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1. Maxwell Action

Once upon a time the Maxwell equations ...

∇ · E = ρe

∇× B − Ė = je

∇ · B = 0

∇× E + Ḃ = 0

... derived phenomenologically and unified in 1861.

P. Castelo Ferreira, Pseudo-Photon Holomorphic Quantization – p.2



1. Maxwell Action

Variational Unification of Electric and Magnetic
Interactions is Achieved by Maxwell Action:

P. Castelo Ferreira, Pseudo-Photon Holomorphic Quantization – p.3



1. Maxwell Action

Variational Unification of Electric and Magnetic
Interactions is Achieved by Maxwell Action:

SMaxwell = −
∫

d4x

[

1

4
FµνF

µν + AνJ
ν
e

]

P. Castelo Ferreira, Pseudo-Photon Holomorphic Quantization – p.3



1. Maxwell Action

Variational Unification of Electric and Magnetic
Interactions is Achieved by Maxwell Action:

SMaxwell = −
∫

d4x

[

1

4
FµνF

µν + AνJ
ν
e

]

Fµν = ∂µAν − ∂νAµ , Jν
e = (ρe, je)

P. Castelo Ferreira, Pseudo-Photon Holomorphic Quantization – p.3



1. Maxwell Action

Variational Unification of Electric and Magnetic
Interactions is Achieved by Maxwell Action:

SMaxwell = −
∫

d4x

[

1

4
FµνF

µν + AνJ
ν
e

]

Physical Photon: Aµ field

P. Castelo Ferreira, Pseudo-Photon Holomorphic Quantization – p.3



1. Maxwell Action

Variational Unification of Electric and Magnetic
Interactions is Achieved by Maxwell Action:

SMaxwell = −
∫

d4x

[
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4
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µν + AνJ
ν
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Physical Photon: Aµ field

Equations of Motion:
δS

δAµ

= 0
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Variational Unification of Electric and Magnetic
Interactions is Achieved by Maxwell Action:

SMaxwell = −
∫
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1. Maxwell Action

Sucessfull in most fields of physics, both at classical and
quantum level

However does not reproduce the Bianchi Identities which
are imposed externally

⇒ Hence fails to describe the full Maxwell Equations

at variational level
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1. Maxwell Action

This is a relevant issue in the particular cases:

presence of magnetic currents Jµ
g

BI ⇒ ǫµνλρ∂νFλρ = Jµ
g ⇔







∇ · B = ρg

∇× E + Ḃ = jµg

– Not deduceable from from the Maxwell action

– Implies extended singularities

either the Dirac string of Wu-Yang fiber-bundle
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Ḃ 6= 0

∇× E 6= 0











⇒ ∇× E + Ḃ 6= 0
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1. Maxwell Action

This is a relevant issue in the particular cases:

presence of magnetic currents Jµ
g

non-regular external electromagnetic fields

– although magnetic monopoles are the only justification for
quantization of electric charge have so far not been detected

– however non-regular external electromagnetic fields are
common in many physical systems and there is plenty of
experimental evidence of violation of the Bianchi Identities
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Internal Fields : fµν = ∂µaν − ∂νaµ , Gµν = ∂µCν − ∂νCµ

P. Castelo Ferreira, Pseudo-Photon Holomorphic Quantization – p.10



2. ExtendedUe(1) × Ug(1) Electromagnetism – External Fields

Let us consider a decomposition Fµν = F̄µν + fµν into:

External Fields: F̄µν = ∂µĀν − ∂νĀµ
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∇× B − Ė + ∇× Bext − Ėext = 0
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I, J = µ,⊥ ; µ = 0, i, j ; i, j = 1, 2
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Assumptions:

Field localization: x⊥ ∈ [−δ⊥/2,+δ⊥/2]

Gauge partially Fixed: ∂⊥Λ = 0
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Field localization: x⊥ ∈ [−δ⊥/2,+δ⊥/2]

Gauge partially Fixed: ∂⊥Λ = 0

Neumann b.c. for fields: A⊥ = C⊥ = 0

Constant orthogonal fields: ∂⊥Aµ = ∂⊥Cµ = 0

Regular fields

Id. of bound.:
∫

Σ1−Σ2

ǫµνλAµ∂νCλ ≡ k

2

∫

Σ

ǫµνλAµ∂νCλ
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Classically no new results, at the level of the Maxwell
equations exactly the same results are obtained.

This is due to the physical electromagnetic field
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2. ExtendedUe(1) × Ug(1) Electromagnetism

Classically no new results, at the level of the Maxwell
equations exactly the same results are obtained.

This is due to the physical electromagnetic field
definitions.

However at variational level we have a new theory which
solves the inconsistency concerning the Bianchi
Identities.

In planar systems we will obtain new observable
consequences when considering Extended Ue(1) × Ug(1)

Electromagnetism.
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[
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]

φ

− 1

2m̄
φ∗
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From an effective Landau-Ginzburgh theory: L = L3 + Lφ,C

Lφ,C = −φ∗

[

i∂0 − eαA0 − gβ̂C0

]

φ

− 1

2m̄
φ∗

[

−i∇− eαA − gβ̂C
]2

φ

+µφ∗φ − λ(φ∗φ)2 .

α: electric vortex density , β̂: magnetic vortex density
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From an effective Landau-Ginzburgh theory: L = L3 + Lφ,C

it is obtained a orthogonal electric field:

Ẽ = −eα

gβ̂
B

and the Hall conductance is:

ji =
eα

2gβ̂
ǫ0ijEj = σ̂Hǫ0ijEj

Φ0 quantization due to Dirac’s condition :

σ̂H =
eα

2gβ̂
=

e

Φ0

α

β̂
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solves inconsistence in the vector/pseudo-vector nature
of the electromagnetic equations.

theoretical justification for the experimentally measured
fractional charge e∗ = 1

2n+1
for every filling fraction

ν = p

2n+1
independently of p.

theoretical justification for the low energy contribution to
Laughlin’s wave function solutions due to the negative
energy contributions of pseudo-photon excitations (which
are ghost or phantoms).
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Main novelties of the model:

equivalence between Dirac’s quantization condition and
the experimentally verified quantization of magnetic flux
given directly in terms of the units charges e and g which
is fully justified in the context of Ue(1) × Ug(1)

electromagnetism.

theoretical justification for the orthogonal electric potential
due to pseudo-photon electric vortexes which may justify
the experimental existence of BEC condensates in
bi-layer electron-electron Hall systems instead of its
existence in electron-hole Hall systems as originally
expected.
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ĜAΦ(0,0)[A,C] =

[

∂i

(

i
δ

δAi

− k
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ǫijCj

)]

Φ(0,0)[A,C] = 0

ĜCΦ(0,0)[A,C] =

[

∂i

(

i
δ

δCi

+
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ǫijAj

)]

Φ(0,0)[A,C] = 0

ĤACΦ(0,0)[A,C] =

[

+
1

2

(

i
δ

δAi

+
k
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ǫijCj

)(

i
δ

δAi

+
k

4δ⊥
ǫikCk
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−1
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(
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δ

δCi
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4δ⊥
ǫijAj
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4
GijGij
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∂i
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ǫijCj

)]

Φ(0,0)[A,C] = 0

ĜCΦ(0,0)[A,C] =

[

∂i

(

i
δ

δCi

+
k

4δ⊥
ǫijAj

)]

Φ(0,0)[A,C] = 0

Wave functional solution for both Gauss’ laws is:

Φ(0,0)[A,C] = e
−i k

4δ
⊥

∫

dx2ǫijAiCj

which corresponds to the topological ground-state
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These solutions require a vortex radius of:

R =
√

2πδ⊥

which physically relates the system thickness to the planar
magnetic length:

δ⊥ =
lm√
π
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Êz = −i
δ

δAz

+
ik

4
Cz̄ , Êz̄ = −i
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Cz̄ , Êz̄ = −i

δ

δAz̄

− ik

4
Cz

B̂z = +i
δ

δCz

+
ik

4
Az̄ , B̂z̄ = +i

δ

δCz̄

− ik

4
Az

We can build the excited wave functionals:

P. Castelo Ferreira, Pseudo-Photon Holomorphic Quantization – p.23



3. Functional Quantization in Planar Systems

By considering the lowering and raising operators:
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Êz = −i
δ

δAz

+
ik

4
Cz̄ , Êz̄ = −i
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4
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We can build the excited wave functionals:

Φ(n,m) =
(

Êz̄

)n (

B̂z̄

)m

Φ(0,0)[A,C]

Seems consistent with Laughlin’s wave functions although it
is still missing a direct proof (in progress).
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These may be traced back to a sum over equivalent excited
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the path integral a → a − Aext and integrating the a field:
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Wave functional solution is a correction to Φ(0,0):

ΨA[a,C] = e
−i k
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∫

dx2ǫijAext

i CjΦ(0,0)

These may be traced back to a sum over equivalent excited
wave functionals, shown by considering a measure-shift in
the path integral a → a − Aext and integrating the a field:

ΨA[C] =

(

1 − i
k

4δ⊥
ǫijAext

i Cj + . . .

)

Φ0[C]
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3. Functional Quantization in Planar Systems

We have shown that Pseudo-Photon theories hold new
results in planar systems

And that the vortex solutions are justified in a functional
framework

Still in progress a derivation of fractional statistics for
anions

Other relevant frameworks for Pseudo-Photon theories are
plasmas and radiative corrections in strong non-regular
electromagnetic fields.

But that is another story...
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