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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

It was used by...

@ J. L. Koszul (1985)

@ J. P. Dufour and A. Haraki (1991)

@ Z. -L. Liuand P. Xu (1992)

@ J. Grabowski, G. Marmo and A. M. Perelomov (1993)

Classify quadratic Poisson structures
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

What is the Curl Operator?

On a Poisson manifold (M, 7) choose a volume form p:

¢ - XK(M) —= Q" K(M), P—— ipp
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Modular class on Poisson manifolds

Curl operator
Properties of Modular class

What is the Curl Operator?

On a Poisson manifold (M, 7) choose a volume form p:
¢ - XK(M) —= Q" K(M), P—— ipp

@ The curl operator is defined as
D,: xk(M) — Q" kM) — QKM — xkT(M)

¢ ; d ; ¢!
P — ipp — dipp — D,.,P
~——

curl of P
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Modular class on Poisson manifolds

Curl operator
Properties of Modular class

What is the Curl Operator?

On a Poisson manifold (M, 7) choose a volume form p:
¢ - XK(M) —= Q" K(M), P—— ipp

@ The curl operator is defined as
D,: xk(M) — Q" kM) — QKM — xkT(M)

—1
P % e % diepw S DP
~—~—

curl of P

@ The curl of a vector field is its divergence with respect to u:

DX = divy(X) = ZX x e x' (M),
n
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Definition

The modular vector field of (M, ) is the curl of a Poisson
bivector :
X, = Dym = ¢~ (dirp).
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Modular class on Poisson manifolds

Curl operator
Properties of Modular class

Definition
The modular vector field of (M, ) is the curl of a Poisson
bivector :

X, = Dym = ¢~ (dirp).

This modular vector field depends on the choice of .
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Weinstein geometric approach

Given (M, r) is there a volume form p invariant under the flow
of all hamiltonian vector fields, i.e, such that:

Ly, =0,Yf € C®(M)?
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Weinstein geometric approach

Given (M, r) is there a volume form p invariant under the flow
of all hamiltonian vector fields, i.e, such that:

Ly, =0,Yf € C®(M)?

The modular vector field relative to p gives:
X, f = Lx.u/p = div, 7(df).
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Weinstein geometric approach

Given (M, r) is there a volume form p invariant under the flow
of all hamiltonian vector fields, i.e, such that:

Ly, =0,Yf € C®(M)?

The modular vector field relative to p gives:
X, f = Lx.u/p = div, 7(df).

@ X, is a 1-cocycle in Poisson cohomology
d X, = Lx,m=0.
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Weinstein geometric approach

Given (M, r) is there a volume form p invariant under the flow
of all hamiltonian vector fields, i.e, such that:

Ly, =0,Yf € C®(M)?

The modular vector field relative to p gives:
X, f = Lx.u/p = div, 7(df).
@ X, is a 1-cocycle in Poisson cohomology

d X, = Lx,m=0.
o lfv=rfuthen: X, = X, +  n*(—dIn|f])
R —

Hamiltonian vector field
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Modular Class

Definition
@ mod(r) = [X,] € H}(M) is the modular class of (M, 7).
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Modular Class

Definition
@ mod(r) = [X,] € H}(M) is the modular class of (M, 7).
@ (M, ) is called unimodular if mod(w) = 0 (i.e. if there

exists a volume form invariant for all Hamiltonian vector
fields).
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Modular Class

@ mod(r) = [X,] € H}(M) is the modular class of (M, 7).

@ (M, ) is called unimodular if mod(w) = 0 (i.e. if there
exists a volume form invariant for all Hamiltonian vector
fields).

@ The Poisson cohomology groups are usually very hard to
compute.
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Modular Class

@ mod(r) = [X,] € H}(M) is the modular class of (M, 7).

@ (M, ) is called unimodular if mod(w) = 0 (i.e. if there
exists a volume form invariant for all Hamiltonian vector
fields).

@ The Poisson cohomology groups are usually very hard to
compute.

@ The modular class is a basic invariant, with geometric
meaning, which is easy to determine in many examples.
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Examples

@ Any symplectic manifold is unimodular: The Liouville form
is invariant under all Hamiltonian flows.
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Examples

@ Any symplectic manifold is unimodular: The Liouville form
is invariant under all Hamiltonian flows.

@ M = g* with Lie-Poisson structure =:
For a translation invariant measure p, the modular vector
field is the modular character of g:

£(9) =Tradg, geg.
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Examples

@ Any symplectic manifold is unimodular: The Liouville form
is invariant under all Hamiltonian flows.

@ M = g* with Lie-Poisson structure =:
For a translation invariant measure p, the modular vector
field is the modular character of g:

§(g) =Tradg, geg.
@ For a regular Poisson manifold, with transversally oriented
symplectic foliation F, one can show:

i*(mod (F)) = mod (n), i*: H'(F) — HI(M).
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Cohomology and Homology

@ Poisson cohomology H*(M, r): d. = [m, —];
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Cohomology and Homology

@ Poisson cohomology H*(M, r): d. = [m, —];
@ Poisson homology He(M, 70): 6 = [ix,d];
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Modular class on Poisson manifolds

Curl operator
Properties of Modular class

Cohomology and Homology

@ Poisson cohomology H*(M, r): d. = [m, —];
@ Poisson homology He(M, 70): 6 = [ix,d];

Theorem ((Evens,Lu and Weinstein,1998),(Xu,1999))

If (M, ) is unimodular then

Ho(M, ) = H"*(M, 7).
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Holonomy and the modular class

Theorem (Ginzburg and Golubev, 2001)
For any cotangent loop a: | — T*M:

det h(a) — exp( / s ()

a
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Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Holonomy and the modular class

Theorem (Ginzburg and Golubev, 2001)
For any cotangent loop a: | — T*M:

det h(a) — exp( /a sl

@ hdenotes the linear Poisson holonomy (defined using
parallel transport relative to contravariant version of the
Bott connection).

Raquel Caseiro Modular class and integrability in Poisson and related geometries



Modular class on Poisson manifolds
Curl operator
Properties of Modular class

Holonomy and the modular class

Theorem (Ginzburg and Golubev, 2001)
For any cotangent loop a: | — T*M:

det h(a) — exp( /a sl

@ hdenotes the linear Poisson holonomy (defined using
parallel transport relative to contravariant version of the
Bott connection).

@ Integration of Poisson vector field over cotangent paths is
invariant under cotangent homotopies.

Raquel Caseiro Modular class and integrability in Poisson and related geometries



Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Following Evans, Lu and Weinstein (1998)

Substitute for volume form: n ® u section of the line bundle
Qa = APAR AP(T*M).
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Following Evans, Lu and Weinstein (1998)

Substitute for volume form: n ® u section of the line bundle
Qa = APAR AP(T*M).

Definition

The modular form of the Lie algebroid A with respectto n ®
is the A-form &4 € Q'(A) defined by

EaXmou=[Xnoutupe Ly Xcl(A).
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Following Evans, Lu and Weinstein (1998)

Substitute for volume form: n ® u section of the line bundle
Qa = APAR AP(T*M).

Definition

The modular form of the Lie algebroid A with respectto n ®
is the A-form &4 € Q'(A) defined by

EaXmou=[Xnoutupe Ly Xcl(A).

@ V: TA)xT(Qa) — T(Qa)
Xonep)  — Xnlep+n®Lyxm
is a representation of the Lie algebroid A on Qa.
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Following Evans, Lu and Weinstein (1998)

@ {ais a 1-cocycle in the Lie algebroid cohomology

daéa =0
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Following Evans, Lu and Weinstein (1998)

@ {ais a 1-cocycle in the Lie algebroid cohomology

daéa =0

o Ifn ® ' = fn ® u is another section of Q4 then

Ea=Ea— dalogf .
——

coboundary
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Following Evans, Lu and Weinstein (1998)

@ {ais a 1-cocycle in the Lie algebroid cohomology
daéa=0
o Ifn ® ' = fn ® u is another section of Q4 then
5,/4 :§A— dA|ng .
N——

coboundary

Definition

[€4] € H'(A) is the modular class of the Lie algebroid A.

Raquel Caseiro Modular class and integrability in Poisson and related geometries



Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Tangent Bundle: A= TM

Assume M is orientable.
° MN(Qmy) = X*°P(M) @ Q"P(M)
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Tangent Bundle: A= TM

Assume M is orientable.
° MN(Qmy) = X*°P(M) @ Q"P(M)

@ P® pusuchthat (u, P) =1
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Tangent Bundle: A= TM

Assume M is orientable.
° MN(Qmy) = X*°P(M) @ Q"P(M)

@ P® pusuchthat (u, P) =1

@ {m=0
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Tangent Bundle: A= TM

Assume M is orientable.
° MN(Qmy) = X*°P(M) @ Q"P(M)

@ P® pusuchthat (u, P) =1

@ {m=0

If M is orientable then mod TM = 0. )
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Lie algebra: A= g

A Lie algebra g is a Lie algebroid over one point.
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Lie algebra: A= g

A Lie algebra g is a Lie algebroid over one point.

@ Q= A"Pg
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Lie algebra: A= g

A Lie algebra g is a Lie algebroid over one point.
@ Q= A"Pg
@ The modular form is the adjoint character

(€g,9) =Tradg, gecag.
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Lie algebra: A= g

A Lie algebra g is a Lie algebroid over one point.
@ Q= A"Pg
@ The modular form is the adjoint character

(€g,9) =Tradg, gecag.

mod g = mod (5", TLc) J
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Foliation: A= TF

@ TF: integrable subbundle of TM with orientable conormal
bundle N.
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Foliation: A= TF

@ TF: integrable subbundle of TM with orientable conormal
bundle N.

@ Qa2 N'PN
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Foliation: A= TF

@ TF: integrable subbundle of TM with orientable conormal
bundle N.

@ Qa2 N'PN

mod TF = mod F. J
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Poisson manifold: A= T*M

@ (M, r) is a Poisson manifold
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Poisson manifold: A= T*M

@ (M, r) is a Poisson manifold

@ T*M s a Lie algebroid over M with anchor p = 7 and Lie
bracket

[a7 6] — [’ﬂﬁaﬂ - ﬁﬂ-ﬁﬁa - dﬂ'(O[,ﬁ), «, ﬂ S Q1 (M)
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Poisson manifold: A= T*M

@ (M, r) is a Poisson manifold

@ T*M s a Lie algebroid over M with anchor p = 7 and Lie
bracket

[a7 6] — [’nﬁaﬁ - ﬁﬂ-ﬁﬁa - dﬂ'(O[,ﬁ), «, ﬂ S Q1 (M)

mod T*M = 2mod (7) J
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Cohomology and Homology

@ Pairing between H*(A,da) and  H*(A Qa)
N—_—— ~———
trivial coefficients coefficients on Q4
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Cohomology and Homology

@ Pairing between H*(A,da) and  H*(A Qa)
N—_—— ~———
trivial coefficients coefficients on Q4

@ (M, ) Poisson manifold.

Pairing He(M) and Hp_o(M, )
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

@ P. Xu (1999) relates the study of modular vector fields on
Poisson manifold with the notion of Gerstenhaber algebra.
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

@ P. Xu (1999) relates the study of modular vector fields on
Poisson manifold with the notion of Gerstenhaber algebra.

@ Y. Kosmann-Schwarzbach (2000) use this to define a
modular vector field for triangular Lie bialgebroids.
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

@ P. Xu (1999) relates the study of modular vector fields on
Poisson manifold with the notion of Gerstenhaber algebra.

@ Y. Kosmann-Schwarzbach (2000) use this to define a
modular vector field for triangular Lie bialgebroids.

@ Extended to Lie-Rienart algebras by Huebschmann (1999).
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Definition

Modular classes on Lie algebroids Examples
Cohomology pairing
Generalizing the curl operator

Generators of Gerstenhaber algebras

An operator 0 of degree —1 is a generator of the
Gerstenhaber algebra X(A) if, for P € XP(A), Q € X(A),

[P,Q] = (—1)P(A(PAQ)— P AQ— (—1)PP A Q).

If 92 = 0 then X(A) is exact or a Batalin-Vilkosky algebra.
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Generators of Gerstenhaber algebras

An operator 0 of degree —1 is a generator of the
Gerstenhaber algebra X(A) if, for P € XP(A), Q € X(A),
[P,Ql=(—1)P(O(PAQ)—0PAQ—(—-1)PP A OQ).

If 92 = 0 then X(A) is exact or a Batalin-Vilkosky algebra.

P. Xu (1999)

Let © and &’ be two generators of the Gerstenhaber algebra
X(A), such that 9> = 9> = 0. Then

80— 08 =i,

for a closed 1-form o € '(A*).
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

What happens with triangular Lie bialgebroids?

@ P c X2(A) a Poisson bivector: [P, P] = 0;
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

What happens with triangular Lie bialgebroids?

@ P c X2(A) a Poisson bivector: [P, P] = 0;
@ A*is also a Lie algebroid;
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

What happens with triangular Lie bialgebroids?

@ P c X2(A) a Poisson bivector: [P, P] = 0;
@ A*is also a Lie algebroid;
@ Op = [ip, dA] = ipdg —dpigis a generator of Q(A) = :{(A*)
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

What happens with triangular Lie bialgebroids?

@ P < X?(A) a Poisson bivector: [P, P] = 0;

@ A*is also a Lie algebroid;

@ Op = [ip,da] = iada — daia is a generator of Q(A) = X(A*).
Let 1 be a top-section of A*. It defines another generator of
Q(A):

Op = —¢dpo™"
where ¢Q = iqu, Q € X(A).
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

The modular vector field of a triangular Lie bialgebroid
associated with 1 is the vector field X,, given by

Op, — Op = ix, .
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

The modular vector field of a triangular Lie bialgebroid
associated with 1 is the vector field X,, given by

Op, — Op = ix, .

(*] dPX;L =0;
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

The modular vector field of a triangular Lie bialgebroid
associated with 1 is the vector field X,, given by

Op, — Op = ix, .

(*] dPX;L =0;
@ X, = X, +dpin|ff;
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

The modular vector field of a triangular Lie bialgebroid
associated with 1 is the vector field X,, given by

Op, — Op = ix, .

o dPX;L =0;
@ X, = X, +dpin|ff;

mod (A, P) = [X,] € H'(A*) is the modular class of (A, P). J
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Definition
Modular classes on Lie algebroids Examples

Cohomology pairing
Generalizing the curl operator

The modular vector field of a triangular Lie bialgebroid
associated with 1 is the vector field X,, given by

Op, — Op = ix, .

o dPX;L =0;
@ X, = X, +dpin|ff;

mod (A, P) = [X,] € H'(A*) is the modular class of (A, P). J

@ If (A, P) unimodular then

Ha(A, 5p) = HP~*(A, dg).
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Relation between the two generalizations

@ If (M, ) is Poisson manifold:

mod (TM, 7) = mod (7)) = %mod T"M.
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Definition
Modular classes on Lie algebroids Examples
Cohomology pairing

Generalizing the curl operator

Relation between the two generalizations

@ If (M, ) is Poisson manifold:

mod (TM, 7) = mod (7)) = %mod T"M.

@ For general triangular bialgebroids

1
mod (A, P) # émod A
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Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Y. Kosmann-Schwarzbach and A. Weinstein (2005)

The relative modular class of the Lie algebroid morphism
p:A— Bis

mod ¥ (A, B) = mod A — ¢*(mod B)
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Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Y. Kosmann-Schwarzbach and A. Weinstein (2005)

The relative modular class of the Lie algebroid morphism
p:A— Bis

mod ¥ (A, B) = mod A — ¢*(mod B)

@ mod”A(A, TM) = mod A.
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Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Y. Kosmann-Schwarzbach and A. Weinstein (2005)

The relative modular class of the Lie algebroid morphism
p:A— Bis

mod ¥ (A, B) = mod A — ¢*(mod B)

@ mod”A(A, TM) = mod A.

@ mod Pﬁ(A*,A) = 2mod (A, P).
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Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Nijenhuis operators

@ N = Nijenhuis operator of A;
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Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Nijenhuis operators

@ N = Nijenhuis operator of A;
@ An=(A,poN,[,]n)Iis aLie algebroid,

X, Y]y = INX, Y]+ [X,NY] = N[X, Y], X,YecXx'(A).
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Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Nijenhuis operators

@ N = Nijenhuis operator of A;
@ An=(A,poN,[,]n)Iis aLie algebroid,

X, Y]y = INX, Y]+ [X,NY] = N[X, Y], X,YecXx'(A).

@ N: Ay — Ais a Lie algebroid morphism;
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Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Nijenhuis operators

@ N = Nijenhuis operator of A;
@ An=(A,poN,[,]n)Iis aLie algebroid,

X, Y]y = INX, Y]+ [X,NY] = N[X, Y], X,YecXx'(A).

@ N: Ay — Ais a Lie algebroid morphism;

Fix n ® p section of Qa A top(A) @ AP(T*M). Then

Eay = da(Tr N) + N*Ea.
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Relative modular class
Poisson-Nijenhuis algebroids
Jacobi-Nijenhuis algebroids

Modular classes of Nijenhuis operators

@ The 1-form
fAN — N*€pq =dpTr N

is independent of the choice of section of Q4.
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Relative modular class
Poisson-Nijenhuis algebroids
Jacobi-Nijenhuis algebroids

Modular classes of Nijenhuis operators

@ The 1-form
fAN — N*€pq =dpTr N

is independent of the choice of section of Q4.

[daTr N] € H'(Ay) is the relative modular class of the Lie
algebroid morphism N : Ay — A.
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Modular classes of Nijenhuis operators

(A, P, N): Poisson-Nijenhuis Lie algebroid

*

(A*7 [', ']NP)

(A*, [', ]F’)
NP?

Pt Pt

A ) —N—= (A [ ]a)
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Modular classes of Nijenhuis operators

@ N*is a Nijenhuis operator of the dual Lie algebroid

(A*’[v ]P,poPﬁ).
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Modular classes of Nijenhuis operators

@ N*is a Nijenhuis operator of the dual Lie algebroid

(A*v[v ]P,poPﬁ).

@ The relative modular class of N* has the canonical
representative dp(Tr N*), so that:

mod™" (A%, A*) = [dp(Tr N*)] = [dp(Tr N)].
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Modular classes of Nijenhuis operators

@ N*is a Nijenhuis operator of the dual Lie algebroid

(A*v[v ]P,poPﬁ).

@ The relative modular class of N* has the canonical
representative dp(Tr N*), so that:

mod™" (A%, A*) = [dp(Tr N*)] = [dp(Tr N)].

Definition

The modular vector field of the Poisson-Nijenhuis Lie
algebroid (A, P,N) is

Xn,p) = &z, — Néa- = dp(Tr N) = —P¥(daTr N) € T(A).
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Modular classes of Nijenhuis operators

Suppose N is non-degenerated Nijenhuis operator.

@ X(n,p) is @ dnp-coboundary;
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Theorem
Suppose N is non-degenerated Nijenhuis operator.

@ X(n,p) is @ dnp-coboundary;
@ A hierarchy of vector fields

X(IKZP) _ Ni+j71X(N7P) — dNiPhj = dePhi7 (Iaj € Z)

where hy = In(det N) and h; = 1T N, (i # 0);
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Theorem
Suppose N is non-degenerated Nijenhuis operator.

@ X(n,p) is @ dnp-coboundary;
@ A hierarchy of vector fields

X(IKZP) _ Ni+j71X(N7P) — dNiPhj = dePhi7 (Iaj € Z)

where hy = In(det N) and h; = 1T N, (i # 0);
@ A hierarchy of vector fields on M given by:

)(i+j = —W?dhj = —W/j-jdh,' (I,j € Z)

where 7; are Poisson structures on M.
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Modular classes of Nijenhuis operators

The hierarchy of modular vector fields Xy p) is generated by
the Nijenhuis operator N.
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Modular classes of Nijenhuis operators

The hierarchy of modular vector fields Xy p) is generated by
the Nijenhuis operator N.

BUT
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Modular classes of Nijenhuis operators

The hierarchy of modular vector fields Xy p) is generated by
the Nijenhuis operator N.

BUT

The covered hierarchy of bi-Hamiltonian vector fields on M may
not be generated by any Nijenhuis operator.
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

The two canonical examples

@ Tangent bundle:
P. Damianou and R. L. Fernandes [arXiv:math/0607784]
Y. Kosmann and F. Magri [arXiv:imath/0611202].
@ Lie algebra (g, r, N):
N defines a sequence of modular forms on g*, ég/*vk*’ which
are associated with the higher brackets on g*.

Relation between modular forms of g*

gg = Nk 597{,* °

*
NK *
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Jacobi algebroid

A Jacobi algebroid is a Lie algebroid A equipped with a closed
1-form ¢ }
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Jacobi algebroid

A Jacobi algebroid is a Lie algebroid A equipped with a closed
1-form ¢ }

Schouten-Jacobi bracket on X(A):
[P.QI" = [P.Ql +(p~1)PAiyQ—(=1)P(q - 1)isP A Q,

for P € XP(A), Q € X9(A).
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

Consider the Lie algebroid A = A x R over M x R, with Lie
bracket
(X, Y] =1X,Y], X,YeX(A),
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

Consider the Lie algebroid A = A x R over M x R, with Lie

bracket
(X, Yla=1[X,Y], X,YeX(A),
and anchor
0
PX) = p(X) + (6, X) 55, X € XT(A), (1)
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

Consider the Lie algebroid A = A x R over M x R, with Lie
bracket
(X, Y] =1X,Y], X,YeX(A),

and anchor

X e x'(A). (1)

induced Lie algebroid structure from A by ¢.

Raquel Caseiro Modular class and integrability in Poisson and related geometries



Relative modular class
Poisson-Nijenhuis algebroids

Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

| Caseiro Modulat i related geometries



Relative modular class
Modular classes of Nijenhuis operators BRSNS EgEEEs
I P Jacobi-Nijenhuis algebroids

Poissonization

P € XP(A);
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

° ¢ =dt

o P=e (PP pPcxP(A);

P

[P’ NL\: P. Q)%
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

° ¢ =dt

o P=e(P-DIp  PecxP(A);
~ ~ . /_\/(z)

o [P.0J,=1P.0"

@ [P,P]” =0 <= P = e P a Poisson bivector of A
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

° ¢ =dt
o P=e (PP pPcxP(A);
~ ~ o /_\/(z).
o [P.0J,=1P.0"
@ [P,P]” =0 <= P = e P a Poisson bivector of A

(A*,[,]p, P o P?)is a Lie algebroid
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

e a=¢a, acQ'(A);
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

@ (A% [,]p,po P*)is a Lie algebroid,;
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

@ (A% [,]p,po P*)is a Lie algebroid,;

@ N Nijenhuis operator of A= N Nijenhuis operator of A
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

Poissonization

@ (A% [,]p,po P*)is a Lie algebroid,;

@ N Nijenhuis operator of A= N Nijenhuis operator of A

Definition

(A, ¢, P, N) is a Jacobi-Nijenhuis algebroid if (A, P, N) is a
Poisson-Nijenhuis algebroid.
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Modular classes of Nijenhuis operators

N

(A, P, N) has a modular vector field

Xnpy = ;. — NEp- = € dp(Tr N).
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Modular classes of Nijenhuis operators

N

(A, P, N) has a modular vector field

Xnpy = ;. — NEp- = € dp(Tr N).

Definition

The modular vector field of the Jacobi-Nijenhuis algebroid
(A, ¢, P,N)is
Xnpy = az. — Néa-.
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Modular classes of Nijenhuis operators Jacobi-Nijenhuis algebroids

N

(A, P, N) has a modular vector field

Definition
The modular vector field of the Jacobi-Nijenhuis algebroid
(A, ¢, P,N)is

Xivpy = Ear, — Néa-.

mod MP)A = [Xy )] the modular class of (4, ¢, P, N). ]
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Modular classes of Nijenhuis operators

If N is non-degenerated, then
A '+' . -7 ~ A
o X(IN{/E’) = NFH 1X(N,/5) - dNI,E)hj - dei‘gh,' S FA

® Xylpy = N7 Xy p) = dyiphy = duiph; € T(A)

ho = In(detN) and h,-:%TrN", (i#0, ijez).

@ These hierarchies cover two hierarchies, one on M x R
and another one on M.
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