
defined as symmetric polynomial in z2 and can therefore be expressed in terms of the Pontrjagin classes
AE) =TT}, % =1- 4p + 45(7p? — 4p2) + ... . A usefull formula with applications to
the Calabi-Yau tangent bundle is that td(E) = e<t(®) A(E).

9.4 Axial anomaly

Let us consider the functional integral

Zp(M) = / DyDipe 5P = / DyyDipe= & vi DY (370)
1.
for fermions on a manifold M with Dirac operator D = g 60 . A more detailed treatment of

the following couple of paragraphs can be found in [162]. For M to admitt a spin structure it must be
orientable w; (T'M) = 0 and the second Stiefel-Whitney class® w» (T'M) must vanish as well[180, 149]
for review. We assume also even dimensionality to have a chiral decompaosition of the spin representation
S = S8+ @ S~ into two irreducible representation of dim 27—, with the usual projector on the chiral sub
bundles Py = 1(1 % 75) with 5 = ( - )

One is interested in the axial or chiral U(1) 4 symmetry generated by infinitessimal transformations
Y (x) = (1 +ie(z)ys)Y(z) and ¥’ (x) = (x)(1 + ie(x)vs). By the usual Noether current argument the
vanishing of the linear change [ d*"e(x)d,,j&' of the action Sp under the chiral symmetry transformation
implies classically the conservation of the axial current 8,,9v*vs¢ = 8,5 (z) = 0.

Following e.g. [77] it is easy to see at least at a formal level®! how this fails due to the anomalous
transformation of the measure. Let ¢,, an orthonormal eigen system (i |¢;) = fd2”:mp,1¢l = 0y of
wave solutions to the Dirac operator. The Grassmann nature of ¢» = 3" a,t, and P = >on bpthy, is
captured in the Grassmann valuedness of the coefficients a,,, b, and the path integral measure can be
written as DDy = [], dan [],, db,. The Jacobian of the infinitessimal transformation ¢'(z) = (1 +
ie(x)ys)Y(x) = >, a, ¥y, reads in the a,, parametrisation a;, = (Yn|¢") = (V¥n|1 + i€(@) V5 |¥m)am =
(Onm + 1 (Yn|e(x)¥5|tUm))am. Using the fact that fermion measure transforms with the inverse Jacobian
det (B +i{(tnle(2)75[m)) ™ = exp(~Tr 10g(Brm+ie(@) (n s |¥m))) ~ exp(—iTr((nle(@)ys ¥m))) =

50 Thatisthefi rst Pontrjagin class (fi rst Chern class for complex manifolds) must vanish modulo two. Inthiscaseall intersections
in H2(M, Z) are even (Wu's Theorem).

51 That means that we tacitly assume that there will be a suitable regularization of the infi nite sums and products below. A
discussion of the axial anomalies of 2d U(1) gauge theories can aso be found in Chap 19.1 of [171].
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exp(—i Y, (¢¥nl|e(x)ys|¥n)) and performing the same argument for the b,, we see that the vanishing of the
total change of the exponent of (370) linear in e(z) implies an anomaly term in the j£ current conservation

Oujt +2iA(x) =0,  with / d*zA(z) = / 4z plvstn = Y (Wnlsltn) - (371)

The quantity A(z) is called the anomaly density. For the vector U (1)y symmetry the contribution of the
an, and by, cancels. Now since <D is hermitian the eigenspaces spanned by |¢,,) With iD|y,) = Ap|wn)
are orthogonal to each other. On the other hand as {iD,~5} = 0 the eigenvalues of the states |¢,,) and
~s|1n) are negatives of each other. Therefore the sum in A(z) has only contributions from the zero modes
A; = 0. With the -5 in the trace the total current violation evaluates to

index D* = [d?"zA(z) = #(+0 modes) — #(—0 modes)
(372)
= dim Ker 8 — dim Ker 8" = dim Ker 8 — dim coker 9 ,

where the last equality used that 8 = Dt = P+D (8" = P~D) is a Fredholm operator, i.e. kernel
and cokernel are finite dimensional, and linear algebra. Nothing about the above principal setting will
change if in addition to the spin connection we couple to a gauge bundle as well and consider D =
iy*el (Oy +wy + Ay).

More importantly it is obvious that under smooth deformations away from singularties of the back-
ground geometry w, + A, the spectrum of D+ will change contineously and once an eigenvalue disap-
pears from the kernel of D+ it appears on the image of D+ and hence disappears from the complement
of the image (cokernel), see Fig. 37. As a difference one expects therefore the index only to change if
we do something really violent to geometry. The precise nature of the topological quantity behind this
expectation was found by Atiyah and Singer, as we review in the next chapter. Fig. 37 compares the defor-
mation invariance argument in various disguises. Column one is familiar for Sec. 3.1. The second column
showing the cricitical points of a Morse function is included for completness, a discussion can be found in
Sec. 10.5 of [105]. The third- and the fourth column can really be made equivalent statements. E.g. for
supersymmetric quantum mechanics on a target M, Q@ ~ d ~ D, A ~ H and the index in both cases is
(376).

If the index does not vanish we do have fermion zero modes and Z p (M) vanishes due to the Grassmann
integration. If the index doesvanish we don’t know yet, since there could be zero modes in equal numbers.
In this case we have to analyze the h*(E) of the Dirac complex described below. Still a topological
question, but less protected against background changes. It will tell us what fermion zero modes the
operators have to carry which we might wish to insert into Z (M) to obtain a non-vanishing result.

9.5 Atiyah-Singer index theorem

The difference of the right hand side of () can be viewed as the index of an elliptic complex E of complex
vector bundles E* = P x S* over M, where P is the principal Spin(2n) bundle. Atiyah and Singer [12]
define the elliptic complexes in a wider context and obtain a generalisation of (365). As usual a complex
E [12] is described by a sequence of maps d; : T'(M, E) — T'(M, E**+') given by pseudo differential
operators d; of order m with d;1d; = 0.

0— D(M,E®) 2 r(M, EY) & ... &% P(M,E™Y) > 0. (373)
In local coordinates z of M and a local trivialisation of E with coordinates v; ¢ = 1,...,r = rank(F)

we can write d = A% (x)D,, where A is a r x r matrix and D,, is a differential operator of order m.
The symbol of d denoted o(d) is obtained by the Fourier transform of the derivatives in d, i.e. replacing
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Primitive index Critical Points of Supersymmetric Index of elliptic operator
Morse function spectrum
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Fig. 37 Four variations of the idea of deformation invariance of indices

_ia%i — p;. Then (z, p) are local coordinates of the bundle 7 M. The bundles E* — M pull back under
7 : TM — M tobundles 7* E* — T*M. The complex is ellipticif the symbol complex is exact forp#0

0— r* B0 29, e o), o) a1 (374)

In particular if there are only two bundles it means that o(d) is invertible. According to [?] H¢(E) =
Kerd; /Tmd; 4 is finite dimensional and x(E) = > (—1)*h¢(E) exists. With a metric on E? we can define
an adjoint operator d} : T'(M, Ett1) — T'(M, E*) and fold the elliptic complex with a single operator D :
[(®;E*) — T(®; E**'), where D = dy; + d3;,,. Defining D*D = &;A,; and DD* = ®;A;41 With
“Laplacian” A; = d;_1d}_, + d}d; itis clear from (374) that o (A;) : m*E' — 7*E* is an isomorphism
outside p = 0 (the zero section of 7* A). It follows that A; and D are operators of an elliptic complex and
ker D = ®;H?(E) while coker D = ®;H?*+1(E) so x(E) = index D. One can generalize the proof
for (365) in [111] to obtain [12]

index D = (—1)" / 1 > (=1)Pch(EP) A td(T M) - (375)

v e(TM) ~

Examples:

e De Rham complex: If E* = A‘T*M on an even m = 2l dimensional manifold and D = d is
the exterior derivative, then using the relation of the Euler class to the top Chern class e(T'M)

[T'_, #:(T Mc), see cff (369), we get

indexd = / e(M) =x(M). (376)
M
e Dolbeault complex: If E* = Q% on a complex m dimensional manifold and D = J then
index 8 = ) "(—1)*n** = / td(TM) . (377)
k=1 M
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is the arithmetic genus.

o Twisted Dolbeault complex: If b;" = 0% @ E with E a holomorphic vector bundle on a complex m
dimensional manifols and D = 9y then

index 9y = x(E) = Z(—l)’“h’“(E) = / ch(E)td(TM) . (378)
k M
is the Hirzebruch-Riemann-Roch formula.

e Spin complex: If E is the 2-complex E+ = P x S* over a 2n dimensionalmanifold, where P is
the principal Spin(2n) bundle and D+ = P+D, with D is the Dirac operator coupled to the spin
connection then

index Dt = / A(TM) . (379)
M

e Twisted Spin complex: If Ex = E+ x E, where E is a gauge bundle D}t = P*D, with connection
A, and D is the Dirac operator coupled to the spin connectionand E, i.e. D = iy®ek (0, +w, +A4,)

index D}, = / A(TM)ch(E) . (380)
M

e bc system: The following standard example from bosonic string theory [55][173] uses techinques of
this and the last section. Let 7" = T'7~? be a section of (®!_,TY) ® (®¥_,T*X) over a Riemann
surface and compare (340)

VZ: Tn_>Tn+1, V% :hzza_T, (
vo: T Tl v = ()"0, [(ha:)" T, (

) = —VZH_I,

,r
U (381)

Vi

vz

where the inner product is (T1,T2) = [y d%2vh(h**)"T;T,. In a conformal theory real traceless

symmetric tensors transforming as a subbundle of S™ = T™ @ T~" are of special interest and of the
/—’nH

form & = (¢, (h,z)"¢*) with ¢ = ¢%>---#. One defines on them

P, =Vi®V;":S" — gntt
Pl =—(ViHlevz, ): 5" - 5n.

—n—1

(382)

where the inner product is= (®1, ®2) [, d>2vVh(h**)"(¢5 2 + ¢3¢1). Note that the choice of the
metricis h,z = hs, = %eQ", h#* = h#* = 2e~27 with vanishing pure components. P; above is as in
(43). In particular that b = (6%, (h;z)?b*%), ¢ = (¢, h;zc?) system has the action S = X (n, Pic) =
L [d?2(b..0:¢" + b::0.c7). We want to calculate the anomaly density of the U (1) ¢ — e~ #=¢?,
? = ef%¢% by — e b and b,, — €¥7b,, ghost number current. The Laplacians above
become A; = P{ P, and A, = P, P with o(6;) : 7S — «* S and isomorphism outside the zero
section. One expands ¢ = ) ¢y, andb = ) b,¢™ as eigenfunctions of A, ,, othonormal w.r.t.
the inner product (@, , ®,), repeats the Noether procedure as well as the analysis of the transformation
of the fermionic measure as in (9.4). This exercise is made made explicite in [78] and one finds the
anomalies of the ghost currents j, = b,.¢* and jz = bzz¢7 is ), = 7A(z,Z) and 0,5z = wA(z, 2)
with [, A(2,2) = Y, (¥n, ¥n) — 2,.(dm, dm). Again these sums contribute only if the eigen
functions v, of Ay and ¢,,, of A, are zero modes. E.g. if A1t = Ao, A > 0then A, (Pr)y,) =
Py Ay, = Aa(Pyrepy,) is aeigenfunction of Ay, so the corresponding contributions to the sum cancel
and the integral over the anomaly density is kerA; — kerAy = kerP; — cokerP; = indexP; =

Copyright linewill be provided by the publisher



114 Sh. First Author: Preliminary Notes. Introduction in Topological String Theory on Calabi-Yau manifolds

indexV? + indexV ' = 3x(X) + 2x(). Here we used in the last step (375) with indexV ! =

indexVj = — [, Ch(TE)_:(hZ()T ZOTE) Td(TS ) with e(Z) = ¢ (T'S) and the expressions of Sec.
9.3. Hence the anomaly density must be A(z,z) = %\/ER and the current anomaly in covariant
formis

0,5" = 3VhR (383)

A physics approach to proof (375 is to evaluate the anomaly density integral in (9.5) by a heat kernel
regularization, see [79] for a review, with further references. For instance the calculation of the last example
using the heat kernel i.e. without resorting to the index theorem is an exercise whose solution is found in
Appendix B2 of [55]. Interesting are also the proofs by supersymmetric localisation [5] [75], very much
in the spirit of Sec. 3.1.

9.6 Family indices

The key idea in Sec. 9.4 and 9.5 is to throw away details of the eigenvalue spectrum of D and concentrate
on the roughest topological information, which is of course deformation independent. Trying to keep the
full information is maybe overambitous at the current state of understanding and ingenuity is required to
formulate addressable questions. A sucessfull stragegy is to throw away this time the zero modes and the
take the determinate det’ D of the rest of D.

9.7 Metric Connection and Holonomy

To describe spinor connection on curved spaces one introduces beside the curved indices M, N, ... the flat
tangent indices A, B, . .. which are lowered and raised with the flat metric 4® = diag(—1,1,...,1) and
N——

D-1
its inverse.

The Clifford algebra is defined by the anti commutator of {T'4, T8} = 248 In the smallest represen-
tation the T' symbols are 2[P/21 x 2[P/2] matrices. The generators of the Lorentz group in the spinor
representation ¢ of dimension 2[P/2] are given by the commutator T3, = —ilap = —%[[4,Ts),
i.e. & = exp(iw?BT5 )¢ under the spin group which is a cover of proper, ortochronous Lorentzgroup
SO}*(l,D — 1). We do not display spinor indices a,b... like in £ = (T'4)%¢&, a,b = 1,...,[D/2]
explicitly. For more on spin representations in various dimensions, see e.g. [173].

The relation to curved indices M, N ..., lowered and raised by the curved metric G ;n and its inverse
GMN is provide by the D-bein e and its inverse e (eje) = o3y and erep = ) which fulfills
Gun = efeBnap. Onehas T4 = e, TM and TM = eXT4 etc., from which follows {T™ TN} =
2GMN A torsion free T\, = T, Riemann connection leaves the metric invariant

VSGMN = 0= 65GMN —FgMGpN —FéNGpM (384)
which implies the formula for the Christoffel Symbols
1
Ty = iGSP (OmMGpN +ONGup — OPGuN) - (385)
The spin connectionw?y 5 is defined as
Vier = duer — Thnep +wivpels, (386)

which implies that

1 .
wf\‘,[B = i(QMNR—QNRM—l—QRMN)eNAeRB, with QMNR = (BMeﬁ—aNe‘j\})eAR
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(387)
The connection on a spinor is then
o€ = (Om + swiP Thp)é (388)

2

and for any other representation carrying only flat indices of the tangent space one has to replace T'§ 5 by
the appropriate generator of the Lorentz group, i.e. T% 5 = nacd5 — npcdf for vectors etc.
If a vector V¥ is parallel transported around a infinitesimal rectangle along two tangent vectors %

and 54— with area element 0% = —gP4 its infinitesimal rotation is V" = —150MN Ry, VT,
which is one way to explain the effect of curvature

[Var, VNIVP = =Ry np® Vs, with Ry np® = 0T p —OnTirp + TN — ThipTNs -
(389)

Note R}, = —RAMpo and also for a Kéhler manifold the only non vanishing elements of RY. | is pure
J
in k&, 1. That means that a holomorphic vector stays holomorphic under parallel transport and §o™" R*

mn 1
spans the Lie algebra of U (n). Near the identity U(n) = SU(n) x U(1) and the U(1) part is generated by
the trace part of the Riemann tensor which is the Ricci tensor o™ RE |\ = —460*" R 5.

Once one knows the holonomy group Hol on vectors the transformation properties of tensors, forms
and spinors becomes a matter of representation theory. In particular the following holds see e.g. [120]. If
Hol is the holonomy group of a connection V on 7'M on a simply connected manifold M then a tensor
section S € @' TM ® @’ T*M is covariantly constant (parallel) iff S|, is locally fixed by Hol.

The restriction to simply connected is quite important. Non simply connected manifolds can have
monodromy even if they are flat. Consider e.g. the easy example of a non-simply connected space which
is topological M = S* x R? with the metric

d*s = R*d%0 + (dz’ + Tj27d)? , (390)
where T' = _(1) (1] ) is the generator of SO(2) rotations in R2. M is flat, jet a vector parallel

transported around the S! gets rotated in the R?2 directions. Similar examples a flat connections on tori,
with monodromy. In the case of a gauge connection we call such configurations Wilson lines.

9.8 Calabi-Yau manifolds

A general Calabi-Yau manifoldis a compact Kéhler manifold M with vanishing first Chern class ¢1 (T M) =
0. The following statements are essentially equivalent for complex n dimensional Kahler manifolds M, up
to some important subtleties for non-simply connected cases, which we discuss below. Together with the
Kahler property they are used to define a (general) Calabi-Yau manifold

e a) The canonical class is trivial.

b) The first Chern class of the tangent bundle vanishes® ¢, (T M) = 0.

¢) It exists a Kéhler metric g whose Ricci tensor vanishes R;;(g) = 0.

d) There exists an up to a constant unique nowhere vanishing holomorphic (n, 0) form Q.

e) The holonomy group Hol of M is a subgroup of SU(n).

52 \We assume that we have a connection without torsion on T'M.
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e ) M admits a pair of globally defined covariantly constant (parallel) spinors £ and & of opposite
chirality if n is odd and of the same chirality if n is even.

Complex tori of all dimensions are general Calabi-Yau manifolds with trivial holonomy. In dimc =1
the torus is the only topological type of a Calabi-Yau manifold. In dimc = 2 the K3-surface is the
only topological type of a Calabi-Yau manifold with G = SU(2), while in dimc = 3 the number different
topological types of Calabi-Yau manifolds is > 10°. This estimate comes from explicit construction mostly
of hypersurface and complete intersections in toric ambient spaces, see also Sec. 9.10.

In physical applications one is mainly interested in how many super symmetries are unbroken in com-
pactifications to four dimensions. An important situation is when the number of supercharges is reduced by
1/4 by a compactification of the ten dimensional supergravity on the six real dimensional internal manifold
M. This is the case if £ and £ are the only covariantly constant spinors [35]. This in turn holds generically,
without further non-trivial background fields, if Hol = SU(3) and in an interesting special case, namley
the T& x K3/Z> FHSV model with [70] Hol = SU(2) x Z,. Important applications emerging from this
scheme are the 10d heterotic compactification, which leads to N = 1 supersymmetry in 4d and the 10d
type Il compactifications, which lead to N = 2 supersymmetry in 4d. This % susy scheme with exactly
two spinors excludes cases involving non-simply connected manifolds such as 7& and T¢ x K3 and other
products e.g. K3 x K3. On non-simply connected manifolds the relation between c.) and d.) is more
subtle as they can have flat metrics, which do have non-trivial holonomy. They lead to interesting super-
symmetry reduction by what is called generalized Scherk-Schwarz mechanism or geometrical Wilson lines
[153]. Other interesting examples for conceptual questions are compactification of type I1A or 1B to 6d
on K3, which has Hol = SU(2). This reduces the number of supercharges by 1/2 and leads to (1,1)
and (2, 0) supersymmetry in 6d respectively. A phenomenological very interesting compactifiction with
N = 1in4dis F-theory compactification on an elliptically fibred Ké&hler manifold with Hol = SU (4).

From the string point of view the important condition is the vanishing of the first Chern class ¢, (T'M) =
0, which would have to be supplemented by the simply connectedness to restrict to the i super symmetry
scheme. The first reason is that this is the sufficient condition for the unbroken axial U(1) on the world-
sheet, necessary to define the B-twist. More importantly it is known that the non-linear o-model is not
conformally invariant for the Ricci-flat metric. The four loop 3-function does not vanish in this geometry
[102]. However it has be shown in [164][118] by analyzing the form of the possible counter terms that

string

the total perturbative S-function can be set to zero by a change in the metric so that log det g;;
log det g;/'*" + a(w, Z), where a(z, %) is a globally defined real function on M, which is not the absolute
square | f(z)|? of a holomorphic f(z). By (341) this implies that the curvature two form becomes non
nonzero, but the first Chern class stays trivial ¢; (M) = 0. Ricci-flat manifolds are not vacuum solutions
of string theory. One may wonder whether the considerations about the covariantly constant spinors ¢, &
make sense. They do, because what is required is that (V,, — %Am)g =(Vm + %Am)é is zero, where A
is a form potential for the Ricci-form R = d A, where 8;a = A; and d;a = A;.

On a Calabi-Yau manifold on has two important forms. The Kahler form w and the (n,0) form Q. They
are linked by the fact that Q A Q is proportional to the volume form and there is a natural normalization

which makes Re? a calibration

% = (~1)™5 <%) QAQ. (391)

Imposing (391) reduces the freedom in the constant in e.) to a phase [120].

Let us now discuss the relation between the statements a.) to f.). In order to connect a.)-d.) to e.) and
f.) we will assume that M is simply connected and not of product form.

a.) «+ b.) follows from (361).

c.) — b.) is a simple consequence of the independence of the Chern classes on the choice of the Kéhler
metric. Once one knows that there exists a Ricci-flat metric clearly ¢4 (TM) = 0 and that holds for all
Kéhler metrics.
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b.) — c.) is a corollary to Yau’ theorem [214], which proves the conjecture that E. Calabi formulated in
(1956). It states that given the data

e (C.a) a Kéhler metric g,a K&hler form w, a Ricci form R on M and a real closed (1, 1) form R, which
represents the Chern class [R] = [R'] = 2mc1 (T M)

one can construct

e (C.b) a unique metric g’ on M with associated Kéhler form w’ such that [w'] = [w] € H*(M,R) and
the Ricci form of ¢’ is R'.

In particular ¢; (T M) = 0 can be represented by R’ = 0 and then according to the above there exists a
unique metric g’ whose Ricci form is R'. Therefore its Ricci tensor vanishes.

One can formulate simpler equivalent versions of (C.a) and (C.b) as requirements on the existence of
functions on M as follows. R — R' is a d exact and d closed real (1, 1) form. By the 8, Lemma one has
a real function f on M so that R — R/ = i00f up to a constant . Recalling (340) how R is derived from
the positive function multiplying w' A ... A w?™ in (337), which is itself determined by % we conclude
that f must make its appearance also in efw™ = (w')™. In fact the constant « can be fixed by normalizing
the volume [, e/w™ = [, w™. The simplification is that instead of requiring ¢’ to lead to a prescribed R’
one requires that it leads to a prescribed volume form and the statement about R and R’ can be replaced
by a statement about f. Similarly one can formulate the [w'] = [w] condition in (C.b) as a search for a real
function ¢ as in (339). ¢ can be made unique by requiring [,, #vol, = 0. So the simplified version of
(C.a) and (C.b) is

e (C’.a) that for every given Kéahler metric g, Kahler form w and a real smooth function f on M with
S efw" = Sy ™

one can construct

e (C’.b) a unique smooth real function ¢ on M such that (i) w + i00¢ is a positive (1, 1) form o', (ii)
Jap #voly = 0and (iii) (w + i00p)™ = efw™.

Yau proved that the non-linear p.d.e (iii) on ¢ admits a unique solution which fulfills (i) and (ii). This is an
existence proof and up to date no explicit solutions for ¢ and®® e.g. the Ricci-flat metric on any compact
Calabi-Yau manifold has been given.

c.) — e.) at the end of Sec. 9.7 we argued that the holonomy group of a Kéhler manifold is generically
U(n). Moreover wee saw that the Ricci-tensor is generating the U (1) part of U(n) = SU(n) x U(1). On
a Ricci-flat manifold this part is not generated and the holonomy is reduced to SU (n).

e.) — d.) An (n,0)-form can always locally written as Q;, ... ;. = f(x)e,,...;, . Itis therefore in the
total antisymmetric representation of the holonomy group SU(n), i.e. a singlet invariant under Hol. By
the fact quoted in the last paragraph of Sec. 9.7 one has that VQ2 = 0. Since I" has no mixed indices
0:Q = V;Q = 0 and Q is holomorphic. This implies that f(x) has to be a globally defined holomorphic
holomorphic function over the compact manifold M and hence a constant. Note that w, locally written as
w = i(dz' Adz A...Adz" Ada™, and g, locally written g = 37, |d?|?, are also covariantly constant.
The normalization (391) established at a point requires | f| = 1, but is since all quantities are covariantly
constant (391) will hold at any point.

€ is also harmonic Az§) = 0 as beside 99 = 0 also 9*Q = — % 8 * Q = 0, because * : A0 — A™0
and 9 : A™0 — AnTL0 = {0}

d.) — a.) We just constructed with €2 a trivial constant section of the canonical bundle A"T*1:0 /1.

53 |tisnot that diffi cult to fi nd aK ahler metric on a Calabi-Yau manifold, e.g. by constructing the induced metric of the Fubini-
Study metric on the quintic in P4, see [190].
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d) — b): Assume a nowhere vanishing holomorphic (n, 0) exists. We get then a globally well defined
scalar function

1 .
9 = =0y i, R (392)

where the indices are raised by the hermitian metric ¢g*7. Locally  is given by Q;, . ;. = f(z)€i,, i,
where f(z) is a non-vanishing holomorphic function in each patch. We can obtain Qi+i» = geil'“"" and
it follows that g = det(g;;) = % Inserting in (360) we get 1 (T M) = — ;=99 1og 2|2 which is exact
since log |©2)? is a scalar, hence ¢; (T'M) = 0 in cohomology.

f.) < d.) is proven in generality in [198]. This is done using representation theory. Let us just give
a simple relevant example namely the threefold case, n = 3. We must figure out how many spinors
transforming as singlets under the holonomy SU(3). Under generic rotations in the internal 6d space
vectors transform by SO(6) and the associated spin group with the same Lie algebra is isomorphic to
SU(4). The spinor representation in 6d is 25 = 8 dimensional and splits according to the chirality into
representations (4, 4) of this SU(4). Now the holonomy is reduced to SU(3) and embedding the SU (3) in
SU(4) singlesoutan U (1), i.e. one has SU(3) ® U(1) € SU(4). The decomposition of the (4, 4) into the
representations of this U(1) and SU(3) is unique (4,4) = (3! ® 173,371 ® 13), where the superscripts
are the U (1)-charges. Hence we can conclude that there are indeed one invariant and therefore covariantly
constant spinor of each helicity. Bilinears of the covariantly constant spinors can be used to build the
covariantly constant tensors discussed above. In particular the almost complex structure as J2 = —ig!T¢¢,
the metric as g, = i¢'T,, »€ and the (3,0) form as Q;;, = e~**¢7T;;,€. In this way one can show f.) —
d.) see [32] for details. Furthermore it is easy to see that the eight spinors can be generated from ¢ € 13
asT;¢€ € 371, 1€ € 81, T, € € 13 and decomposed as

n = Q%% + QX' + QY°T7¢ + ngggrfﬂ‘"cg, where Q0" dz™ Ad™ € HY"(M) . (393)

On T¢ one has therefore eight covariant constant spinors and on ¢ x K3 four.
A very general tool in Cech cohomology is Serre duality which states for any sheaf E on M that

HYE) =2=H"®*E*® Ky) . (394)

Using the Cech-Dolbeault isomorphism H* (E) = HE(M,E), H"(M,N*T*M) = H*>"(M) and K =
Oxr we relate on a Calabi-Yau manifold the cohomology groups H%"(M) = H%™~"(M) by taking
E = O(M) or by complex conjugation the cohomology goups H™?(M) = H™~"0(M). This particular
result can be seen also in a more direct way by contracting a (p, 0) form wil___ipdxil A ... Adz* with the
unique (0,n) form to define a (0,n — p)-form &y, ., .5, = %Qil__,]—nwjlmjp. One shows easily that this
is an invertible map that commutes with A, i.e. HP°(M) = H%" (M) = H" P0(M). As an exercise
use the index theorem (365) to argue that 2':° = 420 on a Calabi-Yau 3-fold.

With h™0 (M) = h%0 = 1 e.q. (393) implies that one has at least two covariantly constant spinors on a
Ricci-flat manifold. In order to show that one has only this two on a manifold with Hol = SU (n) we shall
show that »?® = 0 for 0 < p < n. On a compact Kahler manifold harmonicity of (p, 0)-form implies
holomorphicity as argued after (348) by consideration of type. Specializing (352) to R, ;z; = 0 for Kahler-
and R;; = 0 for Ricci-flat manifolds harmonicity means V*V,wj,...;, = 0. On a compact manifold one
can use pairing and partial integration to see that this requires V jw;,...;, = 0 (and also 0w = 0). From
these equations we conclude that all harmonic (p, 0) forms are covariantly constant. However that would
mean that they are invariant under SU (n), which is impossible for 0 < p < n as only the trivial and the
total antisymmetric representation are invariant.

Copyright line will be provided by the publisher



pop header will be provided by the publisher 119

9.9 Bergers List

Let us finally show here Bergers list of the possible holonomy groups on simply connected irreducible
and non-symmetric manifolds of real dimension m with some additional information about the properties
of the metric and the number N,, N_ of complex covariant constant spinors with positive and negative
chirality [198] respectively. If m is odd the spinor representation is irreducible and we have just one type
of spinor. The last part comments on the special forms that exist on this manifold. See [120, 104, 198] for
more background.

e (i) Hol(g) = SO(m),generic oriented manifold, not nec. spin.

e (ii) m = 2n with m > 2: Hol(g) = U(n), K'ahler manifold, K ahler, not nec. spin; w (1,1) Kéhler
form.

e (iii)ym = 2n,n > 2: Hol(g) = SU(n),Calabi-Yau manifold, Ricci-fat, K ahler, N = 1 for n odd,
N4 = 2forneven; w (1,1) Kéhler form and  (n, 0) holomorphic form.

e (iv)m = 4n, n > 2: Hol(g) = Sp(n), Hyperk ahler manifold, Ricci-fét, K ahler, N. = m + 1,
H,I,J SU(2) triplet of (1,1) forms.

e (V)m = 4n,n > 2: Hol(g) = Sp(n)Sp(1), Quaternionic K ahler manifold, Einstein, not Ricci-f&t,
not K ahler .

e (vi)m = 7: Hol(g) = G2, G2-manifold, Ricci-fat, N = 1; ® associative 3-form, *® coassociative
4-form.

e (vii) m = 8: Hol(g) = Spin(7),Spin(7) manifold, Ricci-fat, N _ = 1; ¥ Cayley 4-form.

9.10 Examples of Calabi-Yau spaces

The tool that makes constructing of Calabi-Yau spaces easy is the perfect control over the first Chern class
in algebraic geometry. As an application of some statements in Sec. 9.3 we want to calculate the first
Chern class of P, following [26]. As every projective space P™ has a tautological sequence

0 H* >P"xC""l 5Q—0. (395)

H* = {(I,z) € P" x C"*'|z € [}, where [ is the line in C"*+!, which defines 7 as point in P", and the
quotient space @ is defined by (395). H* is parametrized by the homogeneous variables [z1 : ... : Zp11],

which, as maps to C, are section of the dual space H, called the hyperplane bundle. We can write tangent

vectors in TP™ as linear combinations of ( Zill a}'ca:k)%, which is scaling invariant under the C* action

and maps H®("*+1) to TP™. There is a kernel C of that map, namely we have Y~ z;52- = 0 € TP" as it
just generates the scaling action. These facts are expressed in the Euler sequence

0> C— HOHD L, TP 5 0. (396)
The Chern class of C is 1 and the Whitney formula and (trivial) splitting principle gives
c(TP™) = (1 4+ z)"*, (397)

where we denoted x = ¢y (H).
A weighted projective space W C P™ is defined similarly as P™ cff. (326), only that C* acts how by

(ml,...,a:n+1) ~ (/\w1$1,...,)\w"+1$n+1) s (398)
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where the integral weights w; contain no common factor. Common factors k in subsets of the weights lead
to Zy, quotient singularities of W CP™. A similar argument as before shows that [63]

n+1
(TWCP™) = [[ (1 + wiz), (399)
i=1
All weights are in Z and order to be compact w; > 0. This prevents us to define compact W C P with
a(TWCP™) =0,but WCP(-2,1,1) is a well known example of a non-compact Calabi-Yau two man-
ifold, better know as O(—2) line bundle over P! called O(—2) — P!. The notation O(n) — P! means
the following. If we introduce local coordinates on P!, i.e. according to (327) () = x5/, in /() and
2@ =z, /2, = 1/20 inUU®, we have local coordinates (19, z(?) on O(n) — P! with the transition
function

1 1
@ Oy ==

O(—2) can be viewed as the cotangent bundle over P! parametrized by Idz and Q = di A dz is a non-
vanishing (2, 0) form. Note that ¢; (O(n) = nH.

Compact examples as easily obtained, e.g. as hypersurfaces in the projective spaces above. Let us
consider a smooth degree d hypersurface M in P™. M is defined as zero locus of a degree d polynomial
P, which is sufficiently general so that P = 0 and dP = 0 has no common solution. It is a section of
H? = Opn (d). Since P is smooth we have a splitting of the tangent bundle TP™ as follows

0>TM —-TP"py — Ny —0, (401)

where Ny, is the normal bundle to M, which is identified with O(d)|; because P is a coordinate of N
near M. Ch(H?) = e%® =1+ ¢, (H?) = 1+ dxz, i.e. c;(H?) = dx and the adjunction formula gives

(1+ z)"+!
M)y=-"—~——"*"-—=1 1-d 402
o(M) =gy ==t (402)
i.e. a Calabi-Yau hypersurface in P™ has to have degree d = n + 1. In this case P is a section O(Kp~) of
the canonical line bundle K = —[¢; (P™)]. This gives in for dimension three one case, the quintic in P4.

For weighted projective spaces one has

1 (1 + wizx)
My=2>*2= "~ =1—(d- i ey 403
c(M) (1t do) (d E, w;)T + (403)
where the degree d of a quasihomogeneous polynomial P is defined by the scaling P(AY 1, ..., A%¥+1z, 1) =

MNP(zy,...,2,41). Together with the transversality condition dP = 0 at P = 0 it leads 7555 examples
of Calabi-Yau threefolds [136]. This sample contains many mirror pairs.

This in turn has a fairly obvious generalization to hypersurfaces (and complete intersections), which live
over coordinate ring of a general toric variety defined by (157,158). In this context Batyrev provided a sys-
tematic construction of mirror pairs, as sections M = O(K(p,)) and W = O(Kp(a«)) respectively[15].
Here P A is the projective space associated to the integral polyhedron A [81]. Batyrev showed that if the A
polyhedron is reflexive then a smooth sections of O(Kp(a)) exists, the dual reflexive polyhedron A* ex-
ists and the generically smooth section of O(Kp(a)) has mirror Hodge numbers h?:4(M) = h3~P4(W).
Reflexive polyhedra in four dimensions relevant for the CY threefold case have been classified [143]. This
class of Calabi-Yau manifolds exihibits about 30.000 different Hogde numbers. As explained previously
R and h?! are the only independent ones and the corresponding distribution for the sample is shown®* in
Fig. 38.

S Specia thanks to Maximillian Kreuzer for sending me this fi gure
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1 hy; +hyy <502

Fig. 38 Hodge Numbers of Hypersurface in Toric Varieties.

These and generalized constructions like complete intersections and orbifolds of tori and the afore men-
tioned manifolds are the bulk of the systematically explored examples of Calabi-Yau mirror pairs, see [144]
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for computer generated lists with about 10 —108 topological inequivalent examples®, though slightly more
exotic cases, e.g. hypersurfaces and complete intersections in Grassmannians and flag manifolds do exist
in unknown numbers.

An encouraging observation in view of this enormous numbers is that at least in Type Il string theory
there is in some sense only one connected component of the Calabi-Yau moduli space. In fact a conjecture
formulated by Miles Reid that all Calabi-Yau spaces are in the same moduli space connected by singular
transitions [177] finds a physical application in that [184] shows that the singularity in physical quantities
as calculated in conformal field theory at the conifold transition between topological different Calabi-Yau
spaces is merely a breakdown of the perturbative low energy description due to a non-perturbative black
hole becoming massless at the transition point. The full non-perturbative theory at low energy exhibits
spontaneous breaking by acquiring an Higgs vacuum expectation value. Also it has been shown that all
hypersurfaces in toric Calabi-Yau can be connected by such physically innocuous transitions.
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55 The lower number is the number of inequivalent Hodge numbers the higher is an estimate of all topologica different phases
in the K “ahlercone, which have not been systematically constructed.
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