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1] Flat deformation of a semi-Riemannian metric

Flat deformation theorem (2005)

Given a semi-Riemannian analytic metric, v, on a manifold M, it exists a 2-form

F' and a scalar function c such that:
1. an arbitrary scalar constraint V(c, F,x) =0, x € M s fulfilled and

2. the deformed metric = cvy + €M , is semi-Riemannian and flat
where |€| — 1, M(‘/, W) :’Y<Fv,Fw>, FV = ’LvF

We shall limit ourselves to the case of a 4-dimensional spacetime (M, g).



Some algebraic remarks Given F' € A° M, it exists anull tetrad {u, v, k, A}
such that either:

1
Singular case: F=rANp, M=—-—K®kK vz—n—f/f@m
c c

with k isotropic and n flat (conformal Kerr-Schild metric) or

Non-singular case: F=—-BuAv+EkKAM\,

M=-B*pu@u+rvev)—E*(kQ@X+ R k)
n=(c—eB?) vy—e(B*+ E?) (k®@A+AQK)

n=ay+bH

Prop. 1 Giwen a Lorentzian analytic metric vy, there exist two scalar functions,

a and b, and a hyperbolic 2-plane H such that the metric

n:=ay+bH s Lorentzian and flat.

n=ay—b(k®A+A®k) (Recalls a conformal Kerr-Schild transformation)



Let k and [ be two vectors such that kK = v(k, —) and A = ~(I, —)

The endomorphism H = —k® A — [ ® Kk associated to H is a 2-dimensional
projector on a hyperbolic 2-plane 'H, C T, M

H*> =H and trace H = 2
K :=~—H (complementary 2-plane)
v=H+ K and n=aK+(a+bH

The almost-product structure defined by H is compatible with both, v and n.



Assume that v admits a Killing vector X, Lxvy =0.

Does it exist a flat deformation law 7 :=ay+ bH such that Lxn=0 7

(i.e., such that X is also a Killing vector for n)

This is equivalent to Lxa = Lxb=0, LxH =0



3] l1-parameter symmetry group

(M, n) is a semi-Riemannian 4-manifold and G is a connected 1-parameter Lie

group acting smoothly on M
V. GXM— M, (g,2) — gx.

leaving n invariant: I Ngr = Moz -

S = {Gz, x € M} is the class of all orbits and 7:2 € M — Gz € S is the

canonical projection.
We assume that S is a manifold, 7 is smooth and 7, : T™M — T'S jacobian map.

VeeM, ¢,.G—-M is smooth and ¢, : TG — T M
g — gr .G — G, CcT,M

[f X is an infinitesimal generator of the action of G, G = span [ X| and

g« Xy = Xgpy, VgeE€G and zeM



2] Projectable vectors and tensors

E=n(X, )e A'M Assume [ :=n(X,X)=(X) #0

g*fgx =&:,Vg € G, or, locally »CXf — ()

Any V € T, M can be separated in two components that are, respectively, trans-

verse to & and parallel to X:

(& V)

TM =& @span [X], V=V++ l

X

Killing equation

1
Lxn =0 & V&  skewsymmetric VE = 3 d¢

LxE=0 = ix(df) =—d(ix) = —d

dé =df N+ 6 where f = log|l| and ixO =0




Def. 1: Y € X(M) is projectable if s

r,yce M, mr=mry = mY,=mY,

Prop. 2: Y € X(M) is projectable if, and
only if, T (LxY) =0

For transverse vector fields

7T*<£XY>:O <~ ,CXYZO

Class of projectable transverse vector fields

(M) ={Y e XM)[LxY =0, ({,Y) =0}

Prop. 3: Let W € X(S), then.

(a) it ewists a unique vector field W € X (M) such that m,W = @

J

(b) 7y : Xp(M) :— X(8) is bijective and we write W = 7, 10,



n* TS — TrM is the pull-back map  (7*\, Z) = (\, m,.2).
T\ is transverse: (A, X) =0 and Lx (m*A\) =0

a € T" M can be separated in two components, transverse to X and parallel to &
(o, X)
[
MM ={ac N'"M|Lxa =0, (o, X) = 0}.

a:oﬁ—l—

£, T"M = X~ @ span [¢]

Prop. 4: 7*(A'S) =AM and 7*: A'S — ALM is bijective.

Transverse G-preserved covariant tensors:

ToM:={T e TM|T(X, )=T(,X,)=...=0, LxT =0}



4] The quotient metric

1
h=mn— 75 ® & is symmetric, transverse  Rad h = Ker 7, = span [ X]

and preserved by the group action, g hgr = hy.

(Because the action of G preserves both n, € and [.)

[t can be easily proved that it exists h € 7,8, non-degenerate, such that |[7*h = h

Riemannian connection for A
Let 0, @ € X(S) and V = 7,10, W = n; i € X (M).

Although Vi W ¢ X (M), we have that Lx (VW) = 0 because,
LxV = LxW =0 and, as the G-action preserves n, then LxV =0

Define: Dy = 7, (Vy W)




[t is a connection on &, which is symmetric and Dz h = 0, hence Riemannian.

Some useful relations:

1
VoW = ! (D) + 5 dE(V. W) X

h(y, mVyX) = %dﬁ(V, Y), (&, VyX) = fracl2{dl,V)



Riemannian-Christoffel tensors
K(Y,Z,V,W)=n(Y,VvVwZ - VwVvZ — ViywZ)
K(y,Z,0,%) = h (§, DyDyZ — DgDyZ — Dy %)

(a) For transverse Y, Z, V., W, ¢ = m.Y and so on.

41

K(Y,Z:V,W) = K(§.26.15) + — (6(V, 2) O(W,Y)—
VYOOV, Z) — 20(V. W) O(Y. 2))

O(

b)  K(X,Z;V,W) = —% Vyde(W, Z) + % Vidé(V, Z) = %Vdaz, V. W)

|
—1

) K(X.V:X, W):—%le(W, V)+ 3LV (Wf)+ih(@v,@w)

where Oy = iy0.
1
4

1
RiC<Za W) :@<Z7 _)) R 2_l

M(O7,0w) — 5 Vif(Z,1V) = (Z]) (W)



5] The inverse problem

Let G be a 1-parameter Lie group acting on M and let the quotient S = M /G

be a manifold with a semi-Riemannian metric h.

[s there a non-degenerate metric n on M such that Lxn = 0 and having h as the

quotient metric?

It depends on the choice of £ € AL M such that (£, X)) # 0, with constant sign on

M., and Lx& = 0. Then we take
1

— 1*h
1= TR EX)

§®E

How to choose £7
Since Lx£ =0, dé=df NE+ 0O, with f:=log (£, X)| and ix© =0

d’> =0 = ¢ =el (du+p)
fermANS, BenAS, uwe M, |du,X)| =1



Equationsabovelmerely give the values of Riemann-Christoffel tensor K on M. &

However, if the output K is prescribed, then they become conditions on h and &

(alternatively, on h, 3 and f).

These equations are solved in §. Then the solutions are pulled-back to M.



6] The flat deformation law as a PDS

v is G-invariant, find n =a~y+ bH, flat and G-invariant

Find a, b and H such that K(n) =0on U C S and then 7* pulls them back to
U c M

X is a Killing vector for both ~ and n:

- - _ L
y=mrptsLef, =iy, L=EX) =X X)), peDS
1
p=mhi €06, E=ixn,  I=(6X), heTs
Kop = 0 are 20 independent equations for 6 unknowns. (Overdetermined. )

) 4
Koaspw = Lagpw + 7 (Lagin€) + Lwio&an) + 75 §pLiagins



ep = X and ey, ey, e3 natural base for Gaus-

sian normal coordinates (z!, 2%, 2°%), 2! = 0 on .

s
1 %
Lapea = Kabcd - g (@a660d+ @[CLCGb]d) 5
1 1 &
Lypeq = §Db@cd+§@b[dfc]
Lop = —2 (Dufs 2 1f) — 2000
v = =5 | Defat 5 Jofa 7 95 Oad

Lapea = 0, Lpeqg =0, Ly =0

1
Reduced PDS: L11 = O, Lllj = 0, Pij = chaj — 5 Lacachij =0

Constraints (on ¥ that extend to a neighourhood by the 2nd Bianchi identity):

1
Laj =0, Pij -— Lalab T 5 Lacachlb =0, GCdaLde =0



7] The reduced PDS

1. _
6 unknowns: a, b, H vy=m"p+ 75 ® &

[t exists a triad {w, 7, (} such that p=—-swRw+7® 7+ (® ( and

H=5((388-wouw), ﬁ:%z—s",/l_limZT

m=+y/H(X,X), s=signH(X,X)and s"=signl.

New unknowns: a, b, m and the p-orthonormal triad {w, 7, (}

Oiw = T + ( OiT = 5w + Q3 03¢ = sOpw — Q3T

ss"b(l — sm?)a " [ — sm?
n.i=—s : Yy = ss bm =
la + sbm?




L11:O — l@%f%’()
L1, =0 — vy ((9%73 — Tiﬁff + Tié’f log y) = (
I /—11 —1k—11 —11=kl N
py =0 — =3 (h 556t + 1Ry — 1 @ij) 92h,, =2 0
with 0%@23 = 8%(& + b) Wil; + 6’%(@ + n) TiT; + 8%@ CZC]
+25(n — b)Sh wiTj) — 25080 wi GGy + 2n823 ()

To be solved for &?a, 9?b, 0?m and Q., c=1,2,3.
Characteristic determinant:

455" - - _
X = i b*mmi¢; (—=sT+ ¢+ sm®)) (la+ sbm?)

1]

([Z — sm?|¢Z 4 $"m? T + Cf]) (511)3



18] Geometrical meaning of the constraints

Let 1 be a solution of the reduced PDS.

\

Kiji = —2p1hiphigy  Kvji = 2R pig) — 201 hyp hagy Koijie = =210 €4

o, o _
Kotji = 21) €1k Kojie = — ' €k Kogjk = Laj }

The fulfilling of the constraints is equivalent to (for «, G, u, v # 1)
K&@W = ( and Klﬁﬂy = (

N = 77'¥ is a hypersurface of M. J N —- M
v = n*dx' € A'M (recall Gaussian v-normal coordinates) is orthogonal to A

(M, n) and (M, ) are two Riemannian structures. Let n and n be the respective

unit vectors normal to A/, and v and » the corresponding covectors, 7 o< v



Kopuw = 0 and Ky, = 0 whenever o, 3, p, v # 1 is equivalent to
JK=0 and J* (i, K)=0

J*K is connected to K(9J) and &  (Gauss) and J* (4,,K) is connected to V&
(Codazzi-Mainardi).

A particular solution is O =0 and KW =

N has two couples of fundamental forms: (9 =J*n, &) and (o= J*, @)
d(v,w) = (v,V,w) and (v, w) = (v, V,w), v,w € TN

[f & =0, then ¢(v,w)=—(v, B(v,w)), B:=V -V

which results in a condition on the normal derivatives of the unknowns:

v177,uy — Qb;w + v(,unu)l ’ ks, V 7& 1



