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SUMMARY

k-symplectic geometry provides the simplest geometric framework for describing certain class of first-
order classical field theories. Using this description we analyze different kinds of symmetries for the
Hamiltonian and Lagrangian formalisms of these field theories, including the study of conservation laws
associated to them, and stating Noether’s theorem in different situations.

HAMILTONIAN £-SYMPLECTIC CASE

GEOMETRIC ELEMENTS. k-SYMPLECTIC HAMILTONIAN SYSTEMS

Let () be a n-dimensional differentiable manifold, (T]%)*Q = T*Qa k. ¢T*Q, its k-cotangent bundle
with projection 7™ : (T]%)*Q — (). Natural coordinates on (T]%)*Q are (qi,pff); 1<i<n, 1<A<LE.
The canonical k-symplectic structure in (T]%)*Q is (w?, V), where V = ker(7%)y, and w? = (T3) w =
—d(73)%0 = —d04; being w = —d# the canonical symplectic structure in 7%Q (0 € 2Y(T*Q) is the
Liouville 1-form), and 77 : (Té)*@ — T*Q the projection on the A"’-copy T*Q of (T]%)*Q. Locally

W = —4pt = —d(pg4 dqi) = dq* A dpfl.
Being ¢: () — @ a diffeomorphism, its canonical prolongation to (T]}?)*Q is (T]%)*gp: (T]%)*Q — (T]%)*Q

(TR plarg, . apy) = (T o(ary), ..., T elag,) (g k) € (THiQ, ¢ €Q.

Let Z € X(Q), with local 1-parametric group of transformations hs: () — (@), the canonical lift of Z to

(Tl)qQ is 70 ¢ %((Tl)*Q) generated by (Tl) (hs): (Tl)*Q — (Tl)*Q Locally, if Z = Z'Lai then
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Definition 1. Let M be a differentiable manifold and its k-tangent bundle 1T° ]%M =TMa k. T M.

e A k-vector field on M is a section X: M — T ]%M of T.
A k-vector field X defines a family of vector fields X1,..., X € X(M) by X, = 74 o X, where
TA: T]%Q — T'C) is the projection on the Ath-CO]?y T ofT]%Q.

e An integral section of X at a point ¢ € M, is a map : Uy C RF — M, with 0 € Up, such that

000) = 4. 0:(0) (s, ) = Xa(w(e). or everyt < U,

A k-vector field X on M is integrable if there is an integral section passing through every point of M.

z' o'
Locally, oWl ... 9 = <¢ (.9, atA( tk)> .

Let H: (T]%)*Q — R be a Hamiltonian function. The family ((T]%)*Q, wA, H) is a k-symplectic Hamil-
tonian system. The Hamilton-de Donder-Weyl (HDW) equations are
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where ¢: R — (Tg)*Q, W(t) = (V(t), w,fl(t)), is a solution.

Let %IE((T]%)*Q) be the set of k-vector fields on (T]%)*Q which are solutions to the equations

k
Y Xt =dH

A=1

If X e x* ((Tl)*Q) is integrable, and ¥: RF — (T]%)*Q is an integral section of X, then (t) =
((t), ¢ ( )) is a solution to the HDW equations (1).

SYMMETRIES AND CONSERVATION LAWS

Definition 2. A conservation law (or a conserved quantity) for the HDW equations (1) is a map F =

(FL ... FRy: (Tl)*Q — R¥ such that the divergence of Foi) = (Floi, ..., Froy): Uy Cc RF — RF

AFAow)
ot

is zero for every solution 1) to the Hamilton-de Donder-Weyl equations (1); that is Z
A=1

Proposition 1. If F = (F', ... F k): (T é)*@ — R is a conservation law, then for every integrable
k
k-vector field X = (X1,...,X}) € %g((Tkl)*Q) we have Z L(X 0)FA =
A=l

Definition 3. Let ((T é)*@, wA, H) be a k-symplectic Hamiltonian system.
1 (a) A symmetry is a diffeomorphism ¢ (T ]%)*Q — (T ]%)*Q such that, for every solution v to the HDW
equations (1), we have ® o v is also a solution to these equations.

(b) An infinitesimal symmetry is a vector field Y € X ((Tkl)*Q) whose local flows are local symmetries.

2 (a) A Cartan or Noether symmetry is a diffeomorphism & : (T,%)*Q — (T,%)*Q such that:
(1) D*wd = wd,  Gi)d*H = H (up to a constant).
(b) An infinitesimal Cartan symmetry is a vector field Y &€ %((Tg)*@) such that:
OLY)wd =0 @) LY)H =0.
Ifo=(T é)*gp for some p: () — (@, the (Cartan) symmetry © is said to be natural.
IfY =27 Cx for some Z € X(Q), the infinitesimal (Cartan) symmetry Y is said to be natural.

Remarks: % If O: (T]%)*Q — (T]%)*Q is a Cartan symmetry, then it is a symmetry.
* If X = (X1,..., Xp) € X5(TH*Q), then ®, X = (0. X7,..., 0 X}) € X5 (TH*Q).

Proposition 2. Let Y € %((Tg)*@) be an infinitesimal Cartan symmetry. Then, for every p € (Tkl)*Q,
there is an open neighbourhood Uy, > p, such that:

1. There exist f4 € C>®(Uy), unique up to constant functions, such that z’(Y)wA = df4 (on Up).

2. There exist (4 € C>(Uy), verifying that L(Y)84 = ¢4, on Uy, and then FA=iY)04d — ¢ (up 10
constant functions on Up).

Theorem 1. (Nocther’s theorem).: Let Y € %((T]%)*Q) be an infinitesimal Cartan symmetry.

1. For every p € (Té)*@, there is an open neighborhood Uy, such that the functions A = z’(Y)HA —¢4
define a conservation law | = (fl, e fk) on U,.

2. Forevery X = (X1,..., X}) € %];{((Té)*Q), we have Zﬁlzl L(X4)f4 =0 (on Up).
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LLAGRANGIAN k-SYMPLECTIC CASE
GEOMETRIC ELEMENTS

Let () be a n-dimensional differentiable manifold, and 7T’ 1Q TQ@ k. @TQ its k-tangent bundle with
natural projection 7 : TlQ (). Natural coordinates on TlQ are (q', v A)

For Z, € TyQ, the vertical A-lift at (viy, ..., vg,) € T]%Q is the vector (Z,)" tangent to 7~ '(¢) C T]%Q,

d
<ZC]>VA</U1(]7 <. 7UA> — %(Ulqa <. 7UA—1q7 UAq - SZCp /UA—I—lqa <. ,qu>’3:() .
0 0
Locally, if X, = a' —| , then (Z,)VA(vy,, ..., v;..) = a'— .
y q aqz q ( C]) ( lq kC]) 6?)34 <U1q7“°7vkq>

The canonical k-tangent structure on T]%Q is the set (S, ..., S"%) of (1, 1)-tensor fields defined by

SA(we)(Zw,) = (Tu(wg)(Zw,) M wg) , for wq € TUQ, Zu, € T, (T)Q) .
The Liouville vector field A € X (T]%Q), is the infinitesimal generator of the flow

P: R x T]%Q — T]%Q c (s v ) = (€701, e )

Locally, 54 = az@dq, and A = ZA 1Ay = ZA 1UA£

Being ¢: () — () a diffeomorphism, its canonical prolongation to I’ ]%Q is T’ ]%gp T ]iQ — T ]%Q given by

1 1
TkQO(’Ulq, s 7U]<7q) — (@*(Qﬁjlqa SRR @*(Q)U/{q) ) (Ulqa T ,’qu> S (Tk)QQ , 4 € Q y

Let Z € X((Q), with local 1-parametric group hs: () — (), the canonical lift of Z to (Tl)qQ is Z¢ ¢ %(T,%Q)

% o ;078 0
generated by Tl hs: T/Q — T}Q. Locally, if Z = Z'——, then 2% = Z' — + v/,
Oq’ 0q" Oq) OF A

Definition 4. A second order partial differential equation (SOPDE) is a k-vector field I' in T]iQ which is
a section of the projection T]%T: T]%(T]%Q) — T]%Q; that is, Tle o' = IdilQ-

.0 0

Locally, a SOPDE I = (I'y, ..., T';) is given by I" 4 (¢, v;ﬂl) = UA5 3 +- <FA>ZB(9—@" (FA)iB € COO(T]%Q).
q Up

Proposition 3. If 1 is an integral section of an integrable SOPDE I, then ) = gb(l), being gb the first
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rolongation of ® = 7 o Y, and @ is a solution to the system t) = (I'
prolongation of ¢ = 7 0 v, and 6 ystem 105 (t) = (D) {6105

Conversely, if ¢ RF — () is a solution to this system, then qu is an integral section of 1.

k-SYMPLECTIC LAGRANGIAN SYSTEMS

Let L: T]%Q — IR be a Lagrangian. The generalized Euler-Lagrange equations for L are:
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whose solutions are maps 1: R¥ — T]%Q. Observe that ¥(t) = ¢(1)(t), for some ¢ = 7 o .
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L (W(t) = 2)

We introduce the forms Qf — dLo 54 € (Zl(T]%Q) : wé = —d@f € QQ(T,%Q) , and the Energy
Lagrangian function FEj = A(L)— L € C®(T éQ) . Locally

L :
b= gt o

. . 9% .
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The Lagrangian L : Tle — R 1s regular if the matrix (

This condition is equivalent to say that (wi, L ,wé; V') is a k-symplectic structure, where V' = kerr.

O . . . 1
S ) is not singular at every point of 7, ().

The family (T} Q, wA, Er) s called a k-symplectic Lagrangian system.
y 4 R

Let %%(T,i@) the set of k-vector fields I = (I'y,..., ;) in T]%Q, which are solutions to the equation

k
Y iTawi =dEL.  (3)
A=1
. 0 0 . . . .
Locally, if [y = (D 4)'— W (FA) BT and L is regular, then I" = (I'{, ..., I';) is a solution to (3) iff
v
B
2 . 2 .
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Thus,1if I' € %%(T]%Q) then it 1s a SOPDE and, if it is integrable, its integral sections are first prolongations
of maps ¢: R* — Q which are solutions to the Euler-Lagrange equations (2).
SYMMETRIES AND CONSERVATION LAWS

Definitions 2, 3, and Propositions 1, 2 are also applied to the Lagrangian case, just considering (T 10, w  Er)
as a Hamiltonian system with Hamiltonian function £ . Furthermore:

Theorem 2. (Lagrangian Noether’s theorem). Let Y € X(T éQ) be an infinitesimal Cartan symmetry.

1. For every p € T]%Q, there is an open neighborhood Uy, such that the functions fA = i(Y)@f — CA
define a conservation law | = (fl, e fk) on Up,.

In particular, if Y = Z C e %(Tg@) is an infinitesimal natural Cartan symmetry then the functions
fA=7 VA(L) — (¢4 define a conservation law on Up.

2. ForeveryI' = (I',...,T'}) € %ﬁ(T]%Q), we have ngl:l L(CA)fA =0 (on Up).
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