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OCP for ACCS

AFFINE CONNECTION CONTROL SYSTEM (ACCS)

Let @ be a smooth manifold, dim Q@ = n.
Let V be an affine connection on Q.
Consider the control system

Vﬁ(tﬁ(t) = Uk(t) Yi(y(t)),

where

v: I CR — Q is a curve,
e u: | — UCR™ are locally integrable controls,
e U is an open set,
e Y| are input vector fields on Q.
An Affine Connection Control Systemis ¥ = (Q, V, %/, U),

where & = {Y1,..., Yu}.
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OCP for ACCS

The above second-order equation is rewritten on TQ,

T(t) = Z(T(8) + ()Y (T(1)), X =Z+uYY, |

where

e T:/— TQ is a curve such that T =7,

e / is the geodesic spray associated to V, a vector field on
TQ. In natural coordinates (x, v) for TQ,

Z= v"%—rj’:,(x)vj v'%, I_J’:, Christoffel symbols for V .

e Y)Y denotes the vertical lift of the vector field Yj.



OCP for ACCS

FREE-TIME OPTIMAL CONTROL PROBLEM FOR ACCS (OCP)

Let F: TQ x U — R be a cost function.

Given ¥ =(Q,V,%,U), F

Find | = [a,b] C R and (y,u): | - Q x U
such that there exists T: | — TQ along ~y satisfying

(1) T(a) = v,, T(b) = vy,, given v, € T, Q, vy, € T,,Q,

(2) T(t) = (Z+u*VY)(T(1) (=T =7)

(3) S[T,u] = [, F( u(t))dt is minimum over all curves

on TQ x U satisfying (1) and (2).



OCP for ACCS

PRESYMPLECTIC FORMALISM IN OCP

Let M be a smooth manifold and 7;: T*M x U — T*M.
Let (T*M x U, Q) be the presymplectic manifold, where
Q is the m1-pullback of the natural 2-form in T*M.

In natural coordinates (x, p, u) for T*M x U,

I' 8
Q=dp; Ndx', ker Q= {W}kﬂ -

.....
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OCP for ACCS

PRESYMPLECTIC FORMALISM IN OCP

Let X be a vector field along 7: M x U — M,
the cost function F: M x U — R and py € {—1,0},

we define the Hamiltonian H: T*M x U — R,
H(p, u) = (Hx+poF)(p, u) = (p, X (x, u))+poF(x,u), p€ TIM.
Then (T*M x U,Q, H) is a presymplectic Hamiltonian system

and ix, Q2 =dH s the presymplectic equation.
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OCP for ACCS

Now
e M=TQ,
o X =Z+uYY e X(TQ),
H: T*(TQ) x U — R, H = Hz + u*Hyv + poF,

(T*(TQ) x U,Q, H) is the presymplectic
Hamiltonian system in OCP for ACCS.

T(TQ) T(TQ) x U
% |
TQ TQ x U
L I |
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OCP for ACCS

WEAK PONTRYAGIN’S MAXIMUM PRINCIPLE (PMP)

THEOREM

Let (T,u): [a,b] — TQ x U be a solution of OCP with initial
conditions vy, Vy,. Then there exist \: [a, b] — T*(TQ)
along T, and a constant py € {—1,0} such that:

® (A, u) is an integral curve of the Hamiltonian vector field

Xy, ix,Q2=dH;

O T=mnrgol where mrg: T(TQ) — TQ;

® 7T satisfies the initial conditions in TQ;

(1) (A) maxgey H(A(t),u) =0 for t € [a, b];

(B) (po,\(t)) # 0O for each t € [a, b].
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OCP for ACCS

DIFFERENT KINDS OF EXTREMALS

DEFINITION

A curve (T, u): [a,b] = TQ x U for OCP is
@ an extremal if there exist A: [a,b] — T*(TQ) and a
constant pp € {—1,0} such that T = 7mrg o A and (A, u)
satisfies the necessary conditions of PMP;
® a normal extremal if it is an extremal and pg = —1;
® an abnormal extremal if it is an extremal and py = 0;
@ a strictly abnormal extremal if it is not a normal extremal,

but it is an abnormal extremal.

The curve (A, u): [a,b] — T*(TQ) x U along T is called
biextremal for OCP.
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Constraint Algorithm

PRESYMPLECTIC CONSTRAINT ALGORITHM (GOTAY-NESTER)

Given (M, Q, H) and ixQ2 = dH, find (N, X) such that

(A) N is a submanifold of M,

(B) X is a vector field tangent to N,

(¢) N is maximal among all the submanifolds satisfying A, B.

Primary No = {xeM|3v,e TM, i Q=d.H}
constraint {x e M| Z(H)(x) =0, VZ € ker 2}
submanifold XN = X° + ker Q, X%is a solution of ixQ = dH
Stabilization: Ny = {x € Np|IX € XN X(x) € T, No}.
(N;, XM, Ny = {x € N;|3X € XM | X(x) € TN}
If 3/ € N such that N,' = N,',l,

N = N;_q is the final constraint submanifold.
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Constraint Algorithm

Now IN OCP ror ACCS

e M=T*TQ) x U,

e H: TH(TQ)x U —-R, H=Hz + ukHka + poF,

(T*(TQ) x U,Q, H) is the presymplectic
Hamiltonian system in OCP for ACCS,
® ix, Q2 = dH and locally

OH 0 0OH 0 0
X = k—.
H Op; Ox' Ox' Op; +C ouk

14 /22



Constraint Algorithm

CONSTRAINT ALGORITHM IN OCP FOR ACCS (FREE-TIME)

Primary submanifold

OH

auk

N,
NOZ (/\,U)ET*(TQ)XU Hyv+poa—F:0’k:1,...,m
Hk 0 ot

First stabilization step:
Ny = {(A, u) € No| Xu(A, u) € TinuyNo}-

Tangency conditions:

oF
ouk

Xn(H) =0 Trivially.

XH(HYkV =+ Po ) = 0,
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Constraint Algorithm

Normality Abnormality
po=—1 po=0
{Hyy = 25 H=0}=N5"") | {Hyy =0,H=0}=N"
Ny NS O {Hiz vy = 0} (= M)
(g X (N, X2

Delete zero covector

16 /22



Constraint Algorithm

STRICT ABNORMALITY

Let i T*(TQ) x U TQ x U and P —p(Nf") 1 p(hf ")

p(N}O]) # (| all the abnormal extremals

are strict.

p(N,[f_I]) # () | all the normal extremals

are strict normal.

= N,EO]) no strict abnormal extremals.

(
(N,[co]) local strict abnormal extremals.
(

N;O]) all the abnormal extremals

_1 .
= p(N£ ]) are also normal and viceversa.
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Optimal Control Problem for Affine Connection Control
Systems

Presymplectic Constraint Algorithm for ACCS

® APPLICATION: TIME-OPTIMAL CONTROL
PROBLEM, F =1



Time-Optimal

CONSTRAINT ALGORITHM FOR TIME-OPTIMAL PROBLEM, F =1

Pontryagin's Hamiltonian H = H; + UkHka + Po.
On the submanifold H = 0, we obtain N;fl] and N;O].

PuT conNDITION H = 0 ASIDE and apply the algorithm:

No = N[O] NI = (A, u) € T*(TQ) x U Hyy =0},

for k=1,..., m, and so on until Nf, if it exists.

The actual final constraint submanifolds are

NP = Nen{(Au) € TH(TQ) x U| Hz + u*Hyy = 0},

NEY = Nen{(Au) € TH(TQ) x U|Hz + ukHyy =1},
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Time-Optimal

REsULTS FOR TIME-OPTIMAL CONTROL PROBLEM, F =1

PROPOSITION

Let ¥ be an ACCS. Given a time-optimal control problem:

o I/f N,EO] only has zero covectors, there are no abnormal

extremals.

o If N,[O] has nonzero covectors and
Ne C {(A,u) € T(TQ) x U|(Hz + uf'Hij) = 0}, then

every abnormal extremal is strict and there are no normal

extremals.
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