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[1] Flat deformation of a semi-Riemannian metric

Flat deformation theorem (2005)

Given a semi-Riemannian analytic metric, γ, on a manifoldM, it exists a 2-form

F and a scalar function c such that:

1. an arbitrary scalar constraint Ψ(c, F, x) = 0, x ∈M is ful�lled and

2. the deformed metric η := cγ + εM , is semi-Riemannian and �at

where |ε| = 1 , M(V,W ) = γ(FV , FW ) , FV := iVF .

We shall limit ourselves to the case of a 4-dimensional spacetime (M, g).



Some algebraic remarks Given F ∈ Λ2M, it exists a null tetrad {µ, ν, κ , λ}
such that either:

Singular case: F = κ ∧ µ , M = −κ⊗ κ γ =
1

c
η − ε

c
κ⊗ κ

with κ isotropic and η �at (conformal Kerr-Schild metric) or

Non-singular case: F = −B µ ∧ ν + E κ ∧ λ ,

M = −B2 (µ⊗ µ + ν ⊗ ν)− E2 (κ⊗ λ + λ⊗ κ)

η =
(
c− εB2

)
γ − ε

(
B2 + E2

)
(κ⊗ λ + λ⊗ κ)

η = aγ + bH

Prop. 1 Given a Lorentzian analytic metric γ, there exist two scalar functions,

a and b , and a hyperbolic 2-plane H such that the metric

η := aγ + bH is Lorentzian and �at.

η := aγ − b (κ⊗ λ + λ⊗ κ) (Recalls a conformal Kerr-Schild transformation)



Let k and l be two vectors such that κ = γ(k,−) and λ = γ(l,−)

The endomorphism H = −k ⊗ λ − l ⊗ κ associated to H is a 2-dimensional

projector on a hyperbolic 2-plane Hx ⊂ TxM

H2 = H and trace H = 2

K := γ −H (complementary 2-plane)

γ = H +K and η = aK + (a + b)H

The almost-product structure de�ned by H is compatible with both, γ and η.



Assume that γ admits a Killing vector X , LXγ = 0.

Does it exist a �at deformation law η := aγ + bH such that LXη = 0 ?

(i.e., such that X is also a Killing vector for η)

This is equivalent to LXa = LXb = 0 , LXH = 0



[3] 1-parameter symmetry group

(M, η) is a semi-Riemannian 4-manifold and G is a connected 1-parameter Lie

group acting smoothly on M

ψ : G×M −→M , (g, x) −→ gx .

leaving η invariant: g∗ηgx = ηx .

S = {Gx, x ∈ M} is the class of all orbits and π : x ∈ M → Gx ∈ S is the

canonical projection.

We assume that S is a manifold, π is smooth and π∗ : TM→ TS jacobian map.

∀x ∈M, ψx : G→M
g → gx

is smooth and ψx∗ : TG→ TM
TeG→ Gx ⊂ TxM

If X is an in�nitesimal generator of the action of G, G = span [X ] and

g∗Xx = Xgx, ∀g ∈ G and x ∈M



[2] Projectable vectors and tensors

ξ := η(X, ) ∈ Λ1M Assume l := η(X,X) = 〈ξ,X〉 6= 0

g∗ξgx = ξx ,∀g ∈ G , or, locally LXξ = 0

Any V ∈ TxM can be separated in two components that are, respectively, trans-

verse to ξ and parallel to X :

TM = ξ⊥ ⊕ span [X ] , V = V ⊥ +
〈ξ, V 〉
l

X

Killing equation

LXη = 0 ⇔ ∇ξ skewsymmetric ∇ξ =
1

2
dξ

LXξ = 0 ⇒ iX (dξ) = −d (iXξ) = −dl

dξ = df ∧ ξ + Θ where f := log |l| and iXΘ = 0



Def. 1: Y ∈ X (M) is projectable if

x, y ∈M, πx = πy ⇒ π∗Yx = π∗Yy

Prop. 2: Y ∈ X (M) is projectable if, and

only if, π∗ (LXY ) = 0

For transverse vector �elds

π∗ (LXY ) = 0 ⇔ LXY = 0

Class of projectable transverse vector �elds

Xπ(M) = {Y ∈ X (M)| LXY = 0, 〈ξ, Y 〉 = 0}

Prop. 3: Let ~w ∈ X (S), then:

(a) it exists a unique vector �eld W ∈ Xπ(M) such that π∗W = ~w,

(b) π∗ : Xπ(M) :−→ X (S) is bijective and we write W = π−1
∗ ~w.



π∗ : T ∗πxS −→ T ∗xM is the pull-back map 〈π∗λ, Z〉 = 〈λ, π∗Z〉.

π∗λ is transverse: 〈π∗λ,X〉 = 0 and LX (π∗λ) = 0

α ∈ T ∗M can be separated in two components, transverse to X and parallel to ξ

α = α⊥ +
〈α,X〉
l

ξ , T ∗M = X⊥ ⊕ span [ξ]

Λ1
πM := {α ∈ Λ1M|LXα = 0, 〈α,X〉 = 0} .

Prop. 4: π∗(Λ1S) = Λ1
πM and π∗ : Λ1S −→ Λ1

πM is bijective.

Transverse G-preserved covariant tensors:

TnπM := {T ∈ TnM|T (X, ) = T ( , X, ) = . . . = 0, LXT = 0}



[4] The quotient metric

h := η − 1

l
ξ ⊗ ξ is symmetric, transverse Radh = Ker π∗ = span [X ]

and preserved by the group action, g∗hgx = hx.

(Because the action of G preserves both η, ξ and l.)

It can be easily proved that it exists h ∈ T2S, non-degenerate, such that π∗h = h

Riemannian connection for h

Let ~v, ~w ∈ X (S) and V = π−1
∗ ~v, W = π−1

∗ ~w ∈ Xπ(M).

Although ∇VW /∈ Xπ(M), we have that LX(∇VW ) = 0 because,

LXV = LXW = 0 and, as the G-action preserves η, then LX∇ = 0

De�ne: D~v ~w := π∗ (∇VW )



It is a connection on S, which is symmetric and D~v h = 0, hence Riemannian.

Some useful relations:

∇VW = π−1
∗ (D~v ~w) +

1

2l
dξ(V,W )X

h(~y, π∗∇VX) = 1
2 dξ(V, Y ) , 〈ξ,∇VX〉 = frac12 〈dl, V 〉



Riemannian-Christo�el tensors ♠

K(Y, Z;V,W ) = η
(
Y,∇V∇WZ −∇W∇VZ −∇[V,W ]Z

)
K(~y, ~z;~v, ~w) = h

(
~y,D~vD~w~z −D~wD~v~z −D[~v,~w]~z

)
(a) For transverse Y, Z, V, W , ~y = π∗Y and so on.

K(Y, Z;V,W ) = K(~y, ~z;~v, ~w) +
1

4l
(Θ(V, Z) Θ(W,Y )−

Θ(V, Y ) Θ(W,Z)− 2 Θ(V,W ) Θ(Y, Z))

(b) K(X,Z;V,W ) = −1

2
∇V dξ(W,Z) +

1

2
∇Wdξ(V, Z) =

1

2
∇dξ(Z, V,W )

(c) K(X,V ;X,W ) = −1

2
∇dl(W,V ) +

1

4
l (V f ) (Wf ) +

1

4
h(ΘV ,ΘW )

where ΘV := iVΘ.

Ric (Z,W ) = Ric (~z, ~w)− 1

2l
h(ΘZ,ΘW )− 1

2
∇df(Z,W )− 1

4
(Zf ) (Wf )



[5] The inverse problem

Let G be a 1-parameter Lie group acting on M and let the quotient S = M/G

be a manifold with a semi-Riemannian metric h.

Is there a non-degenerate metric η onM such that LXη = 0 and having h as the

quotient metric?

It depends on the choice of ξ ∈ Λ1M such that 〈ξ,X〉 6= 0, with constant sign on

M, and LXξ = 0. Then we take

η = π∗h +
1

〈ξ,X〉
ξ ⊗ ξ

How to choose ξ?

Since LXξ = 0, dξ = df ∧ ξ + Θ, with f := log |〈ξ,X〉| and iXΘ = 0

d2 = 0 ⇒ ξ = ef (du + β)

f ∈ π∗Λ0S , β ∈ π∗Λ1S , u ∈ Λ0M , |〈du,X〉| = 1



Equations above merely give the values of Riemann-Christo�el tensorK onM. ♠

However, if the output K is prescribed, then they become conditions on h and ξ

(alternatively, on h, β and f).

These equations are solved in S. Then the solutions are pulled-back to M.



[6] The �at deformation law as a PDS

γ is G-invariant, �nd η = a γ + bH , �at and G-invariant

Find a , b and H such that K(η) = 0 on U ⊂ S and then π∗ pulls them back to

π−1U ⊂M

X is a Killing vector for both γ and η:

γ = π∗p +
1

l
ξ ⊗ ξ , ξ := iXγ , l := 〈ξ,X〉 = γ(X,X) , p ∈ T2S

η = π∗h +
1

l
ξ ⊗ ξ , ξ := iXη , l := 〈ξ,X〉 , h ∈ T2S

Kαβµν = 0 are 20 independent equations for 6 unknowns. (Overdetermined.)

Kαβµν ≡ Lαβµν +
2

l

(
Lαβ[µξν] + Lµν[αξβ]

)
+

4

l2
ξ[βLα][µξν]



e0 = X and e1, e2, e3 natural base for Gaus-

sian normal coordinates (x1, x2, x3), x1 = 0 on Σ.

Labcd := Kabcd −
1

2l

(
ΘabΘcd + Θ[acΘb]d

)
Lbcd :=

1

2
DbΘcd +

1

2
Θb[dfc]

Lbd := − l
2

(
Dbfd +

1

2
fbfd

)
− 1

4
Θ a
b Θad

Labcd = 0 , Lbcd = 0 , Lbd = 0

Reduced PDS: L11 = 0 , L11j = 0 , ρij := Laiaj −
1

2
Lacachij = 0

Constraints (on Σ that extend to a neigbourhood by the 2nd Bianchi identity):

Laj = 0 , ρij := La1ab −
1

2
Lacach1b = 0 , εcdaLjcd = 0



[7] The reduced PDS

6 unknowns: a, b, H γ = π∗p +
1

l
ξ ⊗ ξ

It exists a triad {ω, τ, ζ} such that p = −sω ⊗ ω + τ ⊗ τ + ζ ⊗ ζ and

H = s (β ⊗ β − ω ⊗ ω) , β =
m

l
ξ − s′′

√
l − sm2

|l|
τ

m = +
√
H(X,X) , s = signH(X,X) and s′′ = sign l.

New unknowns: a, b, m and the p-orthonormal triad {ω, τ, ζ}

∂2
1ω
∼= Ω1τ + Ω2ζ , ∂2

1τ
∼= sΩ1ω + Ω3ζ , ∂2

1ζ
∼= sΩ2ω − Ω3τ

n :=
ss′′ b (l − sm2)a

la + sbm2
, y := ss′′bm

√
l − sm2

|l|



L11 = 0 −→ l ∂2
1f
∼= 0

L11i = 0 −→ y
(
∂2

1τi − τi∂
2
1f + τi∂

2
1 log y

) ∼= 0

ρij = 0 −→ −1

2

(
h

11
δki δ

l
j + h

1k
h

1l
hij − h

11
h
kl
hij

)
∂2

1hkl
∼= 0

with ∂2
1hij

∼= ∂2
1(a + b)ωiωj + ∂2

1(a + n) τiτj + ∂2
1a ζiζj

+2s(n− b)Ω1 ω(iτj) − 2sbΩ2 ω(iζj) + 2nΩ3 ζ(iτj))

To be solved for ∂2
1a, ∂

2
1b, ∂

2
1m and Ωc, c = 1, 2, 3.

Characteristic determinant:

χ =
4ss′′

|l|
b4mτ1ζ

2
1

(
−s′l + lζ2

1 + sm2τ 2
1

) (
la + sbm2

)
(
[l − sm2]ζ2

1 + s′′m2[τ 2
1 + ζ2

1 ]
) (

h
11

)3



[8] Geometrical meaning of the constraints

Let η be a solution of the reduced PDS.

Kijkl = −2ρ1
1 hj[l hik] K1jkl = 2hj[l ρ1k] − 2ρ1

1 hj[l h1k] K0ijk = −2µ1
i ε1jk

K01jk = 2µll ε1jk K0j1k = −µlj εl1k K0ajk = Laj


The ful�lling of the constraints is equivalent to (for α, β, µ, ν 6= 1)

Kαβµν = 0 and K1βµν = 0

N := π−1Σ is a hypersurface of M. J : N →M

ν̄ = π∗dx1 ∈ Λ1M (recall Gaussian γ-normal coordinates) is orthogonal to N .

(M, η) and (M, γ) are two Riemannian structures. Let n and n̄ be the respective

unit vectors normal to N , and ν and ν̄ the corresponding covectors, ν̄ ∝ ν



Kαβµν = 0 and K1βµν = 0 whenever α, β, µ, ν 6= 1 is equivalent to

J∗K = 0 and J∗ (inK) = 0

J∗K is connected to K(ϑ) and Φ (Gauss) and J∗ (inK) is connected to ∇Φ

(Codazzi-Mainardi).

A particular solution is Φ = 0 and K(ϑ) = 0

N has two couples of fundamental forms: (ϑ = J∗η, Φ) and (ϕ = J∗γ, φ)

Φ(v, w) = 〈ν,∇vw〉 and φ(v, w) = 〈ν̄, ∇̄vw〉 , v, w ∈ TN

If Φ = 0, then φ(v, w) = −〈ν̄, B(v, w)〉 , B := ∇− ∇̄

which results in a condition on the normal derivatives of the unknowns:

∇̄1ηµν = φµν + ∇̄(µην)1 , µ, ν 6= 1


